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1 Introduction

A lot of attention has been dedicated to the so-called sharp Sobolev
type inequalities (Aubin [2], Beckner [5], Brezis and Nirenberg [7], Brout-
telande [8], Ceccon and Montenegro [12|, Druet [16, 17|, Escobar [19],
Hebey and Vaugon [25], Lieb 28], Moser [31], Talenti [34], Trudinger [35],
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among others). Frequently, these inequalities are in connection with con-
crete problems from geometry and physics (Aubin [3], Carlen and Loss
[10], Lieb and Thirring [29], Schoen [32]).

Considerable work has been devoted to the study of extremal functions
to sharp Sobolev inequalities in recent decades (see Aubin [2]|, Aubin and Li
[4], Brouttelande [9], Carleson and Chang [11], Collion, Hebey and Vaugon
[13], Demyanov and Nazarov [14], Djadli and Druet [15]|, Druet, Hebey and
Vaugon [18], Hebey [21, 23], Humbert [26], Li [27], Struwe [33] and Zhu
[36]). Such functions are connected, for instance, with the computation of
ground state energy in some physical models.

The goal of the present paper is to discuss the existence of extremal
functions of Sobolev type inequality modeled on smooth compact Rieman-
nian manifolds, precisely sharp Riemannian Sobolev-Poincaré inequalities
involving also upper order remainder terms. Before we go further and ex-
hibit our target problems, a little bit of notation and overview should be
presented.

For n > 2, it was shown by Aubin [1] and Talenti [34] that, for 1 <
q <nand gx = qn/(n —q),

[Vl La@ny

K(n,q) = sup { cu#0,u € L™*R") ,Vu € Lq(R”)}

HUHL‘I*(R")
is achieved and the extremal functions are found. In particular,

1

B q—l n—q q F(n+1) .
Koo = 1= [ [r«;)r(n - ZM—J

for 1 < g <n and

K(n,l)zl[ n F

n | Wn—1
where I' is the gamma function and w,_1 denotes the volume of the stan-
dard (n — 1)-sphere. All the extremal functions for 1 < ¢ < n are given
by

n—q

_ 1 “q
u(z) =c PR ——rT
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where ¢, p, g € R™. It is easy to see that for some ¢, i > 0 the corre-

sponding

n—q

- 1 7
o) = ()

is the unique minimizer which satisfies:
v(0) =1, Vo(0) =0, / v*dr =1 and — Vv = K(n,q) 90?1

On a compact Riemannian manifold n-dimensional (M, g), the Sobolev
embedding theorem holds: the inclusion H9(M) C L% (M) is continuous
for 1 < ¢ < n. Thus, there exists a real constant Cjy such that any u €
HYM(M) satisfies ||ul|paary < Col|Vgullpacar. Moreover, on a compact
manifold, the inclusion H4(M) C L% (M) is continuous but not compact
and H%“(M) C Li(M) is compact by the Kondrakov theorem. When we

are in this situation, there are constants C' and A such that
[ull Lae(ary < ClIVgullLacary + Allull po(ar (1.1)

Define K = inf C such that some A exists. Then K > 0. Aubin [1]
proved that K only depends on n and p. So K = K (n,p) is a norm of the
inclusion HY4(R"™) C L9*(R").

Let (M, g) be a smooth compact Riemannian n-manifold and ¢ < p <
gn/(n—q), such that there exists a constant By(p,n,g) > 0 where, for any
C§° (M), we have the following sharp inequality

[Jull] < K(n,q)"lIVgullfa(pr) + Bolps s 9)l[ull7, (1.2)

La* (M)

for all u € HY4(M).

The constant By(p,n,g) = inf A such that (1.1) occurs with C' =
K(n,q), Bo(p,n,g) depends only on p and (M,g). By summarising the
works of Aubin [2|, Druet [16], Hebey and Vaugon [24] , the inequality

above is valid in the cases:

1. On any smooth, compact Riemannian n-manifold, n > 3 and ¢ =2 .
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2. For all ¢ on any 2-dimensional smooth, compact Riemannian mani-

fold.

