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1 Introduction

In this survey, we study interior Holder regularity of viscosity solutions

for nonlocal equations of the form,
Fu(x) +b(x)|Dul™ = f(x) in Q, (1.1)

where w is a real valued function, Du stands for the gradient of u, and F is

an integral extremal fully nonlinear operator of Pucci or Isaacs type. Also,
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be C% with 7 € (0,1), m € (0,2], and 2 C R" is a bounded domain with
n > 1.

We are interested in studying the regularity of viscosity solutions to
equations of the form (1.1), under minor hypotheses about b and f.

Over the years, significant attention has been devoted to the study of
integro-differential operators and fully nonlinear operators characterized
by nonlinear growth in the gradient, largely attributed to their applica-
tions.

In general, two approaches are commonly used to study Holder es-
timates for fully nonlinear equations. The first approach, based on the
Harnack inequality, can be seen in the work of Caffarelli and Silvestre
[4] and considers equations arising from stochastic control problems with
Levy processes. The second approach is a method related to the theory of
viscosity solutions introduced by Ishii & Lions [5], initially designed to get
comparison principles, that yields results for second-order nonlinear equa-
tions, possibly degenerate, but with continuous coefficients. Furthermore,
Holder estimates were established in [3] via probability techniques, and Sil-
vestre in [8] proved Hélder continuity for a class of differential equations
associated to jump processes, via growth lemmas.

As far as local drift terms are concerned, in the work [2| by G. Barles,
E. Chasseigne, C. Imbert, mixed-type operators are studied, where the
local part can be fully nonlinear, but the nonlocal part is linear. In this
work, we will focus on exploring the nonlocal part of the operator, i.e.,
focusing on the nonlocal character of the equation. We will show that the
methods used in [3] can be extended by combining the techniques of [1] to
produce regularity results for Pucci operators.

We note that Holder regularity provide a lot of applications, including
regularity C™% obtained by Caffareli & Silvestre in [4] and existence of
eigenvalues for fully nonlinear integro-differential elliptic equations with a
drift term [7], just to mention a few. See also the parabolic counterparts
with gradient growth equal to one in [9].

Our main result reads as follows
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Theorem 1.1. Let u € C (Q) be a viscosity solution of the equation (1.1),
assuming that s € (0,1), b € C% (Q) with 7 € [0,1) and f € L™ (Q). If

m € (0,1), then u is a—Hdélder continuous with exponent

2_
a<s m—+T

1-m
If m € (1,2), then u is a— Hélder continuous with exponent

< 25—m+1'

2—m

If m = 2, then u is a— Hdolder continuos for any a € (0,1).

Remark 1.2. If m € (0,1] the conclusion of the theorem holds for any
s > 1/2 with the only assumption of continuity over b; whereas it holds
for any s if we assume that b is C%7 with 7 > 1 —2s. If m € (1,2) the
conclusion of the theorem holds for any s > 1/2 with merely continuity
over b; whereas it holds for any s if we assume that b is C%7 with 7 > 1—2s.
Note that if m = 2, the conclusion holds for any s € (0,1) with the only

assumption of the continuity over b.

The rest of the paper follows this structure: the second section presents
assumptions about the operators under study and definitions. The third
section is dedicated to proving the main theorem in which we make use of
the Ishii-Lion’s method.

2 Preliminaries

In this section, we will provide the basic concepts and assumptions
used in this paper. First, we present the definition of the operators we will
work in this article, followed by the definition of viscosity solution.

A linear nonlocal uniformly elliptic operator is given by

Ligu(x) =P.V. (u(z + 2z) —u(x))K(z)dz (2.1)
R”

= lim (u(z + 2) —u(x))K(2)dz

e—0Tt Be(x)
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where P.V. denotes the principal value, and the kernel K : R* — R
satisfies:

(K.1) is nonnegative, symmetric and
/ min{|z|?, 1} K (z) dz < oo;
R

(K.2) for some s € (0,1) and ellipticity constants 0 < A < A we have

A A
‘Z|n+2s < K(Z) < |Z|n+2s'

