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Abstract. Understanding when an abstract complex curve of given genus
comes equipped with a map of fixed degree to a projective space of fixed di-
mension is a foundational question; and Brill–Noether theory addresses this
question via linear series, which algebraically codify maps to projective tar-
gets. Classical Brill–Noether theory, which focuses on smooth curves, has been
intensively explored; but much less is known for singular curves, particularly
for those with non-nodal singularities. In a one-parameter family of smooth
curves specializing to a singular curve C0, one expects certain aspects of the
global geometry of the smooth fibers to “specialize" to the local geometry of the
singularities of C0. Making this expectation quantitatively precise involves an-
alyzing the arithmetic and combinatorics of semigroups S attached to discrete
valuations defined on (the local rings of) these singularities. In this largely-
expository note we focus primarily on Brill–Noether-type results for curves
with cusps, i.e., unibranch singularities; in this setting, the associated semi-
groups are numerical semigroups with finite complement in N.
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1 Introduction

We now introduce the main players in the sequel. Throughout we work
over C, though all results should also hold over algebraically closed fields
of sufficiently large positive characteristic.

Acknowledgements

We thank the anonymous referees for illuminating comments that led
to an improved exposition, including the new Remark 2.6.

1.1 Cuspidal rational curves

Rational curves, by which we mean projective algebraic curves of ge-
ometric genus zero, are among the simplest algebraic varieties; yet via
their singularities, their geometry intertwines with quantum topology and
representation theory [1, 2].

It is often convenient to identify a rational curve of degree d in Pn with
its normalization, given by an (n + 1)-tuple of homogeneous polynomials
of degree d over P1. Formally inverting one of these in a point where
it is nonzero yields an n-tuple of power series fi(t), i = 1, . . . , n in a
uniformizing parameter t; and any unibranch singularity, or cusp, is locally
modeled in this way. Equivalently, its local algebra is the image of a ring
map

f : R = C[x1, . . . , xn] → C[[t]] (1.1)

defined by xi 7→ fi(t), i = 1, . . . , n. Letting vt denote the standard t-adic
valuation on C[[t]] that sends t 7→ 1, the value semigroup of the cusp is
S := vt(f(R)), and it is a fundamental topological invariant attached to
the singularity.

In this note we collect, contextualize, and invite the reader to improve
upon, a number of qualitative and quantitative results for linear series
on cuspidal rational curves. As our methods are purely local, we suspect
that many of these results generalize to (suitably general) curves of higher
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genus. Cuspidal rational curves have appeared before in Brill–Noether
theory, most notably in [8].1 Eisenbud and Harris showed that the Brill–
Noether theory of rational curves with g simple cusps in general points is
identical to that of a general smooth curve of genus g; and this founda-
tional result has far-reaching consequences for the birational geometry of
Mg. Our work runs in an orthogonal direction: instead of focusing on the
(global) geometry of rational curves with g simple cusps, we focus on the
(local) geometry of rational curves with a single cusp of delta-invariant
g. It is also natural to ask for results interpolating between our results
for unicuspidal rational curves and those of loc. cit. in this context; such
results would depend on as-yet-unknown dimensional-transversality prop-
erties for intersections of the generalized Severi varieties we introduce in
the following subsection.

1.2 Geometry of parameter spaces, and gonalities

Plane curves comprise another distinguished class of algebraic curves,
and their parameter spaces have attracted substantial interest. Zariski [22]
first established an upper bound for the dimension of any given component
of the Severi variety Vd,g of plane curves of fixed degree d and arithmetic
genus g, and showed that whenever the upper bound is achieved, a general
curve in that component is nodal. His result then played an important
role in Harris’ proof [12] of the irreducibility of Vd,g.

One upshot of Harris’ work is that Vd,g is the closure of the subvari-
ety corresponding to rational curves with g nodes. It is natural, then, to
ask whether, when n ≥ 3, generalized Severi varieties Mn

d,g parameteriz-
ing irreducible and linearly nondegenerate degree-d rational curves in Pn

with arithmetic genus g are themselves irreducible, and are the closures of
their subloci indexing g-nodal curves. In [3, 5], we show that in general
the answer to both questions is “no", by producing explicit Severi-type
varieties of unicuspidal rational curves of dimension larger than g-nodal

1We thank Steve Kleiman for reminding us of this.
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loci. A simple but important ingredient operative in our analysis is the
stratification of unicuspidal rational curves according to their ramification
profiles r in the preimages of their respective cusps2. In [6], we produce a
conjectural combinatorial formula for the (co)dimension of a Severi variety
Mn

d,g;S,r of unicuspidal rational curves of degree d, arithmetic genus g, and
cuspidal type (S, r) in Pn; and we verify that our conjecture is valid for
two interesting infinite classes of examples.

