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Abstract. In this work, we consider a two by two system of evolu-
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1 Introduction

In this paper, we consider the weakly coupled system of o-evolution

equations with non-effective damping and derivative-type semilinear cou-
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pling

2uy + (A7 uy + 8 (A2 uy = |Bus|P2, t>0, xR,
R2ug + (—A) ug + 0 (—A) 22 uy = |0 |Pr, t>0, z R, (L.1)
(ulyatubu%atuQ)(O?x) = (Oa @1,0,@2)(1’), T € Rn>

where 0 > 1, 0 < 01,0 < 20 and p1,p2 > 1. The term (—A)* for
s > 0, denotes the s-th power of the Laplace operator, that we may define
as (—A)*f = FL(|¢>f) where f € H? and F denotes the Fourier
transform with respect to the x variable.

The study of weakly coupled systems gained increasing interest in re-
cent years, particularly the research of the so-called critical curve for the
existence of solutions of the system, that is the threshold curve in the
plane p; — po between the global existence of small data solutions in the
supercritical case and the nonexistence of global solutions in the subcriti-
cal case, under suitable sign assumption on the initial data. The concept
of critical curve for systems is analogous to that of critical exponent for
semilinear equations. We mention that the definition of critical exponent
may be refined to the definition of critical nonlinearity, as discussed in [11]
(see also [8]), but a possible extension to systems is not yet clarified.

The main purpose of this work is to find conditions to prove the global-
in-time existence of small data solutions to (1.1). In the case of the semi-

linear scalar equation

v+ (—A)7 v+ (=A) v = [ulP, t>0, 2 €R",

(1.2)
v(0,z) =0, v:(0,z) = p(z), x e R",
with 1 < 0 < 6 < 20, the critical exponent is (see [3, 5, 6]):
o
pe=1+", (1.3)

at least for 0 > 3 and n < o — 2 (see also [7] for the critical exponent in

presence of a nonlinear memory term). For the weakly coupled system of
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damped wave equations

8t2u1—Au1+8tu1:\uQ]7’2, t>0, r € R?,
atZUQ*AUQJratUQZ‘Uﬂpl, t>0, x € R",
(u17 8tU1, u2, 8tu2)(01 1’) = (07 %1, 0, (,02)(5[)), z € R",

the critical curve is (see [22], see also [14, 15, 16, 17])

mpe—1 2
max{p,p2}+1 n’

a(p1,p2) == (1.4)

Condition (1.4) is equivalent to

max{p1,p2} (min{p1, p2} + 1 — pr(n)) = pr(n),

where pp(n) = 1+ 2/n is the Fujita critical exponent [12| for the damped
wave equation [13, 23]. The system of structurally damped waves (1.1),
o =01 = 6 = 1, was studied in [2]. Recently, the system of two o-
evolution equations with non-effective damping and a general semilin-
ear coupling N(uj,u2) has been studied in [10]. However, the case of
derivative-type nonlinearities was not considered. Weakly coupled systems
with derivative-type coupling were considered in |1, 18, 19, 20].
Consistently with the previous results for other systems with semilinear
coupling and with the result for the scalar equation, the critical curve for

system (1.1) is expected to be

ag
Oé(plapz) = E .

The presence of a nonlinearity of derivative type, however, makes the proof
of a nonexistence result more complicated. In particular, the techniques
used in [10] do not work to prove blow up in finite time in the critical case.
The proof of blow up in the critical and subcritical case will be studied by
the authors in a subsequent work. In this paper, we will provide a global
existence result of small data solutions, in low dimension space.

