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1 Introduction

Rough paths theory, as we know it today, originates from a series of
papers T. Lyons wrote in the 90s, cf. [Lyo98| and the references therein. In
his work, Lyons obtained a deep understanding of paths with low regular-
ity and their interaction within nonlinear systems. One strong motivation
for a study of irregular paths is their ubiquity in stochastic analysis. In
fact, there are various examples of rescaled random systems that converge
to objects with “rough” behaviour. The most prominent example is, of
course, the Brownian motion (Bm) which is a rescaled version of a whole
class of random walks. Due to its universality, the Brownian motion plays
a key role in stochastic modelling. An important example is a stochas-

tic differential equation in which the “noise” is modelled by the (formal)
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derivative of a Brownian motion. For instance, let us look at the equation
aY; = o(Y;) dB,(w) (L1)

where B(w) is the trajectory of a Brownian motion and ¢ a nonlinear func-
tion. Although this equation might look like an innocent non-autonomous
random ordinary differential equation, it constitutes a great challenge if we
want to analyze it with the tools of classical analysis (we will see in these
notes some explanations why this is the case). A major contribution to the
understanding of the equation (1.1) was made in the 50s by K. Ito who
gave a rigorous meaning to it using a stochastic integral that nowadays
bears his name. Ito did not view (1.1) as an ordinary differential equa-
tion for every trajectory (what is called a pathwise point of view) but put
forward the probabilistic properties of the Brownian motion, namely, its
martingale property. His integral is defined using an isometry on a space
of martingales, not referring to single trajectories anymore. Eventually, he
understood (1.1) as an equation on a space of stochastic processes. Ito’s
stochastic calculus was (and is!) extremely successful. Still, a pathwise
understanding of (1.1) is desirable in many situations, and one of Lyons’

goals was to provide the ground for it.

The present text focuses on defining solutions to rough differential equa-
tions for which (1.1) is a prototype. On the journey to this overall goal,
we will touch several key aspects of rough paths theory. These notes are
almost self-contained as we give formal proofs of the stated results wher-
ever possible. However, some calculations will be omitted in order not to
overload the reader with technical details, but references are given in that
case, though. We hope that the reader can use this text to get an idea of
what rough paths theory is about, why it was invented and what it can be

used for.

There are some branches of rough paths theory we were not able to
discuss in these notes, and we want to mention two of them here. The
first concerns applications of rough paths in the field of stochastic partial

differential equations. The most famous result here is probably M. Hairer’s
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solution to the KPZ-equation that was constructed with the help of rough
paths theory [Hail3|. Later, Hairer systematically expanded his ideas and
built a whole solution theory for a class of stochastic partial differential
equations that he called the theory of regularity structures [Haild]. The
reader who is interested in these topics is referred to [FH20, Chapter 12
— 15] and [Hail5] for an overview. A second complex we were not able to
touch concerns the relationship between rough paths theory and machine
learning. In fact, the so-called signature method is a very powerful tool that
can be used to analyze and forecast very different kinds of data streams.
For an introduction to this method, the reader may consult [CK16| and
[LM22].

Several monographs about rough paths theory are available now, cf.
e.g. |[LQO2, LCLO7, FV10b, FH20|. The structure of our notes has some
similarities to [LCLO7], but our notation and the proofs we present here are
closer to [FH20|. In particular, we wanted to discuss the important notion
of a controlled path introduced by Gubinelli [Gub04], since this concept
plays a prominent role also in regularity structures. In this context, we
present a more recent result about the geometry of controlled paths in

Section 6.1. In this form, these results did not appear elsewhere yet.

1.1 Notation

A path denotes a continuous function defined on a compact interval
with values in a topological space. If E is a topological vector space and
X:[0,T] — E a path, we call X; — X, with s,t € [0,T] an increment of
the path. We will use the notation § X ; :== X;—X,. If (E,|-|) is a normed

space, we define for a function = defined on a simplex
2 {0<s<t<T}— FE

and a > 0 the quantity

5l = sup =24
s<t |t - S|a
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If X:[0,7] — E is a path and a € (0,1], || X||o = ||0X]||o is the usual
a-Hélder seminorm. A partition of an interval [s, t] is a finite set of points
P={s=ty<...<ty =t} We will also view the partition P as a set
of closed intervals P = {[ti, ti+1] : i =0,...,N — 1}. The mesh size of P
is defined as |P| := maxp, ,jep [v — u|. For two Banach spaces V' and W,
L(V,W) denotes the space of continuous linear functions from V to W.
The space L(V, W) itself is equipped with the operator norm

o
10 = sup 2 @ e L),
v#£0 |U‘

By C, we will mostly mean a generic constant that depends on the
aforementioned parameters. If we want to emphasize the dependence on a
certain parameter p, we use the notation C). In a series of (in-)equalities,

the actual value of this constant may change from line to line.

2 Motivation: Fractional Brownian motion

In this section, we present some background about the fractional Brow-
nian motion. These processes form a natural generalization of the Brow-
nian motion and were first introduced by Mandelbrot and van Ness in
[MVNG68|. Let us first recall the definition of a Gaussian process.

Definition 2.1. A stochastic process X: [0,00) — R is called Gaussian
if for every k € N and every tq,...,t; € [0,00), the random variable

(X1, .., Xy, ) is a multivariate Gaussian random variable.

Note that the law of a Gaussian process is completely determined by the
mean function E(X;), t € [0,00), and the covariance function cov(Xs, X;),

s,t € [0,00), of the process.

Definition 2.2 (Mandelbrot, van Ness '68). Let H € (0,1). The frac-
tional Brownian motion (fBm) is a continuous zero mean Gaussian process

B [0,00) — R starting at 0 with covariance function given by

R(s,t) = cov(B], B') = E(B{' B{') = _ (|t + |s|" — |t —s|*").

1
2
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The parameter H € (0, 1) is called Hurst parameter.

Remark 2.3. For H = %7 one obtains R(s,t) = min{s,t}, i.e. BY is the

usual Brownian motion (Bm).

Below, we show typical trajectories of the fractional Brownian motion

with different Hurst parameters.

0 2 4 6 8 10

Figure 2.1: Trajectories of a fractional Brownian motion

For later purposes, we will list some properties of the fractional Brow-
nian motion here. These and others can be found e.g. in [Nua06, Chapter
5] and [BHOZ0S|.

Proposition 2.4. Let BH: [0,00) — R be a fractional Brownian motion
with Hurst parameter H € (0,1). Then the following holds:
(i) B has stationary increments, i.e. for every s >0, we have

D
(B, — Bf)i>0 = (B )i=0.
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(ii) BH is self-similar with index H, i.e. for every a > 0,

Proof. Exercise. O

The Hurst parameter describes the behaviour of the process. One easy

observation is the following:

Proposition 2.5. The increments of the fractional Brownian motion are
1. uncorrelated for H = %,
2. positively correlated for H > %,
8. negatively correlated for H < %

Remark 2.6. e In stochastic modelling, the term noise usually de-
notes the formal derivative of the Brownian motion B. To give a
rigorous definition, B is understood as a random generalized func-

tion or distribution. More precisely,

(B.¢) = /O " 4()dB,

for every smooth function ¢: [0,00) — R with compact support. In

particular,

E((B,6)(B,v)) = E ( / " o(s) B, / ¥ ps) st) -/ " o()(s) ds.
This suggests that E(B;) = 0 and

. .o 1 ifs=t,
COV(BS, Bt) = E(Bth) = 5St = (21)
0 otherwise

for every s,t € [0,00). Note, however, that these identities are only
formal since the indicator functions 1y, are not smooth and thus
not a valid choice for ¢ and . Still, (2.1) justifies the name white
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noise for B. For the fractional Brownian motion B, one can make
a similar (formal) calculation that indicates that the process B is
stationary but has non-vanishing correlations for H # % Sometimes,

this kind of noise is called colored.

e Using the fractional Brownian motion instead of the Brownian mo-
tion for modelling random phenomena can be more realistic in case
of models with memory. For instance, it was used to model price

processes in illiquid markets (electricity markets, gas markets etc.)

A generic form of a stochastic differential equation (SDE) driven by a

fractional Brownian motion is

d
dY; = b(Y;)dt + > 0i(Vy) B[ 22
=1 .

Yo =90 € R™

where BH = (B!, ... B is a d-dimensional fractional Brownian
motion, i.e. a vector of independent one-dimensional fractional Brown-
ian motion, b,01,...,04: R™ — R™ is a collection of vector fields and
Y: [0,00) — R™ is a stochastic process we aim to call a solution to (2.2).
The fundamental problem is: How should we interpret (2.2)? Or, in other
words: What properties should the process Y satisfy to call it a solution to
the stochastic differential equation (2.2)7

First attempt: If the trajectories of B, i.e. the paths t — B} (w),
w € Q, were differentiable, we could interpret (2.2) pathwise as a random

(non-autonomous) ordinary differential equation (ODE):

av;

B/ (w)
dt '

d
=0(Yy) +) o' (V)=

i=1

(2.3)

However, we will see now that this attempt fails.
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Lemma 2.7. For a fractional Brownian motion BY and p > 0, we have

0 ifpH >1,
Z\ Bl P BT (2.4)

oo ifpH <1

as n — 0.

Proof. Define

Y = z| 1~ B PP

By the scaling property,

D 1
Y, = Z| j2-n T )2—n|p(2n)pH ! Z|BH B(j 1) P =

Since the fractional Brownian motion has stationary increments, the se-
quence (BJH — Bg_n)jzl is stationary. Therefore, by Birkhofl’s ergodic
theorem,

Y, — E(|BAP) = ¢, > 0

almost surely and in L' as n — oo. It follows that Y, 2 ¢p and, conse-
quently, Y, LN cp as n — 00. From this, the claim follows.
O

Proposition 2.8. On any interval [0,T], the fractional Brownian motion

s mot continuously differentiable almost surely.

Proof. By rescaling, we can assume w.l.o.g. that [0,7] = [0,1]. Assume
that B is continuously differentiable with positive probability on [0, 1].
Then there is a random constant C' > 0 that is finite with positive proba-
bility such that |Bf — BH| < C|t — s| for every s,t € [0, 1]. Therefore,

2n
C ) )
Z\ 2 n_Bg’—l)z*n‘32729_(3_1):0<°O
=1

for every n € N with positive probability which is a contradiction to
Lemma 2.7. O
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Remark 2.9. There is a stronger statement saying that the fractional
Brownian motion is nowhere differentiable with probability one that can be
deduced from a general result on Gaussian processes, cf. [KK71|. However,

we will not need this stronger statement here.

Motivated by partial differential equations, one might have the idea to

weaken the notion of differentiability in order to give a meaning to (2.3).

. dBH (w)
We could interpret —t5——

generalized function [Str03, Eval0O]. However, this will lead to another

dB{" (w)
dt

smooth functions with distributions, and such products are (in general)

not well defined [Sch54].

as a weak derivative, i.e. as a distribution or

problem: the equation (2.3) contains products o*(Y;) - of non-

Second attempt: In stochastic analysis, the Ito integral [V dX is
defined in case of X being a semimartingale and Y being adapted to the
filtration generated by X. One could try to interpret (2.2) as an integral

equation

t d t
Yi=Yo+ [W¥ds+ Y [ o(v)aBln
0 — Jo

where the stochastic integral is understood in Ito-sense. However, one can

prove the following:

Proposition 2.10. The fractional Brownian motion B is not a semi-

martingale unless H = %

Proof. This is another consequence of Lemma 2.7: If the fractional Brow-
nian motion was a semimartingale, the sum (2.4) would converge in proba-
bility for p = 2 to the quadratic variation process evaluated at 1. Since this
random variable is finite almost surely, this is a contradiction to Lemma
2.7 in the case H < % For H > %, Lemma 2.7 implies that the quadratic
variation process equals 0 almost surely. This means that the martingale
part in the semimartingale decomposition vanishes and that the fractional
Brownian motion has almost surely paths of finite variation. This, how-

ever, is a contradiction to Lemma 2.7 when choosing p = 1. O
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This shows that the classical Ito approach is not applicable to the

fractional Brownian motion, too.