3. For all ¢ on compact flat spaces, compact hyperbolic spaces and
smooth, compact n-manifolds of nonpositive sectional curvature as
long as the Cartan-Hadamard n-manifold conjecture is true (see

Hebey [22] section 8.2). In particular, n = 3 or n = 4.

Special attention has also been paid to the existence problem of ex-
tremal functions to (1.2). A non-zero function ug € C°°(M) is said to be

an extremal to (1.2), if

||u0||%q*(M) = K(na Q)quguOH%q(M) + BU(panag)HuoH%P(M) :

Denote by E,(g) the set of the extremal functions to (1.2) with unit
L7 -norm.

Our main result in this paper is summarized in the next theorem.

Theorem 1.1. Let (M,g) be a smooth compact Riemannian n-manifold
without boundary of dimension n > 4 such that the inequality (1.2) is true.
Then the set E,(g) is non-empty for any 1 < ¢ < p < q*.

The general idea of the proof and its nature are well-known and were
developed in various works (cf. [2], [4], [15], [24], among others). The
tools are based on blow-up techniques, concentration analysis and PDE
estimates. What happens is that each proof has its specific technical dif-
ficulties inherent to the problem addressed, for instance, by the range of
values of p in our inequalities. The ideas of the proofs are mainly inspired
in the works of Aubin and Li [4]. The key points are the so-called LP
concentration estimates.

In Section 2, we define the PDE framework and formulate functions
Uq, aimed at minimizing the Euler-Lagrange functional J,. Section 3 is
dedicated to construct an extremal function u € C*° (M), the weak limit of
Uq. We study in detail the case u = 0. We then perform a comprehensive

study of blow-up, concentration and priori estimates on the generated
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family of minimizers. Moving to Section 4, we show that u is non-zero and

conclude the proof of Theorem 1.1, by contraction.

2 The PDE setting

Let 1 < ¢ < p < ¢* and () C R be a sequence of positive real numbers
converging to By(p, n,g) with o < By(p, n,g). For each «, we consider the

functional

Jal / |Vgul? dvg + aK(n,q)” </ |ul? dvg>

defined on
Ay = {u e HY (M) : ull o= (ary = 1}

where dv, is the Riemannian volume element of g and H9(M) denotes

the completion of C°°(M) under the norm

q 1/q
lullrnaeny = (1950l aqan + lulSaar)) -
By the definition of By(p,n,g),

Ao = i/{1f Jo(u) < K(n,q)" 9. (2.1)

For « close enough to By(p,n,g), we claim that (2.1) leads to the
existence of a positive smooth minimizer u, for A\,. The Euler-Lagrange
equation satisfied by such a minimizer is

= Agua + K (n,q) I [uallf{yy el = Ao T (22)

) [e%

where Aju = divy(|V,4ul?2V u) is the g-Laplacian operator associated to
the metric ¢g. Since J, is of C! class on A,, by the Ekeland’s variational
principle [20], there exists a minimizing sequence (u,,) C A, such that
[ DJa(um)ll(1,,, A0y~ — 0, where D.J, denotes the Fréchet derivative of
Jo on A, and T represents the tangent space. Since the sequence (u,)
is bounded in HY9(M), there exists u, € H"(M) such that, up to a
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subsequence, (uy,,) converges weakly to u, in HY4(M), strongly in LI(M)
and in LP(M), and almost everywhere as m — +o00. Moreover, there exist

bounded nonnegative measures p and v such that
IV gum|%dvg — p,  |um|? dvg — v. (2.3)