These Severi varieties are generalizations of Schubert varieties; indeed,
the space Mn

d of degree-d morphisms P1 → Pn with irreducible and lin-
early nondegenerate images is parameterized by an open subset of the
Grassmannian G = G(n, d), and those maps with ramification profiles r

in a (variable) point determine a Schubert subvariety Mn
d;r ⊂ G. Schu-

bert varieties, which parameterize rational curves subject to ramification
profiles in points, are rational; and it is natural to wonder to what extent
this property persists for Severi varieties of unicuspidal rational curves, in
which nonlinear conditions beyond ramification are imposed by the addi-
tive structure of the value semigroups of the cusps. In all examples that
have been studied to date, the Severi varieties Mn

d,g;S,r have turned out to
be unirational.

In an orthogonal vein, the gonality of a curve C, i.e., the lowest degree
d for which a degree-d morphism C → P1 exists, is a fundamental measure
of its (ir)rationality. Every morphism C → P1, in turn, is specified by
a meromorphic function on C. When C is a unicuspidal rational curve
with value semigroup S, every such function satisfies conditions imposed
by arithmetic properties of S.

2Here r records the nonzero orders of vanishing in the preimage of the cusp of the
sections that define the morphism P1 → Pn whose image is the unicuspidal rational
curve in question.
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2 Severi varieties of unicuspidal rational curves

2.1 Dimensionality and unirationality conjectures

To compute the number of algebraically independent conditions im-
posed on morphisms P1 → Pn of fixed degree d imposed by a cusp of type
(S, r), we carry out a combinatorial local analysis of power series in the
preimage of the cusp. More precisely, we develop a combinatorial frame-
work that enables us to explicitly characterize those conditions on power
series coefficients imposed by the pair (S, r). The local algebra of the cusp
given by the image of (1.1) is determined by its truncation modulo t2g,
where g is the (local contribution to the arithmetic) genus of the cusp.
This algebraic phenomenon manifests combinatorially as the fact that any
numerical semigroup S of genus g := N \ S is determined by its truncation
S ∩ [2g].3 It quickly becomes clear that combinatorics provides a natural
organization scheme for local algebra.

Explicitly, to count conditions imposed on coefficients of morphisms
f : P1 → Pn by cusps of type (S, r), we begin by assigning a lattice path
to S from (0, 0) to (g, g) in Z2, with horizontal and vertical segments of
unit length, as follows: for each successive integer i ∈ [2g], we proceed to
the right (resp., upward) if i ∈ S (resp., i /∈ S). Any morphism f : P1 →
Pn whose image has a cusp of type (S, r) is given locally near the cusp
by an n-tuple of power series fi with valuations ri, i = 1, . . . , n, where
r = (r1, . . . , rn); so the integers ri belong to S, and index columns of the
lattice square {(i, j) : 1 ≤ i, j ≤ g}. The column corresponding to fi now
contributes two types of conditions: ramification conditions, imposed by
the (linear) vanishing of j-th order derivatives Dj

t , j = 0, . . . , ri − 1 in the
preimage of the cusp; and those (nonlinear) conditions beyond ramification
that depend on the additive structure of S.

Unpacking conditions beyond ramification requires a closer examina-
tion of S from an arithmetic point of view. Not surprisingly, the (unique)

3Crucially, no element of N \ S is strictly greater than 2g.
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set of minimal generators of S plays a key role. More obscure, but equally
important for our purposes, are the Betti elements of the pair (S, r), which
determine the structure of factorizations of elements in S as nonnegative
linear combinations of minimal generators and the ramification orders ri,
i = 1, . . . , n 4. Formally, given any finite set T of (strictly) positive inte-
gers, let FT (resp., ST) denote the free monoid (resp., numerical semigroup)
they generate. There is a natural projection π : FT → ST, whose fibers
describe how elements of ST factor as nonnegative linear combinations of
elements in T. Decreeing that v ∼ w whenever elements v, w ∈ π−1(s) fit
into a chain v = v1, . . . , vn = w for which ⟨vi, vi+1⟩ ≠ 0 for every i yields an
equivalence relation on π−1(s); and s is a Betti element whenever π−1(s)

splits into at least two ∼-equivalence classes.