Third attempt: In 1936, L.C. Young introduced a notion of an in-
tegral that generalizes Riemann-Stieltjes integration [You36|. More con-
cretely, he defined an integral for functions f, g: [0,7] — R that are Holder
continuous with Hélder index a € (0,1] resp. 3 € (0,1] of the form [ fdg
provided a4+ 8 > 1. To employ this approach, we first need to understand
the regularity of the fractional Brownian motion. The following theorem

is a classical result:

Theorem 2.11 (Kolmogorov-Chentsov). Let X: [0,7] — R be a contin-

uous stochastic process, q > 2, B > % and assume that
1 X — Xsl|a <Ot —s|?

for a constant C' > 0 and any s,t € [0,T]. Then for all « € [0,5 —1/q),

there is a random wvariable K, € L1 such that
| Xt — Xo| < K|t —s|®

for all s,t € [0,T]. In particular, the trajectories of X are almost surely

a-Hélder continuous.

Proof. The proof is classical and can be found e.g. in [RY99, (2.1) Theo-
rem|. Since we will use similar arguments later for proving Theorem 4.10,
we provide a full proof here.

Without loss of generality, we can assume that T'= 1. Set
D, ={k2™" : k=0,...,2"} and D =U,>0D,.
We further define the random variables

K?’L = sup ‘6Xt7t+2fn‘, 5Xt,t+27" = Xt+27" — Xt.
teDy,
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Then it holds that

1
D |C‘”Dn|"ﬁIC‘Ianl"ﬁ‘1

|Dn

E(KY) <E Y 16X, 000 0] <
teDy,

where |D,| = 27". Fix s < t € D and choose m such that |Dp,+1]| <
t — s < |Dy,|. Going from coarser to finer partitions successively, we can

find T0;---5TN € Un2m+1Dn such that
s=1<n<...<Tn =1t

with the property that at most two intervals of the form [r;, 7;41] have the
same length. With this choice, it follows that

N-1
|6X51t‘ < Z ’5X7'i17'i+1’ <2 Z Ky.
=0 n>m-+1

We thus obtain

16X, | 2K, 2K, K,
: < — < <2
|t _ 8|a — Z |D - Z |Dn|a — T;) |Dn|a

a
n>m-—+1 m+1‘ n>m+1

= K,.

Therefore, we have shown that
0X el < Kalt — s

for every s,t € D. By continuity of X, this bound holds in fact for every
s,t € [0,1]. It remains to check that K, is in L?. Indeed,

K _1_
[ KallLe < 22w <20 D,

n>0 | Dl n>0

which is summable by assumption on «. This proves the theorem. O

Remark 2.12. Often, the formulation of the Kolmogorov-Chentsov theo-
rem does not assume that X is continuous. The statement then says that
X has a Holder-continuous modification X ,le. Xy = X, almost surely for
every t. Note that the proof above yields the same statement: instead of
using continuity of X, we define a process X to coincide with X on the
dyadic numbers D and extend it continuously to the whole interval [0, 1].
One can check that X is a modification of X.
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Using the Kolmogorov-Chentsov theorem, we can deduce an important

property concerning the trajectories of a fractional Brownian motion:

Corollary 2.13. The trajectories of the fractional Brownian motion are

almost surely a-Hélder continuous for every a < H.

Proof. By definition,

1B/ = B[ = E((Bi' — B")?)
=E(B;'B{") - 2E(B/" BY) + E(B{' B]")

=|t— s|2H

for every s,t. Since BY is Gaussian, all L9-norms are equivalent. There-

fore,
q
1B — B||7. < CL(IBf — BJ|I72)2 = Cg|t — 5[,
for every ¢ > 2. The result now follows from Theorem 2.11. O

Corollary 2.13 opens the possibility to understand the integral that
appears in the integrated equation (2.2) using Young’s integration theory.

We will follow this approach in the next section.

3 Sewing lemma and Young’s integral

3.1 The Sewing lemma

In rough path theory, the Sewing lemma is one of the cornerstones
which will allow us to define integrals. In this part, we present this result
and show how it can be used to define Young integrals. Before doing this,

we will introduce some more notation.
Definition 3.1. Let W be a Banach space.

1. C([0,T], W) will denote the space of continuous functions f: [0,7] —
w.
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2. For a € (0,1], C*([0,T],W) is defined as the space of a-Holder
continuous functions f: [0,7] — W, ie. f € C*([0,T],W) if and
only if

‘5f8,t|

|t — s

[flla = sup
s<t

3. The space Cy p ([0,T], W) denotes the space of functions = defined
on the simplex {(s,t) € [0,T]? : s <t} such that Z;; = 0 and

IElla,s = lIElla + [[0E]ls < 00

where

) - _ |0Zs
5‘:8,u,t =St T Ssu T Sty Hé‘:'HB = Silql}it ‘t —57:‘75 ’

We can now formulate the Sewing lemma.

Lemma 3.2 (Sewing lemma). Let 0 < a < 1 < . Then there exists a
unique continuous linear map I : C;’B([O, T|,W) — C*(]0,T], W) such that
(ZZ)o =0 and

0TZ0 — Egal < 62]5[2°(C(8) — 1) + 1] |t — 5] (3.1)

where C' > 0 depends on 5 and  denotes the Riemann zeta function

1
¢(s) = s
n=1
Moreover,
61_43 t — lim :uﬂ,
|P|—0
[u,w]eP

Proof. Let us prove uniqueness first. Assume that I and I both satisfy
(3.1). Then it holds that

(I —1);—(I—-1)|<Clt—s|.
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Since 8 > 1 and I — I is a path, I — I is constant. Since Iy = Iy = 0,
uniqueness follows. Now fix an interval [s,t] and a partition P = {s =
ug < up < ...<u, =t} of this interval. We set

The idea is now to establish a mazimal inequality for fp = by successively
removing distinguished points from the partition P. We claim that if
r > 3, there exists a point u € P such that for its neighbouring points
u_ <u<ug €P,

Uy — U_ — 5.
+ —r—1
Indeed, otherwise we would have

2t —s|> > fup —u|>2/t— s
weP\{uo,ur}

which is a contradiction. Note that for r = 2, clearly |uy —u_| < |t — s|.
With this choice for #P =17+ 1 > 4, we obtain

/PH /7>\{u} -

By successively removing points, we arrive at the uniform bound
/ = St
P

where the right hand side is finite since 8 > 1. We aim to define Z= as

28|t — 5|8

= 0% el < 10 alues —u-l? < 102057 5

sup
P

oo
- 1 -
<Pl —s0Ells Y 15 + It - sPlIoEs
k=2

= [10=[|5[2°(¢(8) — 1) + 1|t — s/

the limit limp|_g fp = for which we have to prove the existence now. It

=12

suffices to show that

sup —0 ase—0.

max{|Pl,|P’|}<e
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By adding and subtracting fPUP’ =, we can assume without loss of gener-
ality that P C P’. In this case,

~/73 /P’ [u%;,]) < 7 /P’ﬂ[u,v} ) '

For max{|P|,|P’|} = |P| < &, we can use the maximal inequality (3.2) to
see that

This finishes the proof. O

< 62l5[2°CB) — ) +1] Y fv—ul’ =O(P)F)

[u,v]eP

= 0.

3.2 Young’s integral and differential equations driven by
Holder paths

We are now ready to state Young’s result that generalizes Riemann-

Stieltjes integration.

Theorem 3.3 (Young integral). Let V and W be Banach spaces, g €
C([0,T],V) and f € C3([0,T], L(V,W)). Assume that a + 3 > 1. Then
the integral

t
/ fudgu €W

exists as a limit of Riemann sums for every s < t € [0,T] and we call it

the Young integral. Moreover, we have the estimate

t
/ Fudga — fulge — 99| < CIFIsllgllalt — sl (3.3)

where C' > 0 depends o + 5.

Proof. Set

Es,t = fs(gt - gs)-
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Then we have

5Es,u,t = fs(gt - gs) - fs(gu - gs) - fu(gt - gu)
= —(fu— fs)(gt — 9u),

thus [[Zfla < [|fllocllglla < o0 and

16Z]la+s < I1f1lsllglla < oo

We can therefore apply the Sewing lemma and set

t
/ fu dgu = (SIEs’t.
s
O

Interpreting the integral in this way, we can give meaning to differential
equations driven by sufficiently regular Holder paths. Before we formulate

the statement, we define a class of functions that will be important for us.

Definition 3.4. For k& > 0, C*(R™, L(R? R™)) denotes the space of
bounded k-times continuously differentiable functions o: R™ — L(R% R™)
with bounded derivatives, i.e. o = (01,...,04) and every g;: R™ — R™ is
bounded and k-times continuously differentiable with all derivatives being
bounded. For o € C¥ = CK(R™, L(R4,R™)), we set

= D! .
e

=U,...,

Theorem 3.5. Let X € C%([0,T],R%) for some a > § and let o €
C2(R™, L(R4, R™)). Then the integral equation

Y = y+/0ta(Yt)dXt; te[0,T] (3.4)

possesses a unique solution Y € C*([0,T],R™) for every initial condition

y € R™. The integral is understood as a Young integral.
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Remark 3.6. The integral equation (3.4) is often called Young differen-
tial equation although Young never used his integral to solve differential
equations. To the authors knowledge, T. Lyons was the first who studied

differential equations involving the Young integral in [Lyo94]|.

Before we give the proof of Theorem 3.5, we state a technical result
that will be needed.

Lemma 3.7. Let 0 € C2(R™, L(RY,R™)) and T < 1. Then there exists
a constant Cy i such that for every X,Y € C*([0,T],R?) with || X|a V
Yo < K,

lo(X) = o(Y)lla < Caxllollc: (1Xo = Yo + [[X = Yla)-

Proof. 1t follows by using Taylor’s theorem repeatedly, cf. [FH20, Lemma
7.5] for details. O

Proof of Theorem 3.5. The proof is classical and uses a fixed point argu-
ment. For 0 < Tp <T and Y € C*([0,T],R™) with Yy = y, we set

Mg (V) = (t > y—i—/OtU(YS)dXS; te [0,T0]> .

Since o is Lipschitz, the path t — o(Y;) is a-Hoélder continuous and the
integral is defined as a Young integral. Thus, M, is in fact a map from
Cy ([0, Tp], R™) to itself where Cyy ([0, To], R™) is the complete metric space
of a-Holder paths starting in y. We aim to show that it is a contraction.
We will not do this on the whole space, but restrict ourselves to the closed
unit ball

Br, = {Y € C;([0, o], R™) : [[Y]la <1}

that is still a closed metric space with the induced metric. We first

show that My, leaves Br, invariant for Ty > 0 sufficiently small, i.e.
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M, : Br, — Br,. From Theorem 3.3,

IMaylo = | /0 o (V) dX, o

< CXa(Tlo (V) la + llo(Y) o)
< CIX (Tl Y lla + llllco)
< C[|X]la

where || X||o denotes the a-Holder norm on [0, 7p]. We aim to choose Tj
sufficiently small such that C|| X ||, < 1. However, it is in general not true
that || X |, gets small as Tp tends to 0 (to see this, take the 3-Holder norm
for the square root function, for instance). To solve this issue, we choose o/
such that % < o < «a and repeat the calculation for o/. If X is a-Hélder, it
follows that || X |, — 0 as Ty — 0, thus we can choose Tj small enough to
conclude that ||[Mr,|los < 1 and therefore My, : By, — Br,. We proceed
showing that My, is a contraction. For Y,Y € Br,, Theorem 3.3 implies
that

]aMTO (Y)st — Mz (V)5

[ otr — ot ax,

C (lo(V) = (V) oo + 1Y) = o(D)llev ) 1K oo 11t = 51

IN

Note that, since Yy = 170,

lo(Y) = o(¥)]loo < |0 (¥0) = o(Yo)| + T o (Y) = o(¥) |
=T lo(¥Y) = o (V) |u.