The most classical example of a nonlocal linear uniformly elliptic op-
erator is provided by the fractional Laplacian by considering a kernel of

the form |z|~"~2%, that is,

—A)’u(x :—CnSP.V./ ——2dy ,VreR",
( ) ( ) ) Rn |r y|n+2s Y

where (), s > 0 is a normalization constant. We observe that, via

/ u(r 4 2z) — u(w) ds — / u( — z) — ufz) dz,

|z’n+28 |Z’n+28

so the fractional Laplacian can be also written as

—(—A)su(z) = %Cn,s /Rn u(z + 2) —|—|1ZL|(:+;S z) — 2u(x) "

Let Ly be the class of all linear uniformly elliptic operators. In other
words, we say that L € Ly if the operator L has the form (2.1), under the
same above assumptions about (K.1) and (K.2) over K. We denote the

nonlocal Pucci operators as

MTu(z) = sup Lu(zr) , M u(x)= inf Lu(x)
LeLo LeLlo

i.e., the maximum and minimum operators for the class Ly, respectively.
It is noteworthy that, L9, M™ and M~ depend on the parameters A, A
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and s, in particular

M) = / Sy(u(z + 2) + u(z — z) — 2u(x)) i

- ’Z’n+28

Moy = [ S=lule ) +ule = 2) - 2u(w)
" ’Z’n+28
where Sy (t) = AtT — A\t~ and S_(¢t) = Mt — At™. Here, t* and ¢~ are
defined as t* = max{¢,0} and ¢~ = max{—t, 0}, respectively.
Throughout this paper, we will fix the maximal Pucci extremal oper-

ator of the form

MTu(x) = sup Lu(x)
LeLy

where the operator L is of the form,

[ (wa+2) — u@)r ) dz,

and the kernel K : R™\{0} — R represents the frequency of jumps in every
direction z € R™ and satisfies some conditions.

In proving Holder regularity for the main problem, a suitable notion
of a viscosity solution has to be considered. We recall the definition of

viscosity solution for (1.1) as in [2, Definition 2.1].

Definition 2.1. We say that v : R™ — R is a viscosity subsolution to (1.1)
if, for any test function ¢ € C? (Bs(wg)) such that u — ¢ attains its maxi-

mum at zg € Q for some § > 0, we have
M (u, i, 20, 6) + b(wo)| Dep(o) ™ > f(20) in

where the operator M™ is given by

M (u, p,x,6) = sup {/ (u(x + 2) —u(z))K(z)dz
K | JrRM\B;

v [ (ol 2) - oK iz},
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In a similar manner, we say that u : R* — R is a viscosity supersolution
to (1.1) if, for any test function ¢ € C? (Bs(zg)) such that u — ¢ attains

its minimum at zy € € for some § > 0, we have
M (u, 9, 20,0) + b(wo)| Dep(20)[™ < f(wp) in

A continous function u : R” — R is a viscosity solution to (1.1) if it is

both a viscosity subsolution and supersolution.

3 Proof of Theorem 1.1

This section is devoted to the proof of the main theorem of this paper.
For the proof, we will use the method introduced by Ishii-Lions [5]. Follow-
ing this method, we fix 2y € 2 and introduce the function ® : R" xR" — R
given by

®(z,y) == u(z) —u(y) — ¢(z —y) — (z),

where ¢ is a radial function and I'(z) = La|x — 2¢|? is a localized function
around xg € ). Since our goal is to attain Holder regularity, we will choose
the following function ¢(t) = L1|t|*, L1 > 0 and « € (0, 1).

Our aim is to show that
D(z,y) <0 (3.1)

The first observation to note is that if ® is nonpositive, then under suitable
control conditions over L, Lo, and «, we obtain the desired regularity
result

u(z) —u(y) < Lilz —y|*

To prove (3.1), we will demonstrate that the maximum is only achieved
when x = y = xg. To establish this, from the continuity of the function
®, we observe that it attains a maximum point (Z,7) € Q x Q.

Suppose by contradiction that ®(Z,y) > 0. As a consequence of this,
it follows that,

1. T # 7, since otherwise ®(7,7y) = —T'(T) < 0;
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2. Ly|z — g%, LofZ — wof* < u(@) — u(®) < 2lullo;
3. 0 < u(T) — u(y), this implies that u(y) < u(T);
In particular, if Ly > 8||ul|oo[d(w0, 0)] 2, we obtain

oot < 2l

1
L2 Z[d(x(), 89)]2

From this it follows that | — zo| < d(zg,0)/2. Therefore, if L; is suffi-
ciently large, such that

Jullo \ /¢ 1
2—= — Q
< Ll < 2d(1’0,8 )7

we can see that T,y € Q.