The Betti elements of (S, r) index precisely those columns in the Dyck
diagram corresponding to parameterizing functions fi that impose condi-
tions beyond ramification. Conditions beyond ramification, in turn, arise
when lowest-order terms of polynomials in fi, i = 1, . . . , n (whose valua-
tions belong to S) are forced to vanish. In [6], we formulate an explicit
combinatorial conjecture to account for these conditions; while these are
nonlinear in general, all are indexed by linear algebraic quantities, namely
jumps in the ranks of matrices derived from the Dyck diagram. Explic-
itly, let r∗ = {rn+1, . . . , rℓ} denote the set of minimal generators of S

less than the conductor c that do not belong to r; and let B denote the
set of Betti elements of r ⊔ r∗ strictly less than c. Given b ∈ B, let
{v1, . . . , vnb

} be any full set of representatives of ∼-equivalence classes of

b; let Mb denote the (nb − 1) × ℓ matrix


v2 − v1

...
vnb

− v1

. Assuming that

4The usage of “Betti" here is consistent with its standard usage in describing the free
resolutions of ideals. Indeed, Betti elements of a finite set T of positive integers select
for minimal generators of the toric ideal of the image of the rational curve determined
by monomials te, e ∈ T.
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b1 < · · · < bp comprise B, let Ai :=


Mb1

...
Mbi

 and given b = bi ∈ B, let

ϕ(b) := rank(Ai) − rank(Ai−1). Finally, let B′ := {b ∈ B |ϕ(b) ≥ 1} and
let r• := {ri ∈ r∗ | B′ ∩ (ri−1, ri) ̸= ∅ or #{b ∈ B′ | b < ri} > (i−n)− 1}.

Conjecture 2.1. Given a vector r = (r1, . . . , rn) ∈ Nn
>0, let Vr ⊂ Mn

d,g;S

be the subvariety of maps f : P1 → Pn with a unique singularity that is
cuspidal with semigroup S and ramification profile r. Assume n ≤ 2g ≤ d.
Then

cod(Vr,M
n
d ) =

n∑
i=1

(ri − i) +
∑
s∈B

ϕ(s)ρ(s)−
∑
s∈r•

ρ(s)− 1 (2.1)

where ρ(s) denotes the number of elements of N \ S strictly greater than
s ∈ S.

On the right hand side of (2.1), conditions beyond ramification account
for∑

s∈B ϕ(s)ρ(s) −
∑

s∈r• ρ(s). Graphically speaking, for every Betti ele-
ment s ∈ B, ρ(s) computes the number of squares above the Dyck path
in the column corresponding to s, while ϕ(s) gives a “multiplicity" with
which that column contributes. Conjecture 2.1 reflects the expectation
that a complete set of algebraically independent conditions beyond ramifi-
cation imposed by cusps of type (S, r) is produced by an explicit inductive
algorithm detailed in [5].

Example 2.2. Let n = 4, g = 7, S = ⟨2, 15⟩ and r = (2, 4, 6, 8); see
Figure 2.2. Renormalizing, write fi =

∑∞
j=0 ai,jt

j with ai,j = 0 for all
j < 2i and ai,2i = 1; and set Fi := fi − f i

1. A typical condition beyond
ramification is that lc(Fi) = ai,2i+1 − ia1,3 = 0, i = 2, . . . , n, where “lc"
denotes the coefficient of the term of Fi with valuation vt(fi)+1 = vt(f

i
1)+

1 = 2i + 1. We have lc(Fi) = 0 because 2i + 1 /∈ S; and this condition
is encoded by the lowest red square in column i. Inductively, we now
“walk" up column i, inducing a single new independent condition at every
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Figure 2.1: Ramification conditions are in grey, while conditions beyond
ramification are in red; conditions contributed by fi are in the ith column.

step. The condition encoded by the second-lowest red square is imposed
by F ∗

i := Fi− [t2i+2]Fi ·f i
1. To continue walking up the column, we replace

Fj by F ∗
j and perturb by (a multiple of) a power of f1; and iterate this

procedure until all elements of N \ S have been exhausted.