From Lemma 3.7,

lo(Y) —o(¥)lar < Car llollez (1Yo — Yol + Y = Y la)
= Co i llole2llY = Yo
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where K > 0 satisfies [|Y]|o V [|Y]la < K. Since Y,Y € By,, C can be
chosen independently of Y and Y. Therefore, we arrive at an estimate of

the form
Mz, (V) = Mgy (V) |lor < ClIX [ |V = Vo

and choosing Tp > 0 smaller if necessary, we obtain C|| X || < 1, i.e. M,
is a contraction on the space Br,. It follows that the equation possesses a
unique solution on the interval [0,7p]. We can now repeat the argument
on the interval [Ty, 27p] with initial condition Y7, and glue together the
solutions. Iterating this sufficiently often, we eventually obtain a unique
solution Y on the interval [0,T]. A posteriori, the estimates for the Young
integral in Theorem 3.3 show that Y is not only o Holder, but even a-

Holder continuous. This finishes the proof. O
Combining Corollary 2.13 and Theorem 3.5, we can show:

Theorem 3.8. Let B be a fractional Brownian motion with H > % As-
sume that o € C2(R™, L(R* R™)). Then for every y € R™, the stochastic
differential equation
dY; = o(Y;)dB (w); te0,T), (35)
Yo = Y,
can be interpreted as an integral equation using the Young integral and

possesses a unique solution Y for almost every trajectory.

Remark 3.9. The solution theory just presented is pathwise, meaning that
one can solve the stochastic differential equation (3.5) path-by-path. In
particular, if the fractional Brownian motion is e-Hdélder continuous out-
side a set N' C Q of measure zero, the equation (3.5) can be solved outside
exactly that set. This is in contrast to Ito’s theory of stochastic differ-
ential equations which is not pathwise. The solution of an Ito stochastic
differential equation is defined outside a set of measure zero that depends

on the whole equation, e.g. on y and on o, too. Considering another initial
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condition ¢ will create a new set of measure zero outside of which the solu-
tion is defined. Since the set of allowed initial conditions is not countable,
it is a priori not clear whether there exists a set of full measure on which
an Ito stochastic differential equation can be solved for every initial con-
dition y. In fact, assuming that o is globally Lipschitz continuous, such
a universal set always exists, but there are examples of solutions to Ito
stochastic differential equations that fail to have this property, cf. [LS11].

For a pathwise solution theory, this cannot happen.

3.3 Limitations of the Young integral

While the Young integral can be used successfully for the fractional
1
2
Brownian motion. The main obstacle is the lack of sufficient regularity,

Brownian motion in the case H > it cannot be applied even to the
which is essential for defining the integral. We indeed have the following

statement for the fractional Brownian motion:

Proposition 3.10. The fractional Brownian motion BH does not have

a-Holder continuous trajectories on [0, T] almost surely for o > H.

Proof. Can be deduced from Lemma 2.7. The details are left to the reader.
O

It is natural to look for an extension of the Young integral that works
for paths with low Hdlder-regularity, too. More generally, the minimal
condition on the notion of an integral would be that we can apply it to

the Brownian motion. We make the following (very general) definition:

Definition 3.11. Let E be a Banach space of paths in R and (C),),,>1 and
(Sn)n>1 be two series of independent standard Gaussian random variables.
Let ¢, (t) = cos(2mnt) and s,(t) := sin(27nt). We say that E carries the
Wiener measure if and only if s, and ¢, belong to E and if the series

o

Z CnCn + Snsn

2m™n
n=1

converges in F almost surely.
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Example 3.12. Let us motivate Definition 3.11 by showing that L2[0, 1]
carries the Wiener measure. Assume that B = (By)o<t<1 is a Brownian
motion, i.e. E(B;) = 0 and E(B;B;) = min{s,t} for every s,t € [0,1].
Recall that {1,v/2¢,, V25, }n>1 is an orthonormal basis for L2[0,1]. By
(-,-), we denote the inner product of two functions in L2[0, 1]. If we expand

B with respect to this basis, we obtain
1 00
B = / B,ds + Z [(B, \/§Cn>\/§cn + (B, \/§sn>\/§sn
0 n=1

almost surely in L?([0,1]). Since B is a zero mean Gaussian process, it is
easy to check that {(B, 1), (B,v/2c,), (B, \/isn>}n>1 is a family of normal
random variables with zero mean. Therefore, the law of each random

variable is determined by its second moment. We calculate

1 g1
E((B,\/ﬁcny) =E </ / 2B; B, cos(2mnt) cos(2mns) dt ds)
0o Jo
1,1
:/ / 2min{s, t} cos(2mnt) cos(2mns) dt ds
o Jo
1 prs
:/ / 2t cos(2mnt) cos(2mns) dt ds
o Jo

1,1
+ / / 2s cos(2mnt) cos(2mns) dt ds
0 Js

1
(27mn)?

Similarly, E({(B,v/2s,)?) = ﬁ Proceeding with similar calculations,
we see that

E((B,1)(B, \/§cn>) =E((B,1)(B, \@sn» =0 foreveryn >1,
E((B, V2¢,)(B, \/§Sm>) =0 for every n,m > 1 and
E((B, V2¢,)(B, V2¢)) =E((B, V2s,)(B,V2sp,)) =0 for every n # m.
These calculations reveal that the elements {(B, 1), (B, v2¢,), (B, v2s,) }n>1
are uncorrelated and therefore, since they are normal, independent. Set-
ting

Cy = 2mn(B,V2¢,) and S, = 2mn(B,V2s,),
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we can thus represent B by

= Cnecn + Snsn
n=1 \/iﬂ-n

almost surely in L2[0, 1]. In fact, with more work, one can even show that

1
B:/ Bgds +
0

the convergence of the series holds uniformly almost surely. This shows
that L2[0,1] and C[0, 1] carry the Wiener measure. One can also show that

C*[0,1] carries the Wiener measure for o < 3 but not for o > 1.
The following result is taken from [LCLO7].

Theorem 3.13 (Lyons). Let E be a Banach space that carries the Wiener
measure. Then there is no continuous bilinear map I: E x E — R such

that if x and y are trigonometric functions, I(x,y) = fol Ty dyy.

Proof. For N > 1, we define

N Chen + Snsn ~ N Chnsn — Sncn

wh :—nz:lm and WV :_;m
where in both definitions, we take the same random variables S,, and C,,.
Note that W~ 2 W and that both WV and WV converge almost surely
to processes W resp. W in E by assumption. We assume that a bilinear
map I: E x E — R satisfying the stated conditions exists. Then we have

I(WN, WN) — I(W,W) almost surely as N — oo. On the other hand,

1 N 2 2
~ ~ C:+ S
wN, wh :/ whaw) =) —n—-n
( )= [ W am =y S
n=1
diverges almost surely as N — oo which is a contradiction. O

Remark 3.14. In view of Example 3.12, we see that the processes W
and T are both (essentially) the sum of a Brownian motion and a smooth
random function. Note that the nonexistence of the integral fol Wy th
does not contradict Ito’s theory of stochastic integration: the processes
W and W are highly correlated and W is not adapted to the filtration

generated by W.
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Theorem 3.13 shows that we cannot expect to find a linear theory
of deterministic integration that is rich enough to handle Brownian sam-
ple paths. The fact that a pathwise approach to stochastic differential
equations driven by a Brownian motion seems impossible underlines the
importance of Ito’s theory of stochastic integration and is one of many

reasons for its tremendous success.

4 Rough paths and linear equations

Our goal is to solve differential equations driven by paths with reg-
ularity less than Brownian sample paths. We already saw that a direct
approach using the Young integral will not work. To simplify the prob-
lem, we will consider linear equations first. For a d-dimensional path
X =(X',..., X%, we look at the equation

d
A, =Y, dX, = ) VidXj; 20,
i=1 (4.1)

Yo=yeR.

Formally, a solution to (4.1) is given by

d t d t s
Yt—y+y2/ dX;erZ/ / dX’dx?
i—1 /o 0o Jo

ij=1

d
o4y Y / dX[ - dXr 4.
in 0<t1< - <tp<t

The problem is, of course, that there is no good notion of an integral we
can use to define the iterated integrals for irregular paths X. On the
other hand, there are situations where iterated integrals are given in a
non-pathwise manner. For instance, in stochastic analysis, the Ito and the
Stratonovich integral are defined for a Brownian motion. The idea of rough
paths theory is to just assume that the iterated integrals exist and satisfy

some key properties. In this chapter, we will discuss these properties and
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see how linear equations can be solved. Eventually, we will consider the

case of a Brownian motion.

4.1 TIterated integrals and rough paths

What are the properties that characterize an iterated integral? To
answer this question, let us start with the second iterated integral. For

smooth X, we use the notation

st-_// dX! d X,

One basic algebraic property is additivity of the integral, i.e. fsu + fzf =/ st
for s < u < t. For the iterated integral, this leads to

x = [ - xhaxi= [og-xhaxis [ oo xax
u . . . t . . . t . . .
- / (Xi — XI)dxi + / (Xi — Xi)dxi + / (Xi — XP)dx)

—X” / dXZ/ dxi.

Setting Xy, = (Xi{t)iﬁjzlw,d € R¥4 =~ R4 @ R?, the above equality reads
Xs,t = Xs,u + Xu,t + 6Xs,u X 6Xu,t-

To describe the corresponding property for the higher-order iterated inte-
grals, we will introduce some more notations. Note that the n-th order
iterated integral of a d-dimensional smooth path can be understood as an
element in (R%)®”. Thus the collection of all iterated integrals will be an

element in the direct product of all tensor products.

Definition 4.1. The direct product

T(RY)) =R xR x (RT@R?) x -+ x (RH" x ... = ﬁ(Rd)®”
n=0
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where (RY)®0 = R, (R})®! = R?, is called extended tensor algebra. The

maps
. d d\®n
7t T((RY)) — (RY)
are the usual projection maps.

Definition 4.2. For elements a,b € T((R?)), we define an element a®b €
T((RY)) by setting

Tn(a®b) = Z mi(a) @ m;(b)

i+j=n
for every n € Ng. We also define
1:=(1,0,0,...) € T((R%)).

Note that the extended tensor algebra carries a natural vector space
structure. It becomes a associative unital algebra with product ® and 1

as the unit.

Definition 4.3. Let X: [0,7] — R? be a smooth path. We define the
(canonical) lift X of X as amap X: A — T((RY)), A == {(s,t) € [0,T]? :
s < t}, by setting

(X g) = X0 o= / dX,, ® - ®dX,,
s<uy < <un<t

= < / dX;) - -dXn > € (RH®n
s<u < <un <t i15eenyin€{1,...,d}

for n > 1 and mp(X, ;) == 1.

We can now prove an algebraic property called Chen’s identity that is

satisfied by iterated integrals.

Theorem 4.4 (Chen). Let X: [0,T] — R? be smooth and X its canonical
lift. Then

Xs,t - Xs,u & Xu,t

for every s < u < t.
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Proof. We have to show that for every n € N,

We do this by induction. For n = 1, the statement is obvious. For arbitrary
n > 2,

t
= [ oax
’ u t
:/f&$”®dxwﬂ/xgﬂ>®¢n

t . .
=x+ > / X ® X ®dx,

i+j=n—1
= XM + X0 o [ X{) ®dX,
i+j=n—1 uw
= X{" + X, @ XY
i+j=n—1
x{), @ XY

and the claim is shown.
From Chen’s theorem, we can deduce that

X = m2(X ® Xug) = XE + XE) + 90X, @ 6 X
which we calculated “by hand” above.
Definition 4.5. For N > 0, the direct sum

N
TN(Rd) =R Rd ® (Rd ® Rd) D P (Rd)®N — @(Rd)®n

n=0
if called truncated tensor algebra of level N. The truncated tensor product
N : TN (R TN (R?) — TN (R?) is then defined similarly as in Definition
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4.2 by truncating each term of the product to level N. Abusing notation,
we will still use the symbol ® instead of @V on the truncated tensor

algebra.

The truncated tensor algebra is also an associative unital algebra with

sum and product induced by the extended tensor algebra.

Definition 4.6. A map X: A — TV (RY) satisfying the Chen relation
Xt = Xgu @ Xyt

for every s < u < t is called a multiplicative functional.