By a standard concentration-compactness principle of Lions [30], there

exists at most a countable set T, {z;}jer C M and positive numbers
{u;j}jer and {v;}je7 such that
1> |Vaualldvg + > " pide,, v =lua|? dvg + Y v;da, (2.4)
JET JET
with K(n,q)%u; > V;-J/q* for all j € T, where d,; represents the Dirac mass
centered at x;.
Fix k € T and choose a cutoff function ¢. € C§° (B(zx, 2¢)) satistying
0<p: <1, 9. =11in B(xy,¢) and |Vyp| < £ for some constant ¢ > 0

independent of e, where B(xy,¢) denotes the geodesic ball, with respect

to g, of radius € centered at xp. Write

Pellm = T + (/ |t |9 e dvg> U,
M
T 1= [% — </ \um‘q*(pe dvg>] U, € Ty, Ao
M

The boundness of (u,,) in H%9(M) implies

where

/M \Vgum\q_2<vgum, VgTm) dvg +
+aK (n,q) " [um| 377 /M |t [P~y Ty dvg — 0.
Since
/M |Vgum!q_2<vgum, VyTm) dvg +

Lk (1, q) | fum[4 7 /M i P2t i
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— /M ]Vgum]quvgumvg(gogum) dvy

- (/M ‘Um‘q*% dvg) </M ‘Vgum‘q_2<vg“m7 Vg“m> dvy)

(1, g) ][4 / tgn P22t (5t0m) g

( [t dvg) a0 il [ il oy

so that, by (2.3),

m——+00

lim (/ ]Vgum]q’2<vgum,vg(g0€um)) dvg+
M

+ak (0, 0) Yunllf [ funl ) oy
M
— q*
= m1—1>r—Ii-1c>o </ [tm|? e dvg> X
</ |V gum|? dvg + oK (n,q)” (/ |t |P dvg> >
= Ao (/ Ve dy> . (2.5)
M

On the other hand, from (2.3), we also get

lim (/ \Vgum]q_2<vgum V(@) dug+
M

m—-+00

+ak(1,0) Yl [ il ) dvg>
M
. —2
= ml_lg_loo (/M Um‘vgumw <vg“m 7Vg905> + ‘Pa’VgUM‘q dvg+
+aki(0.0) Tl [ pulunt? dvg)
M
= lim /M U |V gt | T2V gt , Ve ) dvg+

K (n, @) |47 /M oeltml? dvg> ; /M oo i (26)
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We now show that the last limit tends to zero as e — 0. In fact, using

Hoélder’s inequality, we have

’/ um|vgum|q72<vgum7vg¢’a> dvg
M

< / tton| VgtV g0 g
M

ﬂ :
= </ |V gtm|* d”y) q (/ |tm|[Vgeel? d”Q)
M B(wy,2e)\B(wk)

q—1

q—1 1/n
< ([ Wl an,) ( / Vel dvg> x
M B(xk)2€)\B($k)5)
1/q*
Vo)
B(wk72€)\B(xk7€)

Observe also that, from (2.4),

lim sup
m—+00

/ um|Vgum|q*2<Vgum , Vgpe) dug
M

1

g=1 o
< climsup </ |V gt |? dvg> ’ / |V gpe|"™ dug X
m—+00 M B(zi,2e)\B(z€)

O\ 7
X / lum|? dog
B(xk72€)\B(xk7€)

1/n
<c Llnvolg (B(xg,2¢) \ B(xk,s))] X

1

q*
X lim (/ ’um’q* dvg)
m—=00 \ JB(xy,2e)\B(zk,c)

ual?" du, + Z Vj0g;v0l(B(zg, 2€) \ B(wg,€))
JET

)

<c

/B(xk.,Qa)\B(xk.,a)

— 0, as € — 0.