Without any loss of generality, we assume in the following that p; < po.
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Theorem 1.1. Assume that

oo —2)
2 2 < —2 1.5
o>2+12, "< ST (1.5)
Let po > p1 > p. — 1 be such that the condition
o
a(p17p2) > E) (16)

holds. Then, there exists € > 0 such that, for any (¢1,02) € A = L' N
(LP' x LP), with

(1, p2)lla = l(pr, )l + [lerllze + llwallLe: <e,

there exists a solution
(u1,uz) € (C([0,00), HY))* N ([0, 00), L2 N (L7 x LP?))
to (1.1). Moreover,

1(Bpuir, (—A)Fur)(t, )2 < (1+8) %1 || (01, 02)] 4,

, s (1.7)
1(Brua, (—A) S uz)(t, )12 < (1+ )22 7P| (01, 09)]|
and
_nf(q_1
10tz < €1+ 05 50 o1, ) L .
luat, Mo < € 1+ 73700 (0 o)L
where
n
’Y(pl) = g(pc —p1)+a (1~9)

provided that p1 # pc(n/o). If p1 = pe, then the quantity (1 + t)V(pl)
in (1.7) and (1.8) is replaced by log(e + t).

In (1.9) and through this paper, (a)+:= max{a,0}. The quantity
(1+ t)V(pl) represents the possible loss of decay with respect to the corre-
sponding linear estimates for us.

We stress that ps > p., due to assumption (1.6), and py > p; >

pe —1 > 2, since n < 0/2 as a consequence of (1.5).
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2 L' — I? estimates for the scalar equation

For several nonlinear equations, global-in-time existence critical expo-
nents are known to be related to asymptotic in time decay of some space
norms of the solution. This is also the case for the system (1.1). So, in
order to prove Theorem 1.1, we take advantage of the decay estimates, for

the linear scalar equation obtained in [4] (see also [9])

v+ (A) v+ (AP =0, t>0, z€R",
v(0,2) =0, v:(0,7) = p(z), z € RY,

(2.1)
where 1 < 0 < § < 20. Then, for 0 > 2, the solution to (2.1) satisfies the
L' N LP — LP estimate

72(1,l>
10cw(t, e < CA+1) 7V 2/ ([l + [lellLe), (2:2)
for ¢t > 0, for any p € (2, 00] such that
1 (1 1>
l--<o(=-2).
p 2 p

In particular, assumption (1.5) is equivalent to ask that the above condition

is satisfied for any p > p. — 1 =o/n.

1
n(1)<9,
p

then the solution to (2.1) satisfies the L! — LP estimate (singular at ¢t = 0):

Moreover, if

_n_1
18s0(t, e < C((1+8) =075 4 17%) ||| 1, (2.3)

for some ¢ € (0, 1), for any ¢t > 0.

The following energy estimate for the solution to (2.1) also holds:

102, (=2) % )o(t, )2 < C L+ )75 (el + lel2) (2:4)

for any t > 0. Moreover, if n < 26, the singular energy estimate also holds
1%, (=A)2)o(t, )2 < C((L+8)72 +¢2e™) |||, (2.5)

for some ¢ € (0,1), for any ¢ > 0.
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3 Proof of Theorem 1.1

Let us introduce some useful notation. Let E;(t, x) be the fundamental
solution to the linear scalar equations associated with (1.1) for i = 1,2,

namely
u(t, z) = Ei(t, ) *(y) pi(x)

is the solution to

2y + (=N uy + 0 (—A)Y 2y =0, t>0, x € R,
u;(0,2) = 0, 0w (0, z) = wi(z), x e R".
Having in mind Duhamel’s principle, for a suitable Banach space X, let
us consider the integral operator N : X — X defined by Nuj,us] =
A+ (Fug,Guy), where
A(t,z) = (Bi(t, @) #(z) p1(x), Ba(t, @) %4 @2()) ,

t
Fug(t,x) = / Er(t — 8,2) *(3) |Oua(s, v)|P*ds,
0
t
Guy(t,x) = / Ea(t — 8,2) *(3) |Orua (s, ) [P ds.
0

Global existence of small data solutions to (1.1) follows by a standard
contraction argument. Namely, we want to prove that the operator N is a
contraction on the functional space X. Then the unique fixed point of N
will be the unique solution to (1.1). We will prove the following a priori

estimates
| NTus,usx < CrA, (3.1)
and

| N[u1, uz] — N, do]l|x < C|(ur,u2) — (1, u2)| x

—1 ~ o~ -1 -1 ~ o~ —1
(e, w5 =+ @, @) 15+ i, ) IR+ G, )5

(3.2)
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Estimates (3.1), (3.2) also imply the desired estimates for the solution of
the problem.