Multiplicative functionals satisfy an algebraic property that we expect
from iterated integrals. There is also an analytic property an iterated
integral should satisfy. Recall that for the Young integral, we showed that
for an a-Hélder path X with a > 1,

t
[ ax,

/ dX,, ®dX,,
s<ul<ug<t

What is the regularity of higher order iterated integrals? We consider the
third order first. We set X(?t) = f;(Xu — Xs) ® dX, and define

10Xt = = O([t = s|%),

= O(|t = s*).

t
/ (Xu— X,) @dX

S
B = Xy @ 0 Xy + 0 X0 © XE), € (RS,

By assumption, ||Z]|, < co. Using the Chen identity, for u < v < w,

000 = (X = X)) © 6 Xy + 6 X0, @ (X2, — X2)) — 6X0,, © X2,
= —(XB) + 0X0,u ® 6Xu0) @ 6 Xy + 6 X0, @ (XE) + 6 X0 ® 6 Xy 0)
— 0 X0, ® X,

= X ® 0 X0 — 0Xup ® X

VW



96 M. Ghani Varzaneh, S. Riedel

Therefore, ||0Z]|30 < co. From the Sewing lemma,

6T, = 1 Sy = 1 X @ 6X, 0+ 0X0, @ X®
7 2 B i 2 o 0K 0 @
[u,v]€eP [u,v]eP

= lim_ Z X5 © 0 X0
IPl= u,v]EP

t
= / xg?g ® dX,

s

—. / dXy, ® dXe, ® dXa,
<ul<uz<uz<t

exists. In the second equality, we used that |X&22,\ = O(Jv — u|*®) and
2a. > 1. The Sewing lemma also tells us that

dX,, ®dX,, ®dX.,| = O(|t — s**).

s<ul<ug<uz<t

Our goal is now to deduce the right regularity of iterated integrals of any
order. As we will see in the sequel, we can repeat the previous argument
by applying the Sewing lemma. Another property of iterated integrals we
know from smooth functions is that their values decay very quickly when
considering higher orders. To prove this property in our context, we need

the neo-classical inequality that we cite now.

Theorem 4.7 (Neo-classical inequality). For a € (0,1], n € N and s,t >
0,

J@tn ])a t no
DI o

05 — )l = (na)!
where (ja)! :=T(1+ ja) and
I'(z) = / t““lexp(—t)dt, z¢€C and R(z) > 0.
0
Proof. [HH10]. O

We can now prove a first important result in rough paths theory, the

Extension theorem.
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Theorem 4.8 (Lyon’s Extension theorem). Let X: A — TN(RY) be a
multiplicative functional with
[IX], = max  sup |X ‘ < 00
n=1..N o<sct<r |t — 8" S\na
for N+1> é Then X has a unique extension to a multiplicative func-
tional X: A — T((R)) with the same regularity. More precisely, X sat-
isfies Chen’s relation, X" = X®) for every n = 0,..., N and there are
constants M and (8 such that

X)) Mn
sup

o<s<t<T |t — s["* T B(na)!

holds for every n € Ny.

Proof. Existence: We use an induction argument. Let n > N, and as-

sume for every 1 < j < n, XU is well-defined and for some M, > 0

satisfying
<) M
sup s ’ < — . (4.2)
o<s<t<t [t = s[7* 7 B(ja)!
Also, assume for 2 < k <n
XW=x®+xH+ Y xOex? vsuteln,T]: s<u<t.
1<i<k—1
(4.3)
First, we show one can apply the Sewing lemma to define the following
integrals
t
™t(s,t) ;:/ 0o ®dXy,  Xo:=Xj, .
S
Set

ARNE S (AR )

1<5<n
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then for u < v < w, from (4.3)

SE(MHD) _ Z(n1) _ Snt) _ o)

u,w UU ’U’LU
- 3 KPP e, xR - 3 K e %),

1<j<n 1<5<n

(n+1— ; +1— _

= Y xiH P exi+ SN x0T e XU Y @ x0),]

1<j<n 2<j<n 1<i<j—1

Y A ek - Y K oxg)

1<j<n 1<j<n

Y xUTT exie) e xb),

1<j<n—11<i<n—j

_ Z n+1 J)®Xu]2u-

1<j<n
(4.4)

From our induction assumption (4.2) and the neo-classical inequality,

020 W s < D XEIXE|

1<j<n
M (v — )Py — )i
=7 Ga)((n+1 - j)o) (4.5)
1<G<n Y 7
Mn+1(w _ ,U)(n-l-l)a
af?((n+ 1a)!
We finally define
XU = szt =D s re (o, 7). (4.6)

Note that from (4.5) and (3.1),

|X (n+1) ’

IN

(1+ 20D (¢((n + 1)a) — 1)) (t — s)mFDe szl
- 2(N+1)o¢(<((N+ l)a) _ 1) +1 y Mt
- af3? ((n+1)a)!

For 3 satisfying




Introduction to rough paths theory 99

we choose M > 0 such that

. . \3§ )| MY
Vi, 1<j<N: sup < —
0<s<t<T |t — SVO‘ B(ja)!

and our claim is proved. It only remains to prove that

ng—i-l) — x(n+1) JFX1(;1:1 Z X(] Xff;“‘ﬁ

su , Vs,u,t€[0,T]: s<u<t,
1<j<n

which again follows by an induction argument. Indeed, by (4.4) and (4.6),

XS;—FD _ Xgnljrl) - Xq(LntJrl) _ _5‘_‘ (n+1) Z X(TLJrl —7) ® X(J)

s,u,t
1<j<n

Uniqueness: Assume that X and X are two extensions of X that agree
up to some level n > N. Set

LRSS S

)

From Chen’s identity, for s < u < t,

\Ils,t = 7Tn+1(5(s,u 02 Xu,t) - 7Tn+1(Xs,u 02y Xu,t)
:X%m+gﬁm_xgm_xgm

= \Ils,u + \Iju,t'

It follows that ¢ — W, := W, is a path that has (n+1)a-Holder regularity.
Since (n 4+ 1)a > 1, ¥, is constant, thus W,; = 0 for every s < t which
shows X("t1) = X1 Therefore, our claim about the uniqueness is

proved. O

The Extension theorem gives us the exact regularity of iterated Young
integrals of any order. Moreover, it tells us that multiplicative functionals
having a certain regularity up to a sufficiently high level can be uniquely
extended to T™ (R?) for any other integer M > é A rough path will be

a multiplicative functional that has such an extension.
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Definition 4.9. Let a € (0, 1]. An a-Hélder rough path X is a multiplica-
tive functional X: A — T (R?) such that
e

X]||, == max sup ———— < o0
X[l (X S T e

where

11/« ::max{neN : ngi}:N,

ie. N < é < N 4 1. The set of a-Holder rough paths is denoted by
€°([0,T],R%) or simply by €*. If X:[0,T] — R? is an a-Hélder path
and X a rough path with X() = §X, we call X a rough path lift of X.
If X is a rough path, the unique extension X provided by Theorem 4.8 is
called the Lyons lift of X.

4.2 Linear equations driven by a rough path

We now return to linear equations. In fact, we will see now that if
X is an a-Hoélder rough path, we can solve linear equations driven by
this path. We will first describe the equation we are looking at. Let
A, ..., Ag € R™™ and define a linear map A: R? — R™*™ by setting

Av = Aol + ..+ Agp?, v=(vl,... vl eRL
Set
o:R™ — L(RY,R™),
o(Z) (W) := (AW)Z, ZecR™and W €R%

We aim to solve
dY; = o(Y;) dXy; t€[0,7],

(4.7
Yo=y € R™.

A natural candidate for a solution to (4.7) is

[e.o]

v-ya(f S
0<s1<...<8p,<t

n=0
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where we write [,_, . _ _,dX5 ®- - ®dX;, for the element Xg? that
is uniquely defined for every n € N due to Lyons’ Extension theorem. In
the expression above, A®™: (R4)®" — R™*™ ig the linear map defined by
A®0(y) = I, and

A®n(ei1 R ® ein) = Ail A

n

n>1,

where {ey,...,eq} denotes the Euclidean basis of R?. For example, if
Alz"':Ad:Imv

d t ) ‘
Yt—y+y2/0 dx! + —|—y Z / dX;* - dXjr +
=1

0<t1 <---<tn<t

where we use the notation f0<t1<---<t <t dXle x -dXzZ = X&);il"“’i". Note
that the infinite sum (4.8) indeed converges due to the superexponential

decay of the iterated integrals X(™) deduced in Theorem 4.8.

4.3 Brownian motion as a rough path

We saw that rough paths can be used to solve linear equations, or
linear rough differential equations. The natural question is now how we
can use this result to solve linear stochastic differential equations path-
wise. This would be possible if we could show that a given stochastic
process can be “naturally extended” to a rough paths valued process. The
most important process in stochastic analysis is the Brownian motion.
Let B = (B',...,B% be a d-dimensional Brownian motion, i.e. the B,
1 = 1,...,d, are independent, real valued Brownian motions. We know
that the Brownian motion has trajectories that are a-Hoélder continuous
for every a < % Therefore, we can construct a rough paths valued pro-
cess if we determine the second iterated integral. There are (at least) two

natural candidates: First, we can set B'*® = (1, B ,IB%M)) where

~ t
B :/ (B, — By) ®dB,.
S
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The integral is understood as an Ito integral. Another choice would be
BStrat — (1 B BStrat)

Bstrat_/t<B —B)®OdB _Blt6+I (t—S)
st T u s u = Psit d 2

where the integral is understood as Stratonovich integral. Since both the
Ito and the Stratonovich integral satisfy fst = f:—i—fi for s < u < t,
they satisfy Chen’s relation, thus they are multiplicative functionals almost
surely. It remains to check that also the iterated integrals have the right
Holder-regularity. To prove this regularity, we first state the following

version of the Kolmogorov-Chentsov theorem:

Theorem 4.10 (Kolmogorov-Chentsov theorem for multiplicative func-
tionals). Let X: A — T?(R%) be a random continuous multiplicative func-
tional, ¢ > 2, 8 > l and assume that

IIX Nie < Clt—s|® and ”xst | par2 < CJt — 528

for a constant C' > 0 and any s,t € [0,T]. Then for all « € [0,8 —1/q),
there are random variables K. € LY and K2 € L3 such that

X0 < KAt —s|* and X3 < K2t -
for all s,t € [0,T]. In particular, ||X||, < oo almost surely.

Proof. The proof is similar to the one of the classical Kolmogorov-Chentsov
theorem that we already saw in Theorem 2.11. We proceed as in [FH20,
Theorem 3.1]. We assume that 7' = 1. Defining D,, and D as in the proof

of Theorem 2.11, we set

K, = sup \X

t,t4+2— "’

tipo-n| and K, —sup\X
teD

As before, one can check that E(K}) < C9/D,|?*~! and E(Kgﬂ) <
C9/2|D,|%%~1. Fix s,t € D and choose m with | Dy, 1| < [t — 5| < |Dpl.

Furthermore, choose

s=m<n<...<Tn=1
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as in the proof of Theorem 2.11. Then,

N—
1
X< max X[ < S <2 Y K
- 1=0 n>m—+1

N-—1 N—
2 2
X2 =3 x® +xW oxW Z @+ xOxO,
=0 =0
N—-1 N—-1
2 1 1

S . ’XS'i,)Ti+1| + OSI’LI%a],\)/v(—l | g721+1| |X$'i,)7'i+1|

=0 1=0
2

<2 K.+ |2 ) K,

n>m+1 n>m+1

In the proof of Theorem 2.11, we have already seen that this implies that

for every s <t

\X(l)

‘t_s‘a— Z|D o = a

and K} € L4. Similarly,

| (2)

X 9 - Kn ’ . K2 Kl 2
‘t _ 8‘20‘ — Z ‘D |2a Z ’Dn’a =yt ( 04)
n=0

where

Z |D |2a

It is then straightforward to check that K2 € L?% which finishes the proof.
O

Corollary 4.11. We have H}B“‘;ma < o0 and |HBS”‘”|HQ < 00 almost

surely for every a < %



104 M. Ghani Varzaneh, S. Riedel

Proof. Using Brownian scaling, one can show that the conditions of The-
orem 4.10 hold for the Ito- and for the Stratonovich lift of the Brownian
motion for g = % and every q > 2. O

From Corollary (4.11), we know that B™® and BS#t are both rough
path valued stochastic processes. Therefore, we can use them both to
solve linear stochastic differential equations driven by a Brownian motion.
However, choosing the Ito or the Stratonovich rough path lift leads to
different solutions, which is natural and well known in stochastic analysis.
In fact, the choice of the rough path lift should be regarded as another
parameter in the equation and depends on the problem one aims to find a

model for.