The estimate of the remaining integral is decomposed into two cases.
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If uq, =0 on M, then

imsup (a7 [ pelinl? duy ) < timsuplfu | =o.
m——+00 M m——+00
Otherwise,
s (a7 [ pelinl? doy ) =llually ™ [ oual dvy 0
M M

m—r—+00

ase — 0.
Therefore, letting e — 0 in (2.5) and (2.6), one arrives at

Wk = AaVk- (2.7)

We claim that A\, > 0 for a close enough to By(p,n, g). Let By(p,n,g)—
e < a < By(p,n,g) with € > 0 small enough. Evaluating the sharp in-
equality (1.2) at u,, and applying Holder’s inequality, we obtain

q_ 9
Numl|To < Mum||2 evg(M)? ™",
so that

lnllh iy < Kn@)(( [ Vgl dog) + Bo(p. o)l oo
= K)o () + (Bop.m.g) — o)l [ ar

q_.4a
< K(n, @) a(um) + evg(M)> ™ [Juml[] - ) »

there exists M > 0, M > K(n,q)? such that
Jo(tum) > 1/M

for all m > 1. So, the positivity of A, follows by passing the limit on m
in the inequality above. In particular, from (2.7), one has ug > 0 if, and

only if, v > 0. In this case, from K(n,q)?u > Vg/q*, one gets

1

g 2 ———————~ -
K (n, q)"\a/*
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This implies that T is a finite set, since u is a bounded measure. We
claim that 7 = (. Otherwise, if kK € T, then

Ao = ml—lg—l&-loo (/ |V gum|? dvg + oK (n,q)” (/ |t |P dvg> )

/ |V gual? dvg + aK(n,2)” (/ |ta|P dvg> +Zu]

JET

v

et T K(n, AT

so that
Ao > K(n,q)7 7.

However, this last inequality contradicts (2.1). Therefore, ||um||Lqe(ar)
converges to |[tal|pq sy Brezis-Lieb lemma [6] then guarantees that (um)
converges strongly to u, in L9 (M) and, in particular, u, € A,. Moreover,
Uq 1S a minimizer of J, on A,. We can assume that u, is a nonnegative
minimizer, since J, and A, are Z?invariant. So, we find a nontrivial
nonnegative weak solution u, to (2.2). Its positivity and regularity follow
directly from well-known results of the elliptic PDEs theory (Rabinowitz
37]).

3 Blow-up analysis

Let ¢ < p < ¢* and () C R be a sequence of positive real numbers
converging to By(p, n,g) with o < By(p,n,g). Assume that, for any a,

Ao = inf Jo(u) < K(n,q)~",

where J, and A, are as in Section 2. In the previous section, we construct

positive functions u, € C*°(M) satisfying

— Agua + ok (n,¢) " |ua||fPub "t = Aqud (3.1)
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and [, [ua|? dvg = 1.

Since the sequence (ug) is bounded in H9(M), there exists a nonnega-
tive function u € HY9(M) such that, up to a subsequence, (u,) converges
weakly to u in H%4(M) and strongly in LI(M) for any 2 < q < ¢* as
a — Bo(p,m, g). Assume also that (\,) converges to A. If u # 0, then by
letting & — By(p,n,g) in (3.1), one has

— Agu+ Bo(p,n, ) K (n, @) ~Jul|fPuP ™ = xa T (3.2)

From (1.2) and (3.2), it follows that

9
()
q
P
< K(n,q)? </ |V gu|? dvg> + Bo(p,n,g) (/ |u|P dvg>
M M
= K, )X [ fult dvy < [ fult do,
M M

since 0 < A < K(n,q)9. This implies that [|ul[1e-(3r) > 1. On the other
hand, we get [[ul[pe(ppy < Hminf |Jual|per (ar) = 1, S0) that ullpax (ar) =
1. Using this information in the inequality above, it follows that A =
K(n,q)™7 and, in particular, u is an extremal function of (1.2) .