One of the tools we will use is the following classical lemma.

Lemma 3.1. Let v > —1 and p € R. Then it holds

. (1+t) if p< —1,
/ (t—s)" (L+s)*ds S (1 +t)logle+1), ifpu=-1,  (3.3)
0
(14 t)LHvtn if > —1.

and .
/ (t— )" =) (1 + ) ds < (1+ 1)
0

Moreover, the estimate is also valid if (t — s)¥ is replaced by (1 +t — s)

wn the integral.

Lemma 3.1 has been proved in many different versions by many au-

thors. One earlier version of this lemma goes back to [21].

Proof of Theorem 1.1. Let us define the space
X = (€([0,00), H?))* N ([0, 00), L2 N (L x L))
with norm:

I (ursuz)x = sup (Miun) + (1+ 870 My (uz) ),
t>0

where

n
o

M (ur) = (141) (1-5:) 19y (¢, )| pon + (148 207 || Byun, (—A) Fur) (¢, )| 2,
and

Ma(uz) = (144)F (755) [Byun(t, ) | o+ (140) 58 | Bpur, (—A)Fun) () 2.

Moreover, if p; = p., then we replace (1+t)~7®1) by (log(e +t))~!.
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For any (u1,us) € X and for any s > 0, it holds

10ras (s, Yo < (14 )5 750 [ (ur, ) (3.4)

Q3

_ _ 1
10rua(s, e < (1452 )P0 w)lx,  (35)

Using the linear estimates from Section 2, we can prove that ||Al|x <
Cll(p1,92)||4- Indeed, recalling that ps > p; > p. — 1, the estimate (2.2)
with p = p; gives us

_n(q1_L1
Wt Mz < (4075 750 (s + o).

Similarly for ug, choosing p = py. Similarly, we can use the energy esti-
mate (2.4), so that we get (3.1). It remains to show (3.2). We first estimate
the terms ||0;(Fua(t,-) — Faa(t,-))|| e and ||0y(Gui(t, -) — Gui(t,-))| ne2-

Due to the fact that n < o/2 < 6;, for i = 1,2, we can use the L' — L1
singular estimate (2.3) for some § € (0,1). Using that ug, G2 € X, we have

that (3.5) holds for ug — @2, so we may estimate
18u(Fus(t, ) — Fiia(t, )
3 n 1
s [are- &5 (50 1y (s, )P — |Brtia(s, P2 1 ds
0
t
+ / (t — 8) 3¢9 || Byun(s, P2 — |Byiia(s, )72 11 ds
0
t ,ﬁ(lfL)
< / (1t — )7 50) 0y (ua(s, ) — a(s, )2, ds
t
+/0 (t — )0 |9y (un(s, ) — Ga(s, )22, ds

S D, ua) |18 (1) + ﬁ(t)) ,

where
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Similarly, using (3.4) for u; — 11, we estimate
10/ Gur (¢, ) — Gur (£, )) | 102
t n
< / (4t — 5)7 50758 1B (s, )P — [Byits (s, P 11 dis
0
t
+ / (t — 8) 7= | Qun (s, ) P* — | (s, ||| 1 ds
0
t ,£<1,L>
< / (1t — )2 0752) 0y (ua (s, ) — (s, )|, ds
0
t
+ / (t — 8) e~ |3y ur(s,-) — an(s, )| ds
0
S N u)% (Ta(t) + B(1)) |
where
(I1+t— 3)7%(1fé) (1+ s)_%(pl_l) ds,