On the other hand, we have that ®y(x) = u(x) — ¢(z,7) reaches a
maximum in Bg(T) at the point Z, where p(z,y) = ¢(x —y) +T'(x). Then
© € C? () is a test function in the definition of u as a viscosity subsolution
of (1.1), so it follows

M (u,0,7,0) + b(@)| Dasp (7, 7)™ = (7).

Similarly, ®z(y) = u(y) + ¢ (7, y) reaches a minimum in B;(y) at the point

y; we obtain the viscosity supersolution inequality,
M (u,=¢,7,0) + b(@)] = Dye(@, 7)™ < f (7).

Combining the previous viscosity inequalities, we obtain the following

expression that brings together local and nonlocal terms

MT(u, 0,7, 6) — M (u, —p,7,6)
+0(Z)|D2p(Z, 7)™ — b() | Dye(z,9)|™ — f(@) + f(¥) 2 0. (3.2)

We must show that the right-hand side of the above inequality is negative.

Our aim now is to acquire estimations for both local and non-local terms.



56 J. Pablo Cabeza

3.1 Estimates for the local terms.

Let us denote the final terms of the inequality (3.2) as

Ty := (b(z) — b(y))| Dap(T, y)[™
+0(@) (| Dap(Z, )™ = [Dyp(T,7)|™) (3-3)
- (@) + (@),

where the derivatives for the function p(z,y) = ¢(x —y) + I'(z) are given
by

Daop(Z,7) = a1 [T — §|* (T — ) + 2L2(T — o),
Dyp(.y) = —aLi|z — 7|* (@ - 7).

To estimate the local terms in the inequality (3.2), we must distinguish
between two cases for the exponent m, in addition to making use of the
fact that b belongs to the Holder space C”7, so we can find a constant
Cp > 0 such that [b(Z) — b(y)| < Cy|T —g|". When 7 = 0, we only need to
use that b is bounded.

First, let us note that if m € (0, 1], then |p+¢|™ — |p|™ < |g|™. In this

case, it follows from (3.3)

Ty < Gylz —7l" [(aLi[z —g* ™)™ + (2La|T — 20|)™]
+ (2L2[7 — 20))™[[bllco + 21 £ co-

On the other hand, if m > 1 we know that for |p|, || > 0,
(Ipl + lah)™ < 2™~  max{Jp|™, [¢|™} <2 (|p™ + [¢™).

Furthermore, the function ¢ — [¢|™ is convex for ¢ € (0,400), which
implies [p+q|™ < |p|™+m|p+q|™ 2(p+q,q). Using the above inequality,
it follows that

p+ql™ = [pI™ <m2™ Y (p/™ " + [g)™1)]al.
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In this case, of (3.3), we have
1 1 m m
T, < Cp2™™ |$—y|7[<aL1\x—ya ) + <2L2\f— xo\) ]
+m2" Ly [(aLl\x — y\”‘l)m’l
_ -1~
+ (20w = an))" |7 = ol + 21

Given these inequalities, obtained for the local term when m € (0, 1]
and m > 1, note that ®(z,y) > 0 implies that [T —x¢| < 2||u||s0, therefore,
we can choose L1 to be sufficiently large in order to control the terms that

depend on «, La, ||b]lso, ||flso-

3.2 Estimates for nonlocal terms

Now we need to estimate the remaining terms of (3.2), which involve
the nonlocal terms.

As in [1], for given € > 0 and & € Q) fixed, we have
MTu(®) < Lrgu(T) + ¢

for some L € L. Indeed, this follows from the definition of supremum,
since MTu(T) — € is not an upper bound for the set {Lxu(Z)}, since it
is less than MTu(Z) = sup Lxu(T). Therefore, we can assert that there

exists a kernel K such that
MTu(Z) < Lrgu(T) + € and MTu(y) > Lgu(y).