The rest of the paper is dedicated to a detailed study of the sequence
(o) when u = 0 on M. Such a study consists of blow-up analysis and

PDEs estimates to the sequence (u). By definition of u,, we have

Aa —/ |V gua|ldvg + aK(n,q)” (/ |ta|P dvg>

On the other hand, by (1.2),

hSESY

1 < K(n, Q)q/ [V gual|?dvg + Bo(p, n, g) (/ |tal? dvg)
M M

So, we get

SATSY

L A ,0)1+ (Bl g) — ) ([ Jual? o
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and it readily follows from this inequality that
Ao = K(n,q)™1 (3.3)

as @ — By(p,n,g). In particular, we have

/ |Vgual? dvg — K(n,q)7 9. (3.4)
M
Note also that
|[ta]| oo (ary — +00, (3.5)
what can be seen from

1= ||Ua||qu*(M) < ||Ua||qL;gM)||ua||%q(M)-

We let z,, € M and py > 0 be such that

n—gq

Ua(Ta) = |[tallpo ) = fla © (3.6)

and p, converges to 0 as a — By(p,n, g).
Let g > 0 be a number less than the injectivity radius of (M, g). For
B > 0 fixed, consider the function B, 3 : M — R given by

n

By (@) = 87 (14 (8B)71dy(,20)77) ",
where 3 = (n(n — 2)) "' K(n,q)"%.

The blow-up analysis on the sequence (uq) is made in order to estab-

lish the following estimates:

Estimate 1. For each 6y/2 < 0o < 0y, we have

/ <|Vg(ua — wau;lﬂq + |uq — B$Q7M;1)|Q*> dvg — 0
B(Sa(l’a)

as @ — By(p,n,g).
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Proof. Consider the following rescaling of (u,) defined on the geodesic ball
B, (ra):

n
a*

VoY) = pa Ua(erpe, (oY), Y € Qa,
where

Qo = pgtexp,! (Bs, (2a)) = pg ' Bs, (0)

and exp,, (fay) is an exponential map.

Clearly, v,, satisfies

— Ay Vo F 0B =208 7 in Q,, (3.7)
where
9a(y) = g(expz, (Hay))
and

_p(n—q)

Na = Qo * ||Ua||Lp (M)

with a constant C' > 0 independent of a. Remark that the sequence of
metrics (g,) converges to the Euclidean metric £ on compact subsets of R”
in the C''-topology. We claim that (n,) converges to 0 as a — By(p, n, g).
In fact, from the definition of yu, in (3.6), one gets

el oo

Na =

Loo(M ||Ua||Lp(M)
and
1= [l doy < ol o oo

so that
Na < aHuquLp(M) —0

as o — By(p,m, g).

A simple change of variable furnishes

/ vl dvg, :/ ul dug
Qa Ba
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and
/ IV gaval? dug, :/ [Vgual? dug,
Qa Ba
Consequently,
lim Sup/ vl dv,, <1 (3.8)
Oz*)Bo QQ
and
limsup/ IV goval? dvg, < K(n,q)" 7. (3.9)
a— By Qo

Since 0 < vy < 11in Q4 and (go) converges to the Euclidean metric &;;
in CL_(R™), it follows from standard elliptic estimates that (v,) converges,
(R™). Note that v(0) = 1

modulo a subsequence, to a function v in C’lloC

since v4(0) = 1. Moreover, by (3.4), v satisfies
— Ay =K(n,q) %’ ' in R". (3.10)

Besides, by (3.9), for any R > 0,

/ |7 dy = lim [val? dug, <1. (3.11)
BR a— By BR
and
/ |Voul? dz = lim / |V goval? dvg, < K(n,q) 1, (3.12)
Bgr a— By Br

so that v € DY(R™). Multiplying (3.10) by v, integrating by parts and
using the definition of K (n,q), we have

a4
3

K(n, q)_q/ v? dx —/ Vol de > K(n,q)™? (/ lv|? d:r) o
n n ]RTL

Thus, [|v|[fe*@ny = 1 and, by (3.11), we get [[v][z¢@n) = 1 and
IVV||pa@ny = K(n,q)"9. Therefore, necessarily v = ug, where ug was
defined in the introduction.