(t —5) e ) (14 5) "« @171 gs,

Now let us distinguish two cases. If p; > p., then v(p;) = 0 and using
that the condition p; > p. is equivalent to

n
——(pi—1) < —1,
g

for i = 1,2, and Lemma 3.1 with y < —1, we get

n 1

1o = /ot(1 e 3)7;(175) (1+ 8)73(17@1’2 ds < (1+ t)*s(lfﬁ),

n

b= [(are-g 0 @ F 0 g 0 H 07,

We stress that we are allowed to use Lemma 3.1 since

1
o <1—) >-2s o,
o P1 o
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due to assumption (1.5). Regarding I;(t), using again Lemma 3.1, we can

see

Li(t) = /Ot(t —5) Vet (1 4 ) <_g(1_$))p2 ds < (1+¢)" =271
<t <ayn ),

and similarly we may see that I»(t) can be controlled by the decay of I»(t).
Otherwise, we assume p; < p. < pa. On the one hand, for the estimate
of Iy, using Lemma 3.1 with 4 > —1 if p; < p. and p = —1 if p; = p,, we
get

Q3

(1+t)_ (1—%)4‘7(?1)

(1+1t)

I(t)< if p1 < pe,
2 ~

93

<1_i) log(e +t) if p1 = pe.

On the other hand, for the estimate of Ij, since the condition (1.6) is

equivalent to
n 1
—— | 1=— ) +7() ) p2 <1,
g P2

we can use Lemma 3.1 with p < —1 to obtain
_n(q1_1
n s+ 070,

and the same if we replace (1 + s)YPVUP2 by (log(e + s))P2 when p; = pe.
Moreover, as before, it is easy to see that the estimates of I1(t) and Iy(t)
may be controlled by the estimates of I1 and I, respectively.

Now we proceed to the estimates related to the energy norm. Using

the singular energy estimate (2.5), we have
16, (=2) %) (Fua(t, ) — Faia(t, )| 2
t n
S / (1+t—s) 2 [[|Orua(s, ) P> — [Optia(s, )[**[| L1 ds

0

t

+/ (t = 5) e U |[|Bpun(s, )[P* — |Optia(s, )|P?|| 1 ds
0

S Mug, u) % (I3(t) 4 La(t)),
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for some ¢ € (0, 1), where

t " "
I3(t) = / (I+t—s) 201 (1+5) (‘E(l—é)-W(m))m ds,
0

I(t) = /t(t — 5)756*0(1‘/*3) (1+s) (_3(1—%)4'7(1?1))172 ds
0

As before, it will be enough to estimate only the integral I3, since I has

a better decay. Similarly
1(06(—=2)2)(Gua (t, ) = Gua(t, )|l 2

t n
S / 1+t —s) 2% [[|Grur(s, )" = [Oetia (s, )[** | L1 ds
0

t
+/ (t— ) e ||Bpu (s, ) [P* — |Byiia (s, ) P || 11 ds
0

S M (ur, u) s Is,

where
t N ;
I5(t) = / (14t—1s)" 2% (1+5) 7P Dds
0

As before, in the case p; > p., we may use Lemma 3.1 with u < —1 to get

n

= [ae-o @) CEOED s g0,

n

b= [t 00T s g

Otherwise, assume p; < p. < p2. On the one hand, for the estimate of I5

using Lemma 3.1 with p > —1, we obtain
L+ @i <,
(1+1) %z log(e +¢) if p1 = pe.
On the other hand, from (1.6) we obtain

I5(t) <

~

n

t . A e
I3(t) = / (1+t—s) 261 (14 s)( o (1 p2>+7(p1)>p2 ds < (1+1) 201,
0
and the same if we replace (1 + 5)Y®P2 by (log(e + 5))P? when p; = pe.
This concludes the proof of (3.2).
O
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