In other words, we only need to consider such a linear operator in the rest

of the argument,
Liu(z) — Lgu(y) + € > MTu(T) — MTu(y),

where the operators Lx are of the form (2.1).
Given that these integrals may be singular at the origin, we will par-

titionate the domain of integration into three parts: A; := R™\ By, which
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relates to the nonlocal term T)); Ay := {z € Bs : (1 —n)|z||z — 7| <
|(z,Z — )|}, with n € (0,1) small enough, is related to the nonlocal term
Tr%l; and Az := Bp\As, which relates to the nonlocal term T3, so that

nl>
Lxuw(®) — Lgu(y) = Ty + T + Ty,

where the nonlocal terms for i € {1,2,3} are of the form,

T@) = [ (@) —u@)K(E) iz
- [ w2 - umK e,

where A; with ¢ € {1,2,3} describe each of the preceding domains. To
avoid overloading the notation, we will denote a :=7 — 7.
For the initial term Tﬁl, there is no indeterminacy away from the origin.

Consequently, we deduce that

Th<alule [ K@< (3.4)
R\ By
where o
o(S,—
¢y o= A 275

with A > 0 the ellipticity constant and o(S,—1) the surface area of the
sphere of dimension n — 1.
Before proceeding with the estimation to evaluate T ,%l, let us note that

since (Z,7) is the maximum point for @, it follows that for any d,d’ € R™,
oz +d,y+d) < 2(z,7),
More precisely, we have

(uw(@+d) — u(@) — (u(@+d) —u(@))
<¢la+(d—d)) - ¢(a) (3.5)
+T@+d) - T(3).
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Applying this inequality, first with d = 2,d’ = 0 and then with d = 0,d’ =

z, we obtain
i< | (9la-+2) — 6(e) K(2)d:
+ /42 T@+2) —-TI'(7T) K(2)dz
+ [ 0la2) - o) K()a

Now, applying Taylor’s formula with an integral remainder (for in-
stance Theorem 9.9 in [6]) to the function ¢(a + z)

1
¢la+ z) = ¢(a) + Do(a) - z + /0 (1 —s)(D*p(a + s2) - 2, 2) ds.

Analogously, we can derive a similar expression for ¢(a — z),

0

d(a — z) = ¢(a) — Do(a) - z + / (1+ s)(D*¢(a+ s2) - z,2) ds,
-1

adding these two equations, we observe that the linear terms in z cancel,
leaving us with the following result

1
¢(a+2) + ¢la—2) —2¢(a) = / (1= [s)(D*¢(a + s2)z, z) ds.

-1

Observe that the derivative of the function ¢(t) = L1|t|* is given by
D¢(a) = aLi|a|* 2a.
For the second derivative, denoting by a = a/|al,
D?¢(a) = aLy|a|*? <(a — 2)i ® — + In>
la " al
=al|a*?(a—2)a®@a+1,).
In particular,

B X

D*¢(a+ s2) - 2 = aly|a + 52|72 ((a —2)(a+s2)®@(a+sz) -2+ zI,
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As we seek to estimate the Taylor expansion, we observe that
(D?¢(a + s2) - 2,2) = aLi|a + sz|*2 ((a - 2)(@) ® (mz') cz+ zIn) -z
= aLfa+ 5272 (|22 + (@ = 2)|(a + 52, 2) )
(3.6)
Note that within the set A, which includes z € By, the following
bounds are established with § = |a|pg and py € (0,1)
|a + sz[ < |af + |s|[z| < la| + 6 = |a| (1 + po) (3.7)
|+ sz| > |a] — |s|[z| = |a| — & = |a| (1 — po)
l(a+52) 2| =la-z+s]2*| > |a-z| —d|z|
> (1 =n)lallz| = polal|z]
= (L=n—po) lal|z].

Through the preceding inequalities and the Taylor expansion (3.6), we

have
(D*¢(a+sz)-z,2)
<aLila+sz|** (Ja+ sz*|2]” + (e — 2)|(a + s2) - 2|?)
<alila+ 527 (la+ 22 + (@ = 2) (1= 5 = po)’[af?) |2
< aLylal"2(1 4+ po)™ (14 po)? — (2~ )1 — 1~ po)?) 2P

From this estimate, we define
Cy = (1+po)* * ((2—a)(1 —n—po)* = (1+ po)?)
then,

/A (pla+2)+ dla—2) —2¢(a)) K(2)dz < —C’gole\a|°‘2/ 12| K (2) dz.