A key feature of Example 2.2 is that for every column i ≥ 2 in the
Dyck diagram, the expansions of the leading coefficients of Fi and its
inductively-created counterparts F ∗

i whose vanishing is imposed by (S, r)

always contain (linear) instances of variable coefficients ai,j = [tj ]fi of fi
that are not present in earlier iterations of the algorithm. This implies
that the corresponding Severi variety Vr is unirational.

Conjecture 2.3. With hypotheses and notation as in Conjecture 2.1, the
Severi variety Vr of unicuspidal rational curves of type (S, r) is unirational.

Conjecture 2.1 also naturally begs the following two questions:

i. Are there explicit upper and lower polynomial bounds in n and g for
the right hand side of (2.1)?

ii. What are quantitatively precise versions of Conjecture 2.1 for distin-
guished infinite families of types (S, r)?

The following two sections aim to shed light on each of these.
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2.2 Lattice point counts and numerology

Recall that a point P of a curve C is Gorenstein whenever ωP is a free
OP -module; and C is Gorenstein when this holds for every P . In this case,
ω is an invertible sheaf, and the value semigroup S at every P is symmetric,
i.e., for every x ∈ N, either x or c − 1 − x belongs to S.5 Whenever S is
symmetric, in turn, we may rewrite the right hand side of (2.1) in terms of
counts of interior lattice points of polytopes in Re, where e = e(S) is the
number of minimal generators of S. Hereafter we will focus on two infinite
families of types (S, r) associated with very differently-structured Betti sets
B = B(S, r). The first is comprised of semigroups S that are hyperelliptic,
i.e., for which 2 ∈ S, and ramification profiles r = (2, 4, . . . , 2n); while the
second is comprised of supersymmetric semigroups S minimally generated
by products a1···an

ai
, i = 1, . . . , n and ramification profiles r that are minimal

generating sets.6 These two families behave very differently with regard
to their Betti elements. Indeed, in the first case, the (n− 1) even numbers
between 4 and 2n belong to B(S, r). On the other hand, supersymmetric
semigroups are precisely those numerical semigroups whose sets of Betti
elements are singletons [11, Thm 12]; so cases in which S is supersymmetric
and r comprises a set of minimal generators are minimal with respect to
#B(S, r).

Theorem 2.4 ([6], Thm 2.1 and Thm 4.2). Let d, g, and n be positive
integers for which n ≤ 2g ≤ d.

• The subvariety of Mn
d parameterizing unicuspidal rational curves

with S = ⟨2, 2g + 1⟩ and r = (2, 4, . . . , 2n) is unirational and of
codimension (n− 1)g.

• Let n = 3; and let a1, a2, and a3 be pairwise relatively prime positive
integers. The subvariety of M3

d of unicuspidal rational curves with
S = ⟨a1a2, a1a3, a2a3⟩ and ramification profile r = (a1a2, a1a3, a2a3)

is unirational and of codimension 2ρ(a1a2a3)+a1a2+a1a3+a2a3−7.
5In fact, P ∈ C is Gorenstein if and only if its value semigroup S is symmetric.
6Here we assume a1 < · · · < an are pairwise relatively prime positive integers.
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Theorem 2.4 confirms Conjectures 2.1 and 2.3 for our distinguished hy-
perelliptic family of examples and in supersymmetric cases with embedding
dimension n = 3. Note that the supersymmetric codimension formula in-
volves ρ(a1a2a3), which is difficult to identify explicitly in general. On the
other hand, we may approximate ρ(a1a2a3) by re-interpreting it as a dis-
crete volume of a 3-dimensional rational polytope, as follows. Every super-
symmetric semigroup S = ⟨a1a2, a1a3, a2a3⟩ is symmetric, with conductor
c = 2a1a2a3−(a1a2+a1a3+a2a3)+1; as a result, elements of N\S strictly
greater than a1a2a3 are in bijection with elements of S strictly less than
a1a2a3−(a1a2+a1a3+a2a3). Elements of S strictly less than the Betti ele-
ment a1a2a3 factor uniquely as anonnegative linear combination of minimal
generators; so ρ(a1a2a3) computes the number of lattice points inside the
simplex ∆ with vertices (0, 0, 0), (a3−1− a3