5 The space of rough paths

5.1 Metrics on rough paths spaces and separability

In the previous section, we defined the set ([0, 7],R%) of a-Holder
rough paths. Note that there is no meaningful notion of the sum of two
rough paths, i.e. €% is not a linear space. We will see now that it is still

a metric space.

Definition 5.1. Let X, Y € ¥“. Then we define

[1/c] ‘X(”) _ Y(n)’
t s,t
0a(X,Y) = sup —or—— 7
(X, Y) nZ::l o<s<t<T |t — 8™
It is not hard to see that g, is a metric on €%. Moreover, one can

prove the following:

Proposition 5.2. For every a € (0,1], the space (€%, 0q) is a complete

metric space.

Proof. The arguments are the same as those used for proving that the
usual Holder spaces are complete. We leave the details to the reader. A
detailed proof can be found in [LQ02, Lemma 3.3.3]. O
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Sometimes, it is desirable to work with separable rough paths spaces.
However, since Holder spaces are not separable, we cannot expect that the
spaces € are separable. To solve this issue for Holder spaces, one often
considers little Hélder spaces that are defined as the closure of the space
of smooth functions in the a-Hoélder metric. A similar definition works for

rough paths spaces, too.

Definition 5.3. Let X: [0,7] — R be smooth (e.g. piecewise continu-
ously differentiable) and « € (0,1]. Then we call X € € with

ng;):/ dX,, ® - ®dX,,
s<ur <...<un <t

the canonical lift of X to an a-Holder rough path. Rough paths X € ¢
of this form are also called smooth rough paths. The space %ga is defined
as the closure of smooth rough paths in the metric g,. The elements in

¢, are called geometric rough paths.

Proposition 5.4. For every a € (0,1], the space (€5, 0a) is a complete

separable metric, i.e. Polish space.

Proof. Completeness follows by definition. The idea to show separability is
to find a complete separable space of smooth paths containing all piecewise
C'-paths for which the canonical lift map is continuous. An example is
the space obtained by taking the closure of arbitrarily often differentiable
paths with respect to the total variation distance. Details can be found in

[BRS17, Appendix A and B]. O

Proposition 5.5. The process BS"at = (1, B, B3 takes values in the

space 6 for every % <a< % almost surely.

Proof. For simplicity, T = 1. Choose o/ such that o < o/ < 2. We know
that

H’BStratH

a,<oo.
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For n € N, we define B(n) to be the piecewise-linear approximation of B
at the dyadic points 0 < 27" < --- < (2" —1)27" < 1, i.e.

Bi(n) = Bygn +2"(t — k27" (Byryz» — Bran),  t € [k27" (k+1)27"].

Let B(n) be the canonical lift of B(n) to an a-Holder rough path. With

some basic calculations, one can show that
1
[6B(n)s¢llrz < Clt —s|2 and  [[B(n)s¢llrz < Clt — 5|

holds for every s < t for a constant C that is independent of n. Since B
is Gaussian, the same estimates also hold for the L9-norm for every ¢ > 2.
The Kolmogorov-Chentsov theorem for multiplicative functionals implies
that

sup [[B(n)][, < oo.
neN

a.s. To prove that g,(BS"® B(n)) — 0, by the Arzela-Ascoli theorem,
it is sufficient to show that B(n) — B and B(n) — B pointwise as
n — oo. The first statement is clear. For the second, we first note that
i : : (Bi(n) — By(n))?
[ Biw) - Bin) B = P
S

(B~ Ba)” 238) :/(B;—B;) o dB.

Define
Fn = O'(Bk ke {07 2—n’ SO (2n - 1)2—71’ 1})

Then (Fp)n>1 is a filtration. Fix ¢ € [0,7]. By Gaussian conditioning,
one can check that By(n) = E[B; | F,]. From the martingale convergence

theorem, it follows that

Bt(n) = E[Bt ’Fn] — Bt
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almost surely and in LP for any p > 1 as n — oo (which yields an alterna-

tive proof of what we already know). For ¢ # j,

</ B’dBJ|]-“> — lim Z E (BuBl,| Fn) = Y Bu(n)dB],(n)

u,0]€P [u,v]€P

= /t B;(n) dBI(n).
0

Therefore, the martingale convergence theorem yields that

t t t
[ wasio = ( [ siasy5) - [ sl
0 0 0

almost surely and in LP for any p > 1 as n — oo, which finishes the

proof. O

A natural question is whether B™® has geometric rough paths trajec-

tories, too. We will see in the next section that this is not the case.

5.2 Shuffles and the signature

There is also an important algebraic property satisfied by geometric
rough paths that is inherited from smooth rough paths. In fact, multiply-
ing two iterated integrals of smooth paths yields a linear combination of

iterated integrals. For example,

T T
/ dX, - / vy, — dX,, dY, + / dv,, dX,,.
0 0 0<s1<s2<T 0<s1<s2<T

Note that this is a property that does not hold for every rough path. For
example, the Ito integral satisfies the identity

T 2
B t
/ BidB; = =L — =
0 2 2
which shows that the sample paths of B!*® behave differently.
We aim to give a more detailed description of the product of iterated

integrals of smooth paths. To do this, we introduce some more notation.
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Definition 5.6. The direct sum

TRY) =RoRoRI@R) @ - = é(Rd)m

n=0

is called tensor algebra.

One can show that the extended tensor algebra is the (algebraic) dual
of the tensor algebra. We will identify the basis elements e;, ® --- ®e;,, in
the tensor algebra T(Rd) with the words %1 - - - ¢, composed by the letters
1,...,d. The empty word will be denoted by e. For two words, we can
define their shuffle product:

Definition 5.7. Let u, v be words and a, b be letters. The shuffle product

is defined recursively by

ulle=¢cllu=u,

ua Wb = (uWwvb)a + (ua W v)bd.
The shuffle product is extended bilinearly to a product
w: T(RY) x T(RY) — T(RY).
Example 5.8. 1. For example,

12Ww3 =123 + 132 + 312,
12w 24 =2-1224 4 1242 4 2124 4 2142 + 2412.

2. Let X: [0,T] — R? be a smooth path (e.g. C!) and

T
Xor = (1/ dXS,...,/ dXsl®---®dXsn,...>
0 0<s1< <5 <T

e T((RY)).
(5.1)



Introduction to rough paths theory

With the notation we introduced above, we have, for example,
(121, Xo.1) —/ dx, dXx2 dX,,,
0<s1<s2<s3<T

(V3-12-2-21,X07) = V3 dx} dx2
0<s1<s2<T

-2 / dx? dx,,.
0<s1<82<T

The main observation is the following;:

Theorem 5.9. For X defined as in (5.1), for every l1,ly € T(R?),

(L1, Xo,1)(l2, Xo1) = (lh Wi, Xo 7).

109

Proof. Let u and v be words and a and b be letters from the alphabet

.,d}. The proof is by induction over the length of the words. Using

the induction hypothesis, we have

T T
(ua, Xo7){vb, Xo1) = / (u, Xo¢) dX7 - / (v,Xg)dX?
0
:/ (u, Xo ) (v, X ¢) dX{ dX?
0<s,t<T
:/ (u, Xo 1) (v, X 5) dXP dX?
o<t<s<T

(u, Xo.4) (v, Xo5) dX2dXP
0<s<t<T

+

/OT
[

((ua wv)b,Xo ) + ((uwvb)a, Xo )

((ua W v)b+ (uwvb)a, Xo 1)
= (ua Wb, Xq 7).

T
ua W v, Xo ) dX? + / (u W vb, Xo ) dX7
0

T
ua, Xo ¢) (v, Xo.5) dXb + / (u, Xo.¢)(vb, X,4) dX
0
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The following corollary is immediate.

Corollary 5.10. Let X € €' be a geometric rough path. We identify
X with its Lyons-lift to a path with values in T((RY)). Then for every
l,lp € T(RY),

(I, Xo,1)(l2, Xo,7) = (1 W2, Xo1).

Remark 5.11. Let X be a geometric rough path. As usual, we identify
X with its Lyons lift to a path with values in 7'((R%)). Then the element
Xor € T((RY)) is called the signature of the rough path X. The signa-
ture is important since it contains all (necessary) information about the
rough path. Indeed, in a series of papers, it was shown that the signature
determines a geometric rough path completely up to so-called “tree-like”
excursions [Cheb8, HL10, BGLY16|. If X is random, the expected signature
determines the law of X and can be seen as a Laplace transform for mea-
sures on path spaces [CL16, CO22|. The (truncated) signature also plays
an important role in machine learning as a way to extract characteristic

features from a data stream, cf. [CK16, LM22]| for an overview.

6 Controlled paths and rough integral
We aim to solve non-linear rough differential equations of the form

dY; =o(Y:)dXy; t€[0,T]
Yo =y e R™

As for the Young case, we want to interpret the equation as an integral

equation:
¢
Y; = y—l—/ o(Ys)dXs; te[0,T].
0

We want to find a notion of an integral that coincides with the Young

integral in case the integrand is smooth. That is, for a smooth function f
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and a Brownian motion B, we would like to have that

ATﬂ@dBf:ATﬂ@dB&

BStrat  If we want to perform a fixed

Here, B may either denote B or
point argument to solve the equation, it is desirable to look for a Banach

space E containing smooth functions such that the map

[ (tr—>/0 f(s)dBy)

is a continuous map from F to itself. A minimal requirement for £ would
be that it contains the trajectories of the Brownian motion, otherwise we
would not be able to integrate constant functions. However, one can show

that such a space F does not exist:

Theorem 6.1. There is no space of functions E carrying the Wiener
measure on which we can define a continuous map I: E — E that coincides

with the pathwise defined integral

t
10 = (= [ raB)

for smooth functions f on a set of full measure.

Proof. Same idea as in the proof of Theorem 3.13. O

The solution to this issue proposed by rough paths theory is that we
allow the space E to depend on the trajectory of the Brownian motion,
i.e. we will define spaces {E,, }weq for which B(w) € E,, with the property
that

E,> fr(t i—>/0 f(s)dB4(w)) € E,,

extends the integral map on smooth paths and is continuous. Our goal is

to define a “rough integral” of the form

T
/ }/t dXta
0
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for a given rough path X € ¥“. Before moving forward, let us assume the

following assumptions:

Assumption 6.2. For the sake of simplicity, we will assume o € (1/3,1/2]

from now on.

Remember that we deduced the regularity of a 3-times iterated Young

integral by introducing a “compensator”:
e 2)
/ XprdXe= > Y Xih ®0Xuy+0X0u @ XP).
0 P|=0 [u,v]€P

This motivates the following ansatz: for given X = (1, X,X) € ¢“ and
Y:[0,T] — L(R? R™), we assume that there exists a path Y’: [0,T] —
L(R% ® R4, R™) for which we can define the limit

T
/ VidX; = Y > YadXuw + ViXuy.
0 |P|=0 [uv]eP

As before, we will use the Sewing lemma to prove the existence of the
limit. Set

Buw = Yud Xy + VX

Clearly, [|Z]la < oco. We have to make sure that ||§Z||g3 < oo for some

B > 1. After some lines of calculations, we see that
5Es,u,t = *(5}/:9@ - }/;/5Xs,u)Xu,t - 5}/5/’uXu,t-
Therefore, we arrive at the conditions

|5Ys/,t| =O(|t —s|") where v+4+2a>1 and
0Yss — YI6X 4| = O(It — s]7) with 7 +a> 1.
These conditions are in particular satisfied for v = a and 4 = 2«a. This

observation motivates the following definition that was introduced by Gu-
binelli in [Gub04] first.
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Definition 6.3. Let X € €([0,T],R%), a € (1/3,1/2]. A path Y €
C*([0,T],W) is said to be controlled by X if there exists a path Y’ €
C*([0,T], L(R% W)) such that the remainder term R given by

RY, =0Y,; —Y/6X,,

satisfies ||RY |2 < o0o. The path Y’ is called a Gubinelli-derivative of
Y. The set of all controlled paths (Y,Y”) is denoted by 2%([0,T], W). If
(YY) € 2%([0,T],W), we set

1Y, Y I xa = Y lla + [ R [|20-

Example 6.4. 1. If X = (1,6X,X®) € €2, the path X is controlled
by X. A Gubinelli-derivative is given by the constant function Y’ =
1.

2. If Y is smooth or, more precisely, 2a-Hdélder continuous, the path is
controlled by X with Gubinelli-derivative Y/ = 0.