Az
Given Ay C Bi, we can observe that this set is indeed a cone, so if
z € As then —z € As. Following the definition of T,

/ (F(:v—I—z)—I‘(:v))K(z)dz:Lg/ (22 + (% — 20, 2)) K (2) d2,
Az

Az
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by using the symmetry of the kernel, we obtain
LQ/ (2(T — x0,2))K(z)dz =0,
Az
that is,

/ (T@ + 2) — T(@)) K(2) dz = Lg/ 2K (2) da.
Ao

Ao

Given that we are in the cone, we need to estimate the integral of the

kernel. For this, let us note that

é
/ 2K (2) dz < 0(Su_1)A / 128 g = A Zn=1) g2as
Ao 0 2(1 - 8)
Hence, by defining this constant

Sn—1) o_
- AU( n 2-2s
CZ 2 _9s Po )

we can see that the second nonlocal term Tzl is bounded by
Tgl < —CgCéaLﬂa]O‘_QS + LQC&M’Q—QS. (3.8)

In order to estimate the final nonlocal term Tg’l in B\ Ay, that is,
< [ (Olat2) - d) K()ds
Bl\AQ
+/ T(@Z+2) —T'(7) K(2)dz
Bl\Az
b (@la2) - ola) K(2)dz
Bi\A2

we will write B1\As = (B1\Bs) U (Bs\A2). In this way, in the annulus
B1\Bg, we can use a Taylor expansion for ¢, while in the domain B\ Ag,
we utilize the concavity of the function t* for ¢ € (0, 00).

Let us consider d € R", then in B;\Bs

¢(a+d) = ¢(a) < Li(la] +[d))* — Li(Ja])*
< aLi|a|* Y.
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In this way, taking first d = z and then d = —z, we can conclude that in
Bi\Bs,

/ ((at 2) + dla— 2)—20(a)) K (2) dz
Bl\Bg
a—l z 2)dz.
< 20L4dl /B ELCE

Given the last integral with s € (0, 1), we must separate the analysis

in some cases. If s # 1/2, then

! 2 o (Sn-1) 1-2
/ |2| K (2)dz < Aa(Snl)/ rdr = A (1 =617,
Bi1\Bs 5 1—2s

and we must again distinguish into two cases, as if s < 1/2

Sn—l)
— 2s

/ K (2)dz < AZ5D) _
B1\B;s 1

whereas if s > 1/2 with § = |a|po

o (Sn— —2s —2s 7%
[, ey e < A% (a2 = o
1 §

If we define the following constant C3 = max{C3, 6’3} we obtain the fol-
lowing upper bound for ¢ in By\Bs, when s < 1/2,

/Bl\Bém F2) 4 dla— 2)—26(a) K (2) dz < 2aL;Cslal*Y,
and if s > 1/2,
/Bl\Bé(é(a 4 2) 4 la— 2)—26(a)K(2) dz < 2aL1Cslal*2.
In the case when s = 1/2 we get
/31\35 121K (2) dz < —Ao(Sp_1) In(|alpo),

and if we define the constant

C4 := Ao (Sp—1)
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we obtain the following upper bound

/ pla+2) + da — 2)—2¢(a)) K (z) dz
B1\35
< —2aL;C4lal* In(|a|po).

In Bs\ Az we use a Taylor expansion, since « € (0,1) we see that

1

d(a+2) + dla— =) — 26(a) = / (1 - |s)(D*(a + s2)z, 2) ds.

-1

In particular,
(D?¢p(a+ s2) - 2,2) = aLy|a + 52|72 (\z|2 —(2—a)|(a+ sz, z>\2>
< aLi|a + sz|*2|z)?.
From (3.7), we can conclude that
(D?¢(a+ s2) - 2,2) < aLi|a|* (1 = po)* 2|z,

since the kernel K is bounded by constant A > 0, the estimate of the
integral over Bs\Ajg is given by

1 * 1 0(Sn-1) 29
55 dz < Ao (S, ——dr = A 0°T=,
/Bé\fb ez 42 = Al 1)/0 T

Now, if we define

0(Sn-1) 29
=A 5
Ci=hga—gr

we obtain the following bound for ¢,
/ (6(a+2) + ¢(a — 2) — 2¢(a)) K(2) dz < a(l — po)* > L1 Cylal %"
Bs\ A2
Finally, for the integral involving I', we can observe that