a1
− a3

a2
, 0, 0),(0, a2−1− 1

a1
− 1

a3
, 0),

and (0, 0, a1−1− 1
a2

− 1
a3
). On the other hand, the discrete volume of ∆ is

approximated by its Euclidean (“actual") volume; a precise upper bound
is given in [21]; and this, in turn, allows us to conclude in many cases
that the codimension inside M3

d of the Severi variety of supersymmetric
unicuspidal rational curves is strictly less than g, the codimension of the
g-nodal locus [4].

Speculation 2.5. Let d, g, and n be positive integers for which n ≤
2g ≤ d. Given a numerical semigroup S of genus g, the corresponding
Severi variety Mn

d,g;S of unicuspidal rational curves with semigroup S is of
codimension at most (n− 1)g, with equality if and only if S = ⟨2, 2g + 1⟩.

2.3 Certifying dimensionality and unirationality

Certifying Conjecture 2.1 in the hyperelliptic and superelliptic cases
is the focus of [6]; that article also establishes a template for certifying
and/or refuting Conjecture 2.1 in general. The conjectural premise here
is that the Betti elements B(S, r) determine a complete set of algebraic
relations for the local algebra of an arbitrary cusp of type (S, r). Whether
or not this premise is valid is algorithmically checkable in any particular
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case via a step-by-step procedure, starting with a “universal" element F

of the corresponding local algebra, and alternating between imposing van-
ishing on coefficients of F in orders corresponding to elements of S and
deducing polynomial vanishing conditions imposed by terms whose orders
are elements of N \ S. For hyperelliptic and supersymmetric families, the
Betti sets B(S, r) are explicit and their orderings are particularly simple; it
remains to generalize the arguments of [6] in order to accomodate arbitrary
Betti structures.

Remark 2.6. One natural line of inquiry that we have not seriously pur-
sued is the (local and global) deformation theory of cuspidal curves. The
fact that unicuspidal rational curves often do not deform to g-nodal ra-
tional curves (e.g., whenever the dimension of the corresponding Severi
variety is strictly less than (n − 2)g) is a zeroth step in this direction.
In general, we expect the problem of deciding when two (sets of) value
semigroups are adjacent to one another (in the sense that one set of singu-
larities may be deformed to the other) to be difficult, but see [7] for some
clues in the planar case. In the spirit of Mumford’s famous example [17]
of non-smoothable curve singularities, we may also ask whether all cusps
are smoothable.

3 Canonical models

3.1 The canonical model of a singular curve

Let C be an integral and complete curve over an algebraically closed
field of (arithmetic) genus g with structure sheaf O = OC , dualizing sheaf
ω = ωC , and field of meromorphic functions k(C). Given a coherent
sheaf F on C and a morphism φ : X → C from a scheme X to C, let
OXF := φ∗F/Torsion(φ∗F) and Fn := SymnF/Torsion(SymnF).

Following [20], a linear series of rank r and degree d on C is a set
L(F , V ) := {x−1F | x ∈ V \ 0}, where F is a torsion-free sheaf of rank
1 and degree d on C and V ⊂ H0(F) is a vector subspace of dimension
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r + 1. Here V ⊂ k(C) and x−1F is the sheaf characterized locally by
(x−1F)(U) = x−1F(U) for any open set U ⊂ C.

The canonical model of C, introduced by Rosenlicht [19], is the im-
age C ′ of the curve C under the morphism κ : C → Pg−1 defined by the
linear series L(OCω,H

0(ω)). Rosenlicht’s main theorem establishes that
whenever C is nonhyperelliptic, its normalization map factors through a
morphism C ′ → C; and it holds for curves C that are arbitrarily singu-
lar, including non-Gorenstein curves. In [13], the authors re-interpreted
Rosenlicht’s result as an isomorphism between the canonical model and
the canonical blowup Ĉ := Proj(⊕ωn).