It is easily seen that the space of controlled paths is a linear space for

every fixed rough path X € €“. Moreover, one can prove the following:

Proposition 6.5. The spaces 2%([0,T],W) are Banach spaces with a
norm given by

(Y, Y") = (Yo + Y5 + 1V Y [xa = VY[ 0

Proof. Straightforward. O

Remark 6.6. Gubinelli derivatives are not unique, in general. Indeed,
if Y is smooth, we can choose Y/ = 0. But if X is smooth, too, we can
in fact choose any C%path as a Gubinelli-derivative. On the contrary, if
X is not smooth, one can show uniqueness of the Gubinelli-derivative, cf.
[FH20, Proposition 6.4].

The most important fact about controlled paths is that they are good

integrands.
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Theorem 6.7. Let X € €%([0,T],R%) and (Y,Y") € 2%([0, T, L(R4, R™)).

1. The integral

/Yqu.— lim Z Vb X + V!X
|—>0[ JeP

exists and satisfies the bound

CUIX ol BY ll2a + [IX[l2a 1Y lla)

t
/ Yu qu - }/S(SXS,t - Y:g/Xs,t <
s

x [t — s[>

(6.1)

2. The patht — fot Y, dX,, is a controlled path with Gubinelli-derivative
Y. The map

(Y,Y") (/ Y, qu,Y> = (2,7

is a continuous linear map from 2% ([0, T], L(R%, R™)) to 2%([0, T], R™).

Moreover, we have the bound

1Z, Z' | x0 < 1Y lla + 1Y ool Xll2a + CT(IX ol R l20 + [IX]l2a 1Y ]la).

Proof. As already indicated above, we use the Sewing lemma with
Suw = Yu0 Xy + YoXy0.
From
05t = —RY, Xuy — 0V Xy,
we see that

162150 < IIRY [|2all X [l + 1Y |l X|2a
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and the first assertion follows. For the second assertion, we have to prove
that

t
RZ, =062y — Z,0Xs; = / Y, dX, — Y6 X,

is 2a-Holder which follows from (6.1) and the triangle inequality. Note
that calculating the bound for || Z, Z'|| = || Z'||a + ||R?||2a directly follows
from (6.1) .

O

6.1 Controlled paths as a field of Banach spaces

The statements discussed in this section are simplified versions of the
more general results obtained in [GVRST22]. Recall that we defined a
Banach space of controlled paths for every rough path X. The question we
would like to answer now is whether the indexed spaces { Z§ ([0, T], W)} xcge
have more structure than being just a collection of isolated spaces. This
will also have practical relevance. From Theorem 6.7, we know that rough

integration induces bounded linear maps

q)(X7 ) : @?{([07 T]’ W) - @)CM(([O’ T]a W)
If X is a stochastic process (i.e. a random rough path), the operator norm

[@(X(w), (2, Z")|l
(2,275, (0,T],W) 1z, z'||
(2,2")#0

[@(w)] = sup

is a natural quantity to consider (note that we dropped the lower indices
for the norms on controlled rough paths spaces on the right hand side of
the equation to ease notation). One seemingly basic question to answer
first is the measurability of this random number. We will see that having
some additional structure on the space of controlled paths will help us to

answer this question. We make the following definition:

Definition 6.8. Let X be a topological space and {E, },cx a collection of

Banach spaces. {E;}.ex is called a separable continuous field of Banach
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spaces if there exists a countable set of sections A C [] E,, ie. every

zeX
g€ Aisamap g: X — J,cr Er with g(x) € E, for every » € X, that

has the following properties:
1. For every g € A, z +— ||g(z)||g, € R is continuous.
2. For every x € X, the set {g(x) : g € A} is dense in E,.

Remark 6.9. The usual definition of a continuous field of Banach spaces
in the literature differs slightly from the one we gave in Definition 6.8.
In [Dix77], the definition of a continuous field of Banach spaces assumes
the existence of a linear subspace of sections A’ satisfying (1) and (2).
Separability in [Dix77] means that there is a countable subset A C A’
satisfying (2.). It is clear that our definition is equivalent since a linear
subspace of sections can be just obtained by considering the linear span of

A. Also, [Dix77] assumes a third property for A’ that is as follows:

(3") Let g € [[,cx B If for every y € X and € > 0, there exists g, € A’
such that ||g(z) — gy(2)||g, < € in some neighbourhood of y in X,
then g € A’.

However, one can show that having a A’ satisfying only (1) and (2), one
can take some “completion” of A’ that satisfies (3’), too [Dix77, 10.2.3.
Proposition|. Therefore, the definition we gave here could also be called a

separable continuous pre-field of Banach spaces.

The question we want to answer now is whether the spaces of con-
trolled paths form a separable continuous field of Banach spaces. However,
we cannot expect that separability holds since the spaces of controlled
paths are equipped with Holder-type norms that make them not separable
themselves. Nevertheless, we will see that a slightly weaker result holds.

Inspired by the little Holder and geometric rough paths spaces, we define:

Definition 6.10. Let X € €%, 8 € (1/3,1/2] and a < 3. We define
.@%B([O,T], W) to be the closure of the space Qg([O,T], W) in the ||-||| .-

Norm.
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The key result is the following lemma.

Lemma 6.11. Let X € €7 and % <a<pf<y<L % Then the set

t
z::{(z,z’) : th/o bu dXy + Y1, Z{ =

where ¢ € C([0,T], L(RY, W)) and ¢ € C>=([0,T), W)}

is dense in @%’6([0, T|,W). The integral here is defined as a Young inte-
gral.

Proof. Tt suffices to proof that Z is dense in @ff([o, T], W) equipped with
the norm ||-||,,. Let (§,¢') € .@;@([0, T), W) with remainder R, i.e. [|¢'||5 <
0o and || R¢|j2p < co. Let

P={0=to<t;1 <...<t,=T}

be a partition with [P| = |t;41—t;] =10 > 0 for alli = 0,...,n—1. Define
€:[0,T] — W to be the piecewise-linear approximation of ¢ w.r.t. to P,
ie.

. t—t

& =&, + T(ﬂm — &), t€ [titiy].

Our goal is to find a function ¢ with 19 = &y such that for

t
& = /0 & dX, +

X,a < € for any given € > 0

we have ’H(§7§,) - (ga EI)H‘& = H(g)g/) - (57 5,)’
as 0 — 0. Set n:= & — ¢&'. It is straightforward to show that ||n]|, — 0 as
0 — 0. It remains to show that

|IRE — RE|l20 — O

as 6 — 0 where

_ t
Rg,t = 655,15 - ggéXs,t = / gqlt qu - ggéXs,t + 5ws,t
s
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for a 1 still to be chosen. For s,t € [0, T], we define

t t
puti= [ EdXu— 0K = [ 68, dX..

If s,t € [ti,tiy+1], we have

o0& . t
p57t:€t’6’f”1/(u—s)qu.

Using the estimate for the Young integral in Theorem 3.3, we see that
”pHQa;[ti,tiJrl] < CH&IHIB”XHWQ’YJF,B*QQ.

Now we take t;,t;, € P, k < j. Then,

[ rti+1
&l &l
Pty t; = Z / gti,u dXy + 5‘£tk,ti (5Xti,ti+1:|
k<i<j -t
_ [ 3
- Z Ptitivn — Rti,tz‘Jrl + 5€ti7ti+l - ftk(;Xtiyti+1i|
k<i<j
_ [ & 3
- Z pti7ti+1 - Rti,tH_l + Rtk,tj'
k<i<j

Setting ps ¢ = Rit — ps,t, the calculation above implies that
ﬁtlmtj = Z |:pti7ti+1 - Rfi,ti+1i| . (6.2)
k<i<j

We define 1/; to be the continuous, piecewise-linear function satisfying zﬁo =
&o and

~ t—s
_ &
51/}8,15 — tiJrl _ tz (th’,tiJrl - pti7ti+1)7 S, te [tla ti-‘rl]‘

With this choice,
_ t
Rg,t = / &, dXy — E0X st + Othsr = pot + Ots s
S
Now let s,t € P with ¢, < s <tpy1 <--- < t; <t< tjg1. By (6.2),

st = 0ty + 0ty + oo+ 0ty = 0ty + 00t + Py
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Furthermore,

ps,t - ps,tk+1 + ptk+1,t]‘ + ptj,t + 55;7tk+16th+1,tj + 6§£k+1,tj6Xt]‘,t

and

ﬁs,t = ﬁs,tk+1 + ﬁtk+1,tj + ﬁtj,t + 5775,tk+15th+1,tj + 577tk+1,tj 5th,t'
Thus, we obtain that

Rg,t - Rg,t - 57[]5,t — Psit

= 0Ws iy OVt t = Pstrgr — Pyt — Msity 10Xty 1t
— 5ntk+17tj (Sth’t.
Each term can now be estimated separately and we can conclude that
indeed
|RE — B oo 0

as # — 0. It remains to argue that we can replace the piecewise smooth
functions & and t by genuine smooth functions. This, however, does not
cause any problems since we can approximate any continuous function
arbitrarily close my smooth functions in the Holder metric. Therefore, our

claim is proved. O

Finally, the previous Lemma yields:

Proposition 6.12. Let% <a<pf<y< % Then the family {@;’5}chgv

18 a separable continuous field of Banach spaces.

Proof. Let S and &' be a countable dense subsets of C*°([0, 7], L(R%, W))
resp. C*([0,T],W). Then we can define A as the set of maps ¢g: C? —
Uxecr .@)a(’ﬁ given by ¢(X) = (Z,Z") where

t
th/ b dX0+ b1, Z) = 1
0

with ¢ € S and ¢ € §’. The claimed properties now follow from continuity
of the Young integral, cf. Theorem 3.3, and Lemma 6.11.
O
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Remember that we considered the measurability question of the oper-

ator norm of a family of linear mappings

(I)(X(w)v ) @)a((w)([ovT]’W) - @)a((w)([O?T]’W)

(like rough integration, for instance). We will formulate a corresponding

result now.

Proposition 6.13. Let % <a<pf<y< % and let A be the set of sections
given in the definition of a continuous field of Banach spaces. Assume that

for every rough path X € €7, there is a bounded linear map

(X, ) 70,7, W) = 7570, T], W)
that satisfies the property that X — [||®(X, g(X))||| is continuous for every
g € A. Let X(w) be a random rough path with the property that w — X(w)
1s measurable. Then the operator norm

I®(X(w), (2, Z))Il
2 2l

@)l = sup
(2.2")e2%(, (10,T1,W)
(2,2')70

1s measurable.

Proof. For every w € €,
[@(X(w), (Z, Z)Il
Iz, z"||

[ (w)]] = sup
(2,25, (10,T1,W)
(2,2")#0

_ oo 19X g (X @)}
ek Xl

By our assumptions, w — |||¢()mg‘&g(fj)()(‘r)))“| is measurable for every fixed

g € A. Since A is countable, the result follows.
O

To apply Proposition 6.13 to the rough integration map, we still have
to prove that

X — H/g(X)dX

7B
2%
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is continuous. This will follow by a more general result on rough integra-

tion, cf. the forthcoming Theorem 6.15 and Corollary 6.16.

It is known that every continuous field of Banach spaces {Ey},cx
induces a natural topology on the total space E = | | . E;. To describe
it, we introduce the projection p: E — X, ie. if Z € E,, p(Z) = z. We
define for g € A, an open set U C X and € > 0 the tube

W(g,Ue)={Z€eE :p(2)el, |z _g(p(Z))HEp(Z) <e},

see the picture below.
W(g,U,g) / 8

L

Figure 6.1: Open tube

The topology defined on E is the smallest one containing the tubes
as open sets. It is also called tube topology. Fortunately, in the case
of controlled paths, the tube topology is completely metrizable with an

explicit metric. We state this result now.

Proposition 6.14. Let a < § < % and 9 = | Jxeys .@;’6([0,T],W).

Then the tube topology on & is completely metrizable with metric given by

& s (V,Y"), (V. Y)) = 0p((V,Y"),p(V, V") + [V = Vlla + [RY = R |20
+[Yo — Yo| + ¥4 — Y3.
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If we replace €7 by ‘Kf, 9 is also separable, i.e. Polish.
Proof. We fix some notation first. For given (Y,Y”) € .@%’B ([0,7],W) and
(V,Y") € 227(10,T), W), we set

[y @ 7| = 1Y = Pl + IR = BV laa + ¥ = Yol + ¥ - V3.