/ (D@ + 2) — T(@) K(2) dz < / (D@ + 2) — T(@)) K(2) d2
B1\A2 B

§L2/ |2|? K (2) dz.
B1
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In a similar manner to the previous kernel estimation,
1 S
/ < a?) o
B |2

we can conclude that the integral of T over By\As is bounded by
/ (T(@T+2) —T(7)) K(2)dz < LyCY.
Bl\AQ

In conclusion, regrouping all terms related to the nonlocal term TSla
we must take into consideration the values that s € (0,1) can take. If
s <1/2,

T3, < 2L, Cslal® ! + a(l — po)* 2L, Cylal*™% + Lo CY, (3.9)
if s =1/2,

T3 < —2aLiIn(|alpo)C4lal* " + a(l — po)* 2L1Cyla|*! + LyCj.
and if s > 1/2

T3, < 2aL1C3|al% + a1 — po)* 2L1Cyla|*"% + LyCY, (3.10)

In the case when s = 1/2, we observe that }1_1}]((1) In(|r|)r® — 0. There-

fore, we also obtain powers of |a| of the form o — 2s. Thus, (3.10) remains

valid in this case as well.

3.3 Estimates for local and nonlocal terms

We star our analysis considering s > 1/2. Let us see what happens
when putting together the local terms (3.3) and the nonlocal terms (3.4),
(3.8), (3.10), in both cases m € (0,1} and m € (1, 2].
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When m € (0, 1], we obtain the following estimation,
0 <Mt (u,,Z,0) — M*(u, —¢,7,9)
+0(T)| D (T, 7)™ = b)) Dy (7, 7)™ = f(T) + £(7)
<2||f]| + Colal™ [(aLa|* )™ + (2La[T — 2o|)"™]
+ [[blloo (2La|T — o)™ + Ci [[ulloo + LaCalal* ™ + LaCl + €
— CyChaLi]al® % 4+ 2aL1Cslal®™ " + a1 — po)* 2 L1 Cylal*2*
= v1(La, blloe, ) = (C2C = (1= po)*~2C
~CofaLalal)™lal ™ ) alajaf* 2,
(3.11)

where the terms depending on Lo, along with the bounded and constant
terms, have been grouped into v;.

We know that 7, pg are small enough for 1 —n—pg > 0 and (2—a)(1—
n — po)? — (14 po)? > 0, where the last term is part of Cy. Note that the
first-order term (1 — pg)* 2 =~ 1 — (o — 2)po, so for pg small enough, we
conclude that Cy — (1 — po)*~2 > 0.

After completing all these calculations, the goal is to prove the result for
sufficiently small values of a and sufficiently large values of L;. Therefore,

we seek to have
(aLi]al®)™ a|THET™) = o(1),
which holds if 74+ 2s — m + a(m — 1) > 0 and m € (0,1), that is,

— 2
a< %ﬂ ifme0,1) and 7+25—1>0 ifm=1
-m
We choose L such that L1 > 2179 (29, Q)~%||ul|o and
PR )
(C2C5 — (1 = po)*2Cy)ax

Then, based on the condition Lia|* < 2||ulls, for a € (0,2s), we

deduce that |a|*~2% > 1 since these terms tend to 0 as T approaches 7. It
follows that (3.11)

0 < v(La, [blloc, £)(L — |a|*72) <0
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This leads to a contradiction, which allows us to conclude that
®(z,y) <0,

proving the regularity of the solution for sufficiently small values of a.

Furthermore, in the case where m = 1, if s > 1/2, then the conclusion
holds for any 7 > 0, that is, b it can only be a continuous function. Now,
it follows for m € (0,1) that

ST+28—1.

1—-m
When considering the case of m € (1, 2], we obtain the following esti-
mation
MT(u, 0,7, 6) — M (u, —p,7,6)
+0(7)| Daip (7, 9)|" — b(7) | Dyp(T, 9)|" — f(T) + [ ()
< —Li|a|*"% |aCyCh — 2aC5
— (1= po)*2Cs — ™2™ Cylal(Lala*)™ Ha**
— 22m71L1_1L§”Cb]§ — 20|™|a|T T2
— ma™ 12" Ly|al (La]a|*)™2|al** ™™ — ol ||b]|

+ C1 + LoCh + LaChlal*™ + m22™ L™ 217 — 2o/™||blloo + 2| flloo + €
(3.12)

In this case, similar to the previous scenario, we require that the terms

involving the powers of |a| be small. Therefore, we need that
| (L1]al®)" = D]a*~™ = o(1) and |a|(L1]a|*)"™ 2[a]**"™ = o(1).