Independently, for any a,b € R and s > 1, one has

lla -+ bf* = lal* = [b*] < C(s) (Jal* o] + |al pl*~").
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So, choosing s = ¢*, a = v, — v and b = v in the inequality above, we

obtain

[ 1oa ot du,
Qq
< / vl dug,, — / [W]7" dug, +
Qa Qg
e (/ (o — 0|7 1] do, + / v — ][] 1 d>
« Qa

<o(1)+C (/ v — 0|7 o] dug, + / Ivavuvw*—ldvga)’
Qo Qq

since [|v|| g (gny = 1 and (3.11) clearly implies that both [[va||fq+(q,) and
0] Lo (2, converge to 1 as a — Bo(p,n, g).

The remaining right-hand side is easily seen to tend to 0 as o —
Bo(p,mn, 9):

/ [va — 0|7 o] doy,

[e3

— / |va — v]q*_l\v| dvg,, +/ |V, — v]q*_l\v| dvg,
BR QQ\BR

= / v — 0|7 o] dug, +
Br
n(g—1)+q 1

nq q
" ( [ el d) ( [l d)
Qo \Br Qo \Br

1
=

q
o e e el
Br R”\Bgr

By taking R > 0 large, the last integral can be made arbitrarily small,

so that the C -convergence of (v,) lead to

Ua—v*_vv — 0.
[ oa =l ol duy, >0

Qo

Similarly, one easily checks that

/ Ve — 0|07t dvg, — 0.

@
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Therefore,

/ [V — 0|7 dvg, — 0 as a— By(p,n,g) .

@

In order to establish the strong convergence of the gradients, note first
that

/Q <vga (Ua - U)’ vgav>% d'Uga

< [V tva = o)EV 0t doy, +

Br

4 ( / V4o (v — )] d)
QQ\BR

S / |vga(va - v)’%‘vgaU’% dUga + C (/ ‘VU’q dx)
Br Qo \Br

which implies

NI
NI

(/ |vga7)|q dvga>
Qa\Br

1
2

/ (Vgo (va — ), Vgav>% dvg, — 0. (3.13)
Qa
From simple computations, we have

/ ‘vga (’Ua - ’U)’2 dvga = / ’vgava’2 dvga - / ‘vgaUP dvga

Qa Qa QDé

—2/ (Vgo (Ve — ), Vg, v) dug, (3.14)
Qa

Then, combining (3.12), (3.14) and (A 4+ B)F < 2k=1(AF + B¥), for
A,B€RT, k>1 we have

| 1900 = 0l day,

o

<2 [ Vot + [ (Fpuf0 = 0), V), ) 50
Qo

[e3

from (3.13). Estimate 1 follows after a change of variable. O
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As a consequence of Estimate 1, (uq)o possesses only one concentra-

tion point. Indeed, this follows directly from the next estimate.

Estimate 2. For any § > 0 small enough, we have

/ (]Vgua]q + uf) dvg — 0 as o — Boy(p,n,g).
M\Bs(za)

Proof. Let 0 < 6 < §y. Given € > 0, by Estimate 1 and a change of
variable, there exists a constant a; > 0 such that, for any o > aq,
/ [ta | dvgz/ ol de—==1— -
B(g(iﬂa) Rn 4 4
and
€

/ ‘Vgua’q dUg >/ ‘VU’q d.%'—i :K(n’q)_Q_i‘
Bs(za) Rn 4 4

Using that ||uqa|[ e (ar) = 1 and (3.4), we find a constant ag > vy such
that, for all @ > ay,

/ (\Vgua]q +ul dvg> <e.
M\Bé(xa)

Estimate 3. For any § > 0 small enough,

||ua||L°°(M\B5(:va)) —0 as a— Bo(p,n,g).