For given (Y,Y’) € Z and ¢ > 0, we define
B.Y.Y) = {(V.V) € 9 : &, 5((V.Y"),(V,7") < e}
For X € €” and n > 0, we use the notation
B,(X) = {X %’ : o(X,X) <7}

Recall the definition of A given in the proof of Proposition 6.12.
Claim 1: For given (Y,Y') € 2 and ¢ > 0, there is an open set

U C 6P, an element g € A and a number § > 0 such that

(Y,Y') € W(g,U,8) € B(Y,Y').

To prove this claim, for X = p(Y,Y”), we define U = B,(X) where
n > 0 will be chosen later. For given § > 0, we choose g = g5 € A such
that

1Y, Y") = g(p(Y, Y"))||| . < 0.

llx.q

With these choices, we always have that (Y,Y’) € W(g,U,d). Now let
(Y,Y') € W(g,U,8) be arbitrary and set X = p(Y,Y”’). Note that
&, 5((V,Y), (Y, Y"))

= 03X, %) + ||V, Y"); (7, 7)

[0}

<n+ ||V, Y) — g(p(Y,Y) H|Xa+m — g(p(Y,Y"))

< n+26+ |9V, Y"): g(p(Y, 7))

I
+ |oe vy 9w 7))

«

[0}
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Using continuity of the Young integral, we can deduce the bound

oy s 7| < Coosx Ry <m 63

Therefore, if € > 0 is given, we first choose 0 < § < £/4 and then n > 0
such that n(1 4+ Cy) < /2 to obtain that dzﬂ((Y, Y"),(Y,Y")) < e. This
proves claim 1.

Claim 2: For given W(g,U, ) and (Y,Y’) € W(g,U,J), there is an
€ > 0 such that

B.(Y,Y') C W(g,U,5$).

To see this, let X = p(Y,Y’). By definition, X € U and since U is
open, there is an 1 > 0 such that B, (X) C U. Let (Y,Y’) € B.(Y,Y’) be
arbitrary and X = p(f/, Y'). If 0 < e < 1, it follows that

X € B,(X) CU.

In remains to show that choosing ¢ > 0 sufficiently small, we can obtain
that

(Y,Y) - g(p(?,ff’))mxa <.

Note that

Ilo7.¥7) = gto(7, ?/))H(m — IV, Y") = gV, Y[l .0

< ||y (9| + oy Yz g, 7))

«

Using again (6.3) and the assumption, the right hand side gets small when
€ is chosen small. Therefore, for any given v > 0, we can choose ¢ > 0

sufficiently small to obtain
|77 = 9@ )|, v+ Y = g Y|l 0
Since [|(Y,Y”) — g(p(Y,Y")ll x o < 0, We can find a v > 0 such that

v+ [V Y) = gV Y| < 6
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From these observations, we can deduce the second claim. Both claims
together prove that dbm 3 indeed metrizes the tube topology. The fact that
2 is complete with respect to dZ’ 3 follows from completeness of the space
€* with respect to o and completeness of the spaces 9}3‘(’6 . Separability

follows from separability of the respective spaces.
O

We can now prove an important stability result for rough integration.

Theorem 6.15. Let X, X € €%, (Y,Y') € 2%° and (Y,Y") € .@;’B. Set
7z ::/ Y,dX,, 7 =Y
0

and define (Z,Z') similarly. Then, locally,
dEx,ﬁ((Zv Z/)v (Zv Z/)) < Cda,ﬁ(()c Yl)? (Yv }7/))

In other words: the integration map

(YY) — </de(Y, Y’),Y)
18 locally Lipschitz continuous.

Proof. Tt suffices to establish a bound for ||RZ — R? |2 Recall that
. t
RSy = / Y, dX, — Y0 X5 = (T2)ss — Bt + VX
S

where =, , = Y,,0X,, , + Y, X, , and Z is the integration map provided by
the Sewing lemma. A similar decomposition holds for RSZ’t with = replaced
by éu,y = }7“5)2%@ + }N’U/XW,. Setting ¥ := = — = linearity of Z yields

|RZ, = R < 1(TW)sq — W] + VX0 — VoK.
The Sewing lemma gives us the bound

(Z0)st — Vs < Cll00]|5alt — s**.
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We have
0t = 6%t — 085t = RY Kot + 0V Koup — RY Xy — Y Ko
Therefore, by using the triangle inequality:
169 |30 < O}, 5((Y,Y'), (Y, Y7)).
The triangle inequality also yields
VX0 = YKo < CJt = s]*d 5((Y.Y), (Y, Y))
which concludes the proof. O

Corollary 6.16. For every g € A, the map

X — H/g(X)dX

737

1S continuous.

Proof. For X,X € €7, the reverse triangle inequality for Holder norms

<y ( [at0ax. [ ox)ax)

< Od}, 5(9(X),9(X))

9(x) = (/¢dX+¢,¢>

for some smooth functions ¢ and 1. Therefore, we can use continuity of

gives

‘H/g(X)dX

locally. Recall that

e H [atx)ax

-y
7%

the Young integral to see that

), 5(9(X),9(X)) < Cos(X,X)

locally and continuity follows. O
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7 Rough differential equations

Having defined the rough integral, we can now say how a general rough

differential equation should be understood.

Definition 7.1. Let X € %<, % < a< %, o = (o1,...,04) a collection

of vector fields o;: R™ — R™ and y € R™. We call Y: [0,7] — R™ a
solution to the rough differential equation (RDE)

dY; = o(Yy)dXy; ¢ € 0,71,
Yo =y,

if and only if t — o(Y}) is controlled by X and satisfies the integral equation

t
Y=yt [ o(v)ax, (7.1)
0
where the integral is understood as a rough integral.

Since rough integrals are also controlled paths, any solution Y that
satisfies (7.1) will be controlled by X, too. A natural candidate for a
Gubinelli derivative of Y is o(Y"). We would therefore like to consider the
map

MY,Y') = <y+/ U(Ys)dXS,O'(Y)>
0
as a map from the space of controlled paths to itself and try show that
that it is a contraction on a small time interval. To properly define this
map, one has to show that the composition of a controlled path with a

sufficiently smooth function o is again controlled.

Lemma 7.2. Let X € €%, (Y,Y') € 2%([0,T],W) and let p: W — W
be twice continuously differentiable. Then the path t — o(Y;) is again
controlled by X with a Gubinelli derivative given by p(Y); = Dp(Y;)Y].

Moreover, if © is bounded with bounded derivatives, the estimate
le(¥), oY) lxa < CUYlla + YR + 1Y, Y] x,0)

holds where C depends on ||¢||c2.
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Proof. Tt suffices to consider the case of ¢ being bounded with bounded

derivatives, the general case follows by localization. We have

le(Y)lla < Dol [IY [la
and

le(Y) la = 1De(Y)Yla < [De(Y)l|allYlloc + DY) ooV [la

< 10?0l 1Y [la + 1 Do oo Y la-

This shows that p(Y),(Y) € C*. We have to prove that

R?, = R = 6p(Y)s — (V)L X

=0p(Y)st — Dp(Ys) Y0 Xt
is 2a-Holder. Since

R?, = o(V;) — o(Ys) — Dp(Y;)8Yss + Dio(Ys) R,

sty

Taylor’s theorem yields the bound

1
1R ll20 < SI1D*@lloo Y15 + | Dpllool| R |20

which shows that indeed (p(Y'), ¢(Y)’) is controlled by X and the desired
bound. O

Next, we formulate the main theorem about the non-linear rough dif-

ferential equations.

Theorem 7.3. Let X € €*([0,T],RY) for 1 <a < i, y€eR™ and o €
C3(R™, L(RY R™)). Then there exists a unique controlled path (Y,Y') €
25%([0,T],R™) with Y’ = o(Y') that satisfies

t
Ezyf/dnw&;tHWH
0
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Proof. The proof is very similar to the one we gave in Theorem 3.5, i.e.
we will show that a properly defined mapping has a fixed point. For
(YY) € 2% and 0 < Tp < T, set

(Z1.2)) = (0(¥), Da(Y)Y]) € 7%: te [0,Tu].

We define the map

t
M(Y7 Y/) = (y+/ ZsdXs, Z; t € [O,To]) :
0

The expected solution will be a fixed point of this map. We will not define

this map on the whole space of controlled paths but on the closed unit ball

Br, ={(Y,Y') € 7% : Yo=y.Y5=0(y). |V, [lxa <1}
of controlled paths starting in (y,o(y)). We will have to prove two things:
1. M leaves By, invariant, i.e. M: By, — By, is a well defined map,

2. M is a contraction.

We start with the first point. Clearly, M(Y,Y”")o = (y,0(y)). To prove
that [|Y,Y’||x.o < 1, we use the estimate for the rough integral given in
Theorem 6.1:
Mixo =1 [ Z.dX. 2|0
0

<N Zlla + 12 lal|Xll2a + CTS (1 X [lallBZ ll20 + IX]l20]1Z"lla)
<N Zlla+ 12, 2l x.alXll2a + CT* X412, Z']| x a

We have || Z||o < C||Y||q and

¥ Nl < 1Y ool X o + TE (I RY [l20
< Y5l X Nl + TS NY ol X lla + T RY ||2a
< ClX o+ T3 (1 + 1 X [) 1Y, Y X0

< Ol X o+ Tg (1 + 1 XT]a)-
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To estimate || Z, Z'|| x,q, we use Lemma 7.2:
1Z. Z | x0 < CUY lla + [V II2 + Y2 Y | x.0)
<CA+[Ya+IY112)-

Note that we already estimated [|Y||, above. To summarize, we see that
| M||x,o gets small if Ty and ||X][|,, are getting small. As in the proof of
Theorem 3.5, we will therefore assume first that X is smoother than only
being a-Holder continuous to assure that || X[||, gets small as Tp — 0. In
total, we can thus guarantee that M leaves Bz, invariant for a sufficiently
small 7o > 0. It remains to prove that M is a contraction on Br,. To
do this, we have to estimate the difference between two rough integrals in
the [|-[| x ,-norm. Note that we do not have to use Theorem 6.15 since
the driving rough path X is fixed. The complete proof for the contraction

property is a bit long, but does not provide many new insights, that is why
we will not present it here. It can be found in [FH20, Theorem 8.3.]. O

There is also a stability result for solutions to rough differential equa-
tions that we want to cite here. To formulate it, we define the metric
do (VY (Y, Y)) 1= diy o (YY), (Y, Y))
= Qa(X7X) + Y~ i//”a + ”RY - RYH2a
+ Yo — Yol + [¥g — Y|
for (V,Y') € 2% and (Y,Y") € 7% which is a metric on the total space
.@ - uXG%a .@j’é

Theorem 7.4 (Stability of RDE solutions). Let (Y,Y’) and (Y,Y’) be

solutions to
dY; =o(V)dXy; Yo=y resp. dY; =o(¥))dXy; Yo=17
withY' = o(Y) and Y' = o(Y). Then
(Y, Y"), (Y, Y) < C(ly — il + 0a(X, X))
locally.
Proof. [FH20, Theorem 8.5]. O
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7.1 Rough differential equations driven by a Brownian mo-

tion

In this part, we discuss how to employ rough theory in stochastic anal-
ysis. Let us start with the following proposition which, loosely speaking,
claims that Ito (resp. Stratonovich) integration coincides with rough inte-
gration against the enhanced Ito (resp. Stratonovich) Brownian motion.

Proposition 7.5. Let B = (B',...,B%) be a d-dimensional Brownian

motion and BT resp. BStet

its Ito resp. Stratonovich lift to a rough
paths valued process. For + < a < 3, assume that (Y (w),Y'(w)) € D% (w)
almost surely and that (Y,Y") is adapted to the filtration generated by B.

Then

T T B T T
/Y;dBS:/ Y,dB*  and /Y;odBS:/ Y, dB5Stret
0 0 0 0

almost surely.