A cornerstone of the classical study of algebraic curves is Max Noether’s
theorem, which establishes that for any smooth curve C, the canonical
(multiplication) morphism µn : Symn H0(ω) → H0(ωn) is surjective for
every positive integer n, the proof of which relies on auxiliary surjections
Symn H0(ω) → H0(OC′(n)) through which each µn factors. Miraculously,
the analogous maps µn are also surjective when C is singular, even though
OC′(n) may not coincide with ωn in general.7

A key operative ingredient in the proof of Max Noether’s theorem in the
singular case is the fact that for every P ∈ C, we have v(ωP ) = K, where v :

R → S denotes the natural order-of-vanishing valuation on the local ring
R of C in P , and K := {a ∈ Z | c−1−a ̸∈ S}; and that the multiplication
morphism µn admits a valuation-theoretic analogue involving K. In [15],
surjectivity of (all of) the multiplication maps µn in the cuspidal case was
ultimately reduced to (and deduced from) the statement that for every
numerical semigroup S with conductor c, every n ∈ {c, c + 1, . . . , 2c − 3}
may be written as a sum n = k1 + k2 with ki ∈ K and ki < c, i = 1, 2.
In [3], this numerical statement was generalized for semigroups of rank
greater than one (arising from multibranch singularities) and proved for
semigroups of rank two (from singularities with two branches); and in [10],

7Indeed, we have OC′(n) = ωn for every n ≥ if and only if C is either Gorenstein or
nearly Gorenstein in the sense of [13].
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the generalized statement was proved for semigroups of arbitrary rank,
yielding Max Noether’s theorem for arbitrary integral curves.

3.2 Gonalities from canonical models

The gonality of a smooth curve C is the smallest d for which there exists
a degree-d cover C → P1. If C is non-hyperelliptic, it is intimately related
to the projective geometry of the canonical embedding of C. Indeed, C is d-
gonal if and only if the canonical image of C lies on a (d−1)-fold scroll. The
expectation is that this phenomenon persists for singular curves, provided
we replace the canonical image by the canonical model and define gonality
to be the smallest d for which C admits a rank one torsion-free sheaf F
with deg(F) = d and h0(F) ≥ 2.8 In [14, 16] this was established for
rational monomial curves via a combinatorial argument that we describe
next.

We begin by identifying the canonical model C ′ in terms of C. So
assume C is given explicitly by

C = (ta0 : ta1 : · · · : tan−1 : tan) ⊂ Pn (3.1)

with 0 = a0 < a1 < . . . < an. C then has (at most) two singularities
supported in P1 = (1 : 0 : · · · : 0) and P2 = (0 : 0 : · · · : 1) with semigroups
SP1 = ⟨ai⟩ni=1 and SP2 = ⟨an − ai⟩n−1

i=0 , respectively. Let GPi := N \ SPi ,
and set δi = #(Gi); the arithmetic genus of C is g = δ1 + δ2. Let γ be
the Frobenius number of SP1 , i.e., the largest integer in G1. The authors
of [16] establish that

C ′ = (1 : tb2 : · · · : tbδP : tc1 : · · · : tcδQ ) ⊂ Pg−1 (3.2)

where {0, b2, . . . , bδP } = γ −GP1 and {c1, . . . , cδQ} = γ +GP2 . The proof
relies heavily on the equality v(ωP ) = K applied to the singularities P =

Pi, i = 1, 2.
8In the terminology of [18], this means that C admits a g1d with a non-removable

base point.
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We also need to identify when a monomial curve lies on a scroll. The
relevant condition, proved in [14], is that (1 : ta1 : . . . : taN ) ⊂ PN lies on a
d-fold scroll if and only if the set {0 = a0, a1, . . . , aN} may be partitioned
into d subsets whose elements are in arithmetic progression with the same
common difference µ.

Finally note that any sheaf computing the gonality d of C is of the form
OC⟨1, tµ⟩ for some µ ∈ N. In [16] the authors prove that the exponents bi

and ci of equation (3.2) may be partitioned into d− 1 arithmetic progres-
sions each with common difference µ, and that the resulting (d − 1)-fold
scroll on which C ′ lies is of minimal dimension.