Proof. By Estimate 2, we have, for any ball B,(xz) C M \ Bs(za),

T —q

*— _ qa —q
Hug qH q* 9 = HuCVHLq*(Bp(x L9* (M\Bs(za)) —0

q”—q px

) < HucxH

So, by De Giorgi-Nash-Moser iterative scheme, we derive

uallLoo (B, 5(2)) < Clltallr(s, @) < Clluallzi

for some constant C' > 0 independent of a.. So, the conclusion follows from
the L'-convergence and the fact that u = 0 on M. O
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Let zp € M be the limit, up to a subsequence, of the sequence ().

Estimate 4. For any § > 0 small enough, we have

fM\Bg (z0,6) U, dug

Jar v dvg

if either p € (¢,q*) andn>4 orp=2andn>5.

— 0 as a — By(p,n,g),

Proof. We recall that
— Agtia + oK (n,q) " ual| Lyl = Aavd T (315)
Since By(p,n,g) > 0, we have

»
-1
*Aqua < )\aug ,

so that Estimate 2 and the De Giorgi-Nash-Moser scheme provide a con-
stant C7 > 0, independent of «, such that

|[wall oo (a\ By (20,6)) < CrlltallLe(ary -

Thus, from (3.15)

ub dvg, < ||ual|pe . /uﬂ_ldv
/M\Bg(x075) 9 H HL (M\Bg(z0,5)) . 9

< Cilluallpsonluallfzyy [ o~ vy,
so that
D *_1
Joy vt dug = Huquil

Lp(M)

If p > ¢* — 1, applying Holder’s inequality in (3.16), we derive

fM\Bg(xo,é) ue dv
fM u, dvg

g *_
< Collual [§ ) — 0-
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Otherwise, if p < ¢* — 1, using an interpolated Holder’s inequality, we
get

Jan\B, (z0.5) U dvg c Jyud ™ du,

I uf, dvg

[uallLe )

lual I Thial G ag
Uallrp (M) Yol | fq* (M)

1

[uallLear)

0(qg*—1
o uallfy

)

|[uallLe(ar)

where

1 06 1-90

=4
-1 p ¢

Note that the condition 6(¢* — 1) > 1 is equivalent to p > 7t On the
other hand, ¢ > -2 for all n > 4 and equality holds only When n = 4.

This ends the proof of Estimate 4. O

4 Proof of Theorem 1.2

In this section, we end the proof of the existence of extremal functions
o (1.2) by deriving a contradiction to the fact that the sequence (uq)
converges weakly to 0.

Due to the Estimate 4, we now easily arrive in a contradiction. In the
sequel, some possibly different positive constants independent of « and §
will be denoted by ¢. Let 0 < § < dg be a fixed number and consider a
smooth cutoff function n such that 0 <7 <1, n = 1 in By(xo,d/2) and
n=0in M \ By(xo,0). Taking ¢, = nuq as a test function in the sharp
inequality (1.2), using the identity

/M Vg (1) dvg = — /M 10 At dvg + /M Vgl dog,

and the equation (2.2), one arrives at

. q/q* i
( [ e dvg> — [ el
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< Bolamo) [ o
M
+ [ 19l doy — ko) ol [ gt dv,

gc/ ugdvg—i—c(;/ ud dvg +
Bg(:Do,(S) M\Bg(xo,é)

kK (m,q) " fual [ / o2, du,.
By(x0,6/2)

On the other hand, by Holder’s inequality,

. . a/q" . (a*—a)/q
[ atuale oy < ([ ol o) ([l v,
M M M
. q/q"
< (/ Inua|? dvg)
M

a/p
/ ud dvg < s P=a)/a / ub dvg
By (x0,9) By(z0,0)

q/p
/ ul dvg < c / ub dvg )
M\Bg(z0,0) M\Bg(z0,0)
so that

a/p a/p
0 < co™P=d)/a / ub dug +¢s / ub dvg +
Bg(mo,(;) M\Bg($0,5)

K (n,q) | ual4 7 / o2, dv,.
By(x0,0/2

*

and

Dividing both sides of this inequality by ||ua||3, letting o« — Bo(p,n, g)

and applying Estimate 4, we clearly achieved the desired contradiction.
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