Proof. We will only prove the Ito-case, the identity for Stratonovich inte-
gral can be found in [FH20, Corollary 5.2|. It is known that

[uv]€P
in probability. Passing to a subsequence, we may assume that there is a
sequence of partitions such that the convergence holds almost surely. It

suffices to prove that
hm Z YUIB%MO =
[u v]eP

in L2(Q). We will assume that ||Y'(w)| < M almost surely, the general
case follows by a stopping argument. Fix a partition P = {0 = 79 <
= T'}. One can check that (S;) with Sp = 0 and Sky1 — Sk =

Y’ IBITtk‘jr \.m. 18 a discrete martingale. Since its increments are uncorrelated,
2
> ovES| = Y IVBS|L <M Y B[, = o(P)

[u,v]€P 12 [u,v]eP [u,v]eP
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and the claim follows. O
Corollary 7.6. For o € C3(R™, L(R? R™)), the solutions to
dY; = o(Y;)dB; and dY; = o(Y;) dBy®°
resp.
dY, = o(V}) odB; and dY; = o(Y;) dB*™
with the same initial conditions coincide almost surely.

We can now prove an important theorem in stochastic analysis, the
Wong-Zakai theorem, that connects stochastic differential equations to ran-
dom ordinary differential equations.

Theorem 7.7. Let o € C3(R™, L(RY,R™)), y € R™, B = (B',..., B%) be
a Brownian motion defined on [0,1] and B(n) and be its piecewise-linear
approzimation at the the dyadic points 0 < 27" < ... < (2" - 1)27" < 1.

Then the solutions Y (n) to the random ordinary differential equations
dYi(n) = o(Yi(n)) dBy(n); Yo(n) =y (7.2)

converge in the a-Hélder metric for any % <a< % to the solution of the

Stratonovich stochastic differential equation
aY; = oY) odBy Yo—y
almost surely as n — oo.

Proof. Let B(n) be the canonical lift of B(n) to an a-Holder rough path.
Then the solutions Y (n) to the random ordinary differential equations

(7.2) coincide with the solutions to the rough differential equations
dYi(n) = o(Yi(n)) dBy(n);  Yo(n) =y.

From Corollary 7.6, the solution Y of the Stratonovich stochastic differ-
ential equation coincides almost surely with the solution to the random

rough differential equation

dY; = o(¥;) dB;"™; Yy =y.
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In the proof of Proposition 5.5, we have seen that g,(B(n), BS"#) — 0
as n — oo. From the stability result on RDE solutions (Theorem 7.4), it
follows that

o (Y, Y"), (Y (n),Y"(n))) = 0

almost surely as n — oo. In particular, Y (n) — Y almost surely as n — oo
in the a-Holder metric.
O

7.2 Rough differential equations driven by a fractional Brow-

nian motion.

We will come back now to our motivating problem, i.e. the question
of how to define a meaningful solution to a stochastic differential equation
driven by a fractional Brownian motion B. For H > %, we can use
Young’s integration theory to solve such equations. In the case H = %, we
can either use [to’s theory of stochastic integration or rough paths theory
as we saw in the previous section. What about H < %? It turns out that a
similar result as seen in the proof of Proposition 5.5 holds for the fractional
Brownian motion, too, provided H > %. To formulate it, let BY (n) denote
a piecewise-linear approximation of B¥. Since B (n) has smooth sample
paths, the canonical lift B (n) to an a-Hélder rough path exists. With
much more involved arguments as in Proposition 5.5 (cf. [CQ02, FV10a|),
it can be shown that (B (n)),cy is a Cauchy sequence almost surely in
the space of geometric a-Hdélder rough paths for a < H. Since the space of
geometric rough paths is complete, the sequence converges to a limit B#
which is then called the natural lift of the fractional Brownian motion.
This result allows to study stochastic equations driven by a fractional
Brownian motion with a Hurst parameter H > %. There are many works
in which such equations are studied, the interested reader is referred to
[FH20, Chapter 10] and the comments at the end of this chapter.

A natural question is whether there is a meaningful lift in the case of
H < i, too. In [CQO2], it is shown that the approach we just described
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here does not work for H < i because the natural lifts B (n) will diverge
in this case. To the authors’ knowledge, it is currently not clear whether

a meaningful rough path lift can be defined in the regime H € (0,1/4].

8 Discussion and Outlook

In these notes, we gave a brief introduction to the theory of rough
paths. We emphasized its application in stochastic analysis, discussing, in
particular, its ability to solve stochastic differential equations driven by a

fractional Brownian motion.

Rough path theory is nowadays a mature theory that found many
applications in various fields of mathematics. At the end of these notes,
we would like to discuss further branches of research in which rough paths
theory plays a role. We are aware that the choice of topics we present here
reflects our personal interests, and there are many important subjects we
are not going to discuss here. In particular, we want to repeat that we will
not touch the numerous applications of rough paths theory in the context
of stochastic partial differential equation, a topic far beyond the scope of

these notes.

e Gaussian rough paths and rough differential equations driven by
Gaussian signals were studied extensively. The foundations were laid
in the articles [CQ02, FV10a, FGGR16], cf. also [FV10b, Chapter
15] and [FH20, Chapter 10]. The continuity of the solution map, cf.
Theorem 7.4, allows to give an easy proof for the Freidlin-Wentzell
large deviation principle and the Stroock-Varadhan support theo-
rem |[LQZ02|. These theorems have natural extensions to stochastic
differential equations driven by Gaussian rough paths, too [FV10b,
Chapter 19].

e A famous theorem from Hormander characterizes second order hy-
poelliptic differential operators by stating a condition on the iterated
Lie brackets of the involved vector fields [H6r67|. This result has an
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equivalent formulation in terms of stochastic differential equations:
Hormander’s theorem says that if the vector fields of an SDE driven
by a Brownian motion satisfy the bracket condition, the solution
to the SDE obtains a smooth density at every time point ¢ > 0.
In [Mal78|, Malliavin gave a proof of Hérmander’s theorem using a
form of stochastic analysis on the Wiener space. Today, this calcu-
lus is called Malliavin calculus. One core idea of Malliavin was to
prove that the solution map to a stochastic differential equation is
differentiable in certain directions of the noise. It turns out that the
solution map of a rough differential equation enjoys a similar regular-
ity [CFV09|. This motivated the study of Hérmander’s theorem in
the context of rough differential equations driven by Gaussian rough
paths. In a series of papers, it was shown that Hérmander’s bracket
condition is indeed sufficient for the solution to a rough differential
equations driven by a Gaussian process to admit a smooth density
[CF10, CLL13, FR13, CHLT15|. This density was further investi-
gated in [BOT14, BOZ15, Inal6, BNOT16, GOT20, IN21, GOT23,
GOT22]|

In stochastic analysis, the Markov property ususally plays an im-
portant role. Different aspects for rough paths valued stochastic
processes having the Markov property, known as Markovian rough
paths, were studied in [FV08, Lej06, Lejo8, CO17, CO18, Chels].

In the classical texts about rough paths theory, one usually consid-
ers continuous paths exclusively. However, rough paths theory can
be generalized to non-continuous paths, too, and is able to study
stochastic processes with cadlag sample paths such as Lévy processes
or general semimartingales, cf. [FS13, FS17, FZ18, LP18, CF19|.

Solving rough differential equations numerically can be a challeng-
ing problem. A natural numerical scheme to solve a rough differ-
ential equation can be deduced from the (formal) Taylor expan-
sion of the solution, cf. [Dav07] and [FV10b, Chapter 10]. These
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schemes usually contain iterated integrals of, at least, order 2. Since
these integrals are notoriously difficult to simulate, in particular if
the driving signal is not a Brownian motion, several alternatives
were studied. For instance, the simplified or implementable Milstein
scheme replaces the iterated integral by a product of increments,
cf. [DNT12, FR14]. If this scheme is used in combination with
Monte Carlo simulations, a complexity reduction can be obtained
by using a multilevel Monte Carlo method, cf. [BFRS16|. General
Runge-Kutta schemes were studied in [RR22]. Many articles study
numerical schemes that are specifically designed to solve rough dif-
ferential equations driven by a fractional Brownian motion and use
some probabilistic properties of this process, cf. [Nagl5] for the (im-
plicit) Crank-Nicolson scheme or [LT19] for a first order Euler scheme

with deterministic correction term.

e Expanding the solution to an ordinary differential equation leads to
a so-called B-series. The B-series expansion of a rough differential
equation motivates the notion of a branched rough path that was
introduced by Gubinelli in [Gub10]. A branched rough path does
not only contain iterated integrals, but also integrated products of
iterated integrals. The difference to a geometric rough path is that
for branched rough paths, no product rule is assumed, i.e. the shuffle
property in Corollary 5.10 does not hold for branched rough paths.
For example, the product iterated integrals of the Brownian motion
in Ito-sense constitute a branched rough path, but not a geometric
one. It turns out that there is a kind of embedding of the space of
branched rough paths into a larger space of geometric rough paths, cf.
[HK15, BC19|. The geometry of branched rough paths was further
studied in [TZ20]. It turns out that the space of branched rough
paths also form a continuous field of Banach spaces seen in Section
6.1, cf. [GVRST22|.

e Studying the long-time behaviour of the solution to a rough differ-



136

M. Ghani Varzaneh, S. Riedel

ential equation is a natural problem. However, if the solution is non-
Markovian, well established strategies fail. We would like to mention
two approaches here that do not rely on the Markov property and
were quite successful in this context. The first one was invented by
Hairer to study ergodicity of stochastic differential equations driven
by a fractional Brownian motion [Hai05, HO07, HP11, HP13|. Hairer
defines a structure that he calls stochastic dynamical system (SDS) to
study these equations. An SDS has certain similarities to L. Arnold’s
notion of a random dynamical system |[Arn98| (see below), but it
is closer to the classical Markovian framework. In Hairer’s theory,
invariant measures can be similarly defined as for classical Markov
processes. Existence and uniqueness of these measures can be proven
with techniques (e.g. the coupling method) that are well-known in
the Markovian world. Other researchers adopted this framework and
studied, for instance, the convergence rate towards the equilibrium
[FP17, DPT19] or used it to study an estimator for the drift coeffi-
cient in an equation driven by a fractional Brownian motion [PTV20].
Another approach is to study the random dynamical system (RDS)
in the sense of L. Arnold [Arn98| that is generated by a stochas-
tic differential equation. A rough differential equations generates an
RDS whenever the driving rough paths valued process has stationary
increments [BRS17|. This is the case, for instance, for the fractional
Brownian motion. In the theory of RDS, different objects can be de-
fined that describe the long time behaviour of the solution to a rough
differential equation. For example, one can study random attractors
[Duc22|, random center manifolds [NK21| or random stable and un-
stable manifolds for rough delay equations [GVRS22, GVR21].

As we already mentioned in Remark 5.11, the signature of a rough
path is an important object that is still studied a lot. One interest-
ing problem is to find an algorithm that reconstructs the path from
a given signature effectively. This question was discussed e.g. in
[LX18, LX17, CDNX17, Genl7|. Due to its generalilty, the signature
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also plays a role in model-free mathematical finance, cf. [LNPA19,
LNPA20, KLA20, BHRS23, CGSF23]. We already mentioned that
the signature is an important object in machine learning and time
series analysis, but we are unable to summarize the corresponding
vast literature in these notes. Instead, we refer the reader to the
overview articles [CK16, LM22].

e We saw in these lecture notes that the Sewing lemma (Lemma 3.2)
is one of the cornerstones in rough paths theory. In the work [Lé20],
Lé proves a stochastic version of it that he called Stochastic sewing
lemma, see also [FH20, Section 4.6]. With the Stochastic sewing
lemma, it is possible to prove that certain Riemann-type sums in-
volving random variables converge to a limit in a stochastic sense,
taking into account stochastic cancellations. For instance, it is well-
known that the [to-integral that integrates an adapted process with
respect to a Brownian motion can be approximated by Riemann
sums in probability, but this fact cannot be proven with the clas-
sical Sewing lemma that only looks at the regularity of the sample
paths and neglects the probabilistic structure. With the Stochas-
tic sewing lemma, however, this is possible. The Stochastic sewing
lemma proved to be a very helpful tool and could be used in vari-
ous settings, e.g. in the context of the regularization by noise phe-
nomenon [HP21, HL22, Ger23]| or for the analysis of numerical meth-
ods for singular SDEs [BDG21, BDG23, DGL23|.
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