Example 3.1. Assume C ⊂ Pn is a unicuspidal monomial rational curve.
Let P1 = (1 : 0 : · · · : 0) and P2 = (0 : · · · : 0 : 1) as before, assume the
cusp of C is supported in P1, and let S := SP1. For every µ ∈ N, we have

degOC⟨1, tµ⟩ = #(((S ∪ (S + µ)) \ S) + µ. (3.3)

Indeed, F := OC⟨1, tµ⟩ is of degree zero away from P1 and P2. On the
other hand, t−1 is a local parameter at P2, so degP2

(F) = µ; while the
first summand on the right-hand side of (3.3) is degP1

(F) = degP1
(OP1 +

tµOP1).

Now suppose C = (1 : t5 : t7 : t8) ⊂ P3. In this case, S = ⟨5, 7, 8⟩ is of
genus 7. We will show that C is 4-gonal, and that its gonality is computed
by the sheaf F = OC⟨1, t2⟩. Indeed, that deg(F) = 4 follows from (3.3) and
the fact that (((S ∪ (S + 2)) \ S) = {2, 9}. On the other hand, the gonality
of a unicuspidal rational monomial curve is always realized by a sheaf of
the form O⟨1, tµ⟩ [9]. Applying (3.3) with µ = 1, 3 and 4 yields degrees
5, 5 and 7 respectively; meanwhile, for every µ ≥ 5, it follows immediately
from the right-hand side of (3.3) that degOC⟨1, tµ⟩ ≥ µ.

Here the canonical model of C is

C ′ = (1 : t2 : t5 : t7 : t8 : t9 : t10) ⊂ P6.
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Partitioning powers of t into sets {0, 2}, {5, 7, 9}, and {8, 10} each with
common difference 2, we see that C ′ lies on the 3-fold scroll

S112 =

(
x0 x4 x2 x3

x1 x6 x3 x5

)
in which the subscript indicates that S = P(OP1(1) ⊕ OP1(1) ⊕ OP1(2))

as a P1-bundle. Moreover, S112 is of minimal dimension among scrolls
containing C ′ because {0, 2, 5, 7, 8, 9} cannot be partitioned into two subsets
comprising arithmetic progressions with the same common difference.

3.3 A conjectural upper bound for covering gonality

It is natural to ask for an upper bound on the gonality of a unicuspidal
rational curve C; this is the focus of work in progress of the authors to-
gether with V. Lara and N. Galdino. Here we focus on a type of gonality
distinct from that of the previous subsection, the covering gonality, which
we denote by gonF (C): namely, the smallest d for which a d-fold cover
C → P1 exists.9

Conjecture 3.2. A Gorenstein unicuspidal rational curve C has covering
gonality gonF (C) ≤ ⌈g+1

2 ⌉.

We conclude this note by giving a heuristic argument in favor of Con-
jecture 3.2. To this end, note that C admits a degree k morphism to P1

if and only if there is some point P ∈ C of multiplicity m = m(P ) and a
meromorphic function f ∈ OP of the form

f :=
dmtm + dm+1t

m+1 + . . .+ dkt
k

1 + r1t+ . . .+ rktk

with either dk ̸= 0 or rk ̸= 0.

Now suppose that

C = (F0 : F1 : . . . : Fg−1) ⊂ Pg−1

9Equivalently, gonF (C) is the smallest d for which C admits a basepoint-free g1d.
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with Fi ∈ k[t] and deg(Fi) ≤ 2g−2; and suppose, furthermore, that vt(Fi)

is the (i + 1)-st element of the value semigroup of the singularity of C in
P . We need to find di, ri and ci for which

dmtm + dm+1t
m+1 + . . .+ dkt

k

1 + r1t+ . . .+ rktk
=

c1F1 + · · ·+ cg−1Fg−1 + t2gu(t)

F0
.

This amounts to solving a nonlinear system of equations in which there
are

nv = k −m+ 1︸ ︷︷ ︸
di

+ k︸︷︷︸
ri

+ g − 1︸ ︷︷ ︸
ci

variables and ne = 2g − m equations, with each ti, i = m, . . . , 2g − 1

contributing an equation. Naively, we’d expect the system to be solvable
whenever nv ≥ ne. However, when g = 4 and m = k = 2 we have nv =

ne, and it may be checked that k-gonal curves comprise a proper closed
subvariety of M6

4,⟨2,9⟩,(2,4,6). More generally, we anticipate our nonlinear
system of equations to be solvable (for all curves in the relevant Severi
variety) whenever nv > ne, i.e., whenever k ≥ g+1

2 .