Hence, we impose that 7+a(m—1)+2s—m > 0 and 1+a(m—2)+2s—m >

0, from where we obtain

< 1—m+42s

o ifme(1,2) and 74+a+2(s—1)>0 ifm=2.

2—m
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Now, the terms depending on Lo, along with the bounded and constant

terms have been grouped into vy in (3.12),
0 < va(La, [[bllos, f) = (C2C3 — (1 = po)*"*Cu)aLya|*~

Hence, we can choose L; > 0 large enough to control the rest of the

terms,
va(La, [[bllso, f)
L > .
L= (G0 — (1= po)*2Cy)ar

We observe that o € (0,2s), then |a|*2% > 1, it follows that
va(La, [blloc, £)(1 — la]*™2%) <0,

while the size of the left-hand side is always positive, thus we get the
contradiction.

Furthermore, in the case when m = 2, from (3.12), we impose that
T —a+2s > 0 and from the restriction 7 + a + 2(s — 1) > 0, we obtain
that 7 > 1 — 2s, however we know that 1 —2s < 0, so the conclusion holds
for any 7 > 0, that is, b it can be only a continuous function.

Now we see what happens when s < 1/2; using estimates for the local
terms (3.3) and the non-local terms (3.4), (3.8), (3.9) for both cases m €
(0,1] and m € (1,2].

In the case where m € (0, 1], using s < 1/2, we obtain
M+(U, ©, T, 5) - M+(u7 —9, Y, 5)
+0(@)[ Do (@, Y™ = b(G)[Dyp(z, 7)™ — £(2) + f(7)
< —Li]a|* % |aCyCh — 2aC3]a)* !
—a(l = po)*2Cs — Cya™[a|7 (Ly|a]®) "~ af>~™
— Cyla|T#7(2Ls|T — x0|)™

+ C1 + LyChlal* ™™ + LoCly + [|b]loc(2La2|T — z0])™ + 2| flloc + €.
(3.13)
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In a similar manner to the previous, we need
lal"(L1a]*) " Pa**7™ = o(1),

that is, we impose

— 2 1
ag%;;s if me (0,1) ands<§,

while if m = 1, we obtain 7 + 2s — 1 > 0. In other words, if s < 1/2 and
m € (0,1] then we must have b that is C%™ with 7 > 1 — 2s.

In the case where m € (1,2], using s < 1/2, we obtain
MT(u, 0,7,8) — MT(u, —p,7,6)
+0(2)|Dap(T,9)|™ = b(H)| Dy (7, 9)[" = f(7) + f(9)
< —Li]a|* ™ |aCyCh — 2aC3]a|* !
—a(l = pp)* 20y — ™27 Cylal" (L fa*) "V |af*
LT LR — gl
— ma™ 2™ Lyfal (La|al*)™|al**™™(T — ol b«

+ C1 + LoChlal*™ + LoCy + m2*™ 1Ly ™ 2|7 — 20| ™ |[bl| o + 2|/ flloo + €.
(3.14)

In a completely analogous manner to the previous, we need that
jal”(Li]a|®) " Dfa|* ™™ = o(1) and |al(L1|a]*)"™?|al* 7" = o(1),

that is,

1-— 2
a< 2m7+s ifme(l,2) andr+a+25—2>0 ifm=2.
-m
Furthermore, in the case when m = 2, from (3.14), we impose the
condition 7 — a +2s > 0 and from the restriction 7 +a +2(s—1) > 0, we
obtain that 7 > 1 — 2s, however we know that 1 — 2s > 0. Therefore, the

conclusion holds for b in C%7 with 7 > 1 — 2s.



Hélder regularity for fully nonlinear equation 69

Remark 3.1. We mention that the case of a minimal Pucci operator of

the form M~ u(x) = infrer, Lu(x) will be analogous, as well as for Isaacs

operators in the form

Fu(z) =infsup Ly pu(x) , Fu(zr) =sup irgf Lgpu(x)
a b a

where L, = L for some K = K, for a family of indexes a € A, b € B,

this type of operator is treated as in article [1].
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