References

[1] M. Borodzik and C. Livingston, Heegaard Floer homology and rational
cuspidal curves, Forum of Math. Sigma 2 (2014), E28.

[2] I. Cherednik, Riemann hypothesis for DAHA superpolynomials and
plane curve singularities, Comm. Numb. Thy. Phys. 12 (2018), no. 3,
409–490.

[3] E. Cotterill, L. Feital, and R.V. Martins, Dimension counts for cuspi-
dal rational curves via semigroups, Proc. AMS 148 (2020), 3217–3231.

[4] E. Cotterill, N. Kaplan, and R.V. Costa, Cusps in C3 with prescribed
ramification, arXiv:2303.09303, submitted.

[5] E. Cotterill, V.L. Lima, and R.V. Martins, Severi dimensions for
unicuspidal curves, J. Alg. 597 (2022), 299–331.

arXiv:2303.09303 


Towards Brill–Noether theory for cuspidal curves 47

[6] E. Cotterill, V.L. Lima, R.V. Martins, and A. Reis, Certified Sev-
eri dimensions for hyperelliptic and supersymmetric cusps, Bull. Sci.
Math. (2023); doi:10.1016/j.bulsci.2023.103361.

[7] S. Diaz and J. Harris, Geometry of the Severi variety, Trans. AMS
309 (1988), no. 1, 1–34.

[8] D. Eisenbud and J. Harris, Divisors on general curves and cuspidal
rational curves, Invent. Math. 74 (1983), 371–418.

[9] L. Feital. R. V. Martins, Gonality of non-Gorenstein curves of genus
five, Bull. Braz. Math. Soc. 45 (2014), no. 4, 1–22.

[10] E. Gagliardi and R.V. Martins, Max Noether theorem for singular
curves, Manuscripta Math. (2023), 10.1007/s00229-023-01478-3.

[11] P.A. García-Sánchez, I. Ojeda, and J.C. Rosales, Affine semigroups
having a unique Betti element, J. Algebra Appl. 12 (2013), no. 3,
1250177.

[12] J. Harris, On the Severi problem, Invent. Math. 84 (1986), 445–461.

[13] S. L. Kleiman and R.V. Martins, The canonical model of a singular
curve, Geometria Dedicata 139 (2009), 139–166.

[14] S. Marchesi, R.V. Martins, and D. Nicolau, Curves with canonical
models on scrolls, Internat. J. Math. 27 (2016), no. 5, 1650045.

[15] R.V. Martins, A generalization of Max Noether’s theorem, Proc. AMS
140 (2012), 377–391.

[16] R.V. Martins, D. Nicolau, and J. Souza, On gonality, scrolls, and
canonical models of non-Gorenstein curves, Geometriae Dedicata 198
(2019), 1–23.

[17] D. Mumford, Pathologies IV, Amer. J. Math. 97 (1975), no. 3, 847–
849.

doi:10.1016/j.bulsci.2023.103361
10.1007/s00229-023-01478-3


48 Ethan Cotterill and Renato Vidal Martins

[18] R. Rosa and K-O. Stöhr, Trigonal Gorenstein curves, J. Pure Appl.
Algebra 174 (2002), 187–205.

[19] M. Rosenlicht, Equivalence relations on algebraic curves, Annals
Math. 56 (1952), 169–191.

[20] K.-O. Stöhr, On the poles of regular differentials of singular curves,
Bull. Brazilian Math. Soc. 24 (1993), 105–135.

[21] S. Yau and L. Zhang, An upper estimate of integral points in real
simplices with an application to singularity theory, Math. Res. Lett.
13 (2006), no. 5-6, 911–921.

[22] O. Zariski, Dimension-theoretic characterization of maximal irre-
ducible algebraic systems of plane nodal curves of a given order n

and with a given number d of nodes, Amer. J. Math. 104 (1982), no.
1, 209–226.


	Introduction
	Cuspidal rational curves
	Geometry of parameter spaces, and gonalities

	Severi varieties of unicuspidal rational curves
	Dimensionality and unirationality conjectures
	Lattice point counts and numerology
	Certifying dimensionality and unirationality

	Canonical models
	The canonical model of a singular curve
	Gonalities from canonical models
	A conjectural upper bound for covering gonality


