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Abstract. The goal of this work is to obtain the exact-approximate
controllability for the thermoelastic Bresse system, posed on a
bounded interval (0, L), with controls acting in (l1, l2) with (l1, l2) ⊂
(0, L). The controls are obtained by minimizing a functional J asso-
ciated to the thermoelastic Bresse system as in [1, 4]. The so called
observability inequality is an important property to obtain the con-
trollability of the system. In order to obtain such a inequality we
proceed as in [1], [4] and [11]. The main result is obtained as in [1]
and [4].
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1 Introduction

In this work, we will obtain the exact-approximate controllability for
the following thermoelastic Bresse system, posed on a bounded interval
(0, L):

e-mail:jaspalomino@uem.br

31

http://doi.org/10.21711/231766362023/rmc564
https://orcid.org/0000-0002-2319-7892
https://orcid.org/0000-0001-8178-9071


32 J. de Andrade and J. A. Soriano



ρ1φtt − k(φx + ψ + lw)x − k0l(wx − lφ) = f1χ(l1,l2),

in (0, L)× (0, T )

ρ2ψtt − bψxx + k(φx + ψ + lw) + γθx = f2χ(l1,l2),

in (0, L)× (0, T )

ρ1wtt − k0(wx − lφ)x + kl(φx + ψ + lw) = f3χ(l1,l2),

in (0, L)× (0, T )

θt − k1θxx +mψxt = 0, in (0, L)× (0, T )

φ(0, t) = φ(L, t) = ψ(0, t) = ψ(L, t) = w(0, t) = w(L, t)

= θ(0, t) = θ(L, t) = 0, t ∈ (0, T )

φ(., 0) = φ0, φt(., 0) = φ1, in (0, L)

ψ(., 0) = ψ0, ψt(., 0) = ψ1, in (0, L)

w(., 0) = w0, wt(., 0) = w1, in (0, L)

θ(., 0) = θ0, in (0, L),

(1.1)

where ρ1, ρ2, k, b, k0, l, γ, k1,m are positive constants, and ρ1, ρ2, k, b, k0 are
related to the composition of the material, w,φ and ψ denote the longitu-
dinal, vertical, and shear angle displacements, respectively (see [11]). The
non homogeneous terms f1, f2 and f3 will play the role of control inputs.

The exact approximate control problem, consists in finding a Hilbert
space H, (H = H1

0 (0, L) × L2(0, L) × H1
0 (0, L) × L2(0, L) × H1

0 (0, L) ×
L2(0, L)× L2(0, L)) such that for each initial and final data
(φ0, φ1, ψ0, ψ1, w0, w1, θ0), (Φ0,Φ1,Ψ0,Ψ1,W0,W1, η0) ∈ H and ε > 0,

one can find controls f1, f2, f3, such that, the solution of (1.1) satisfies

φ(T ) = Φ0, φt(T ) = Φ1,

ψ(T ) = Ψ0, ψt(T ) = Ψ1,

w(T ) =W0, wt(T ) =W1,

|θ(T )− η0|L2(0,L) ≤ ε.

(1.2)

To obtain such result, we proceed as in [1], [4] and [11]. More precisely,
the proof the of exact-approximate controllability consists in finding an
observability inequality, given in Proposition 2.7, in order to minimize the
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functional J associated with the thermoelastic Bresse system, as it was
done in [1] and [4].

We will organize the paper as follows: in Section 2 we will present some
important results obtained in [1, 7, 8, 9, 10, 12], in Section 2.1 we will show
uniqueness results [1, 3, 6] and in Section 2.2 we will prove the observability
inequality and the internal controllability result [1, 4, 5, 6, 11].

2 Main results

Considering the thermoelastic Bresse system (1.1), the transposed prob-
lem is

ρ1utt − k(ux + v + lz)x − k0l[zx − lu] = 0, in (0, L)× (0, T )

ρ2vtt − bvxx + k(ux + v + lz) +mpxt = 0, in (0, L)× (0, T )

ρ1ztt − k0[zx − lu]x + kl(ux + v + lz) = 0, in (0, L)× (0, T )

−pt − k1pxx − γvx = 0, in (0, L)× (0, T )

u(0, t) = u(L, t) = v(0, t) = v(L, t) = z(0, t) = z(L, t)

= p(0, t) = p(L, t) = 0, t ∈ (0, T )

u(., T ) = u0, ut(., T ) = u1, in (0, L)

v(., T ) = v0, vt(., T ) = v1, in (0, L)

z(., T ) = z0, zt(., T ) = z1, in (0, L)

p(., T ) = p0, in (0, L),

(2.1)
with (u0, u1, v0, v1, z0, z1, p0) ∈ L2(0, L)×H−1(0, L)×L2(0, L)×H−1(0, L)×
L2(0, L)×H−1(0, L)× L2(0, L). Making the change of variables

U(x, t) = −
∫ T

t
u(x, s)ds+ χ1(x),

V (x, t) = −
∫ T

t
v(x, s)ds+ χ2(x),

Z(x, t) = −
∫ T

t
z(x, s)ds+ χ3(x),
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with χ1, χ2 and χ3 solution of


−k(χ1x + χ2 + lχ3)x + k0l(χ3x − lχ1) = −ρ1u1,
−bχ2xx + k(χ1x + χ2 + lχ3) = −ρ2v1 −mp0x,

−k0(χ3x − lχ1)x + kl(χ1x + χ2 + lχ3) = 0,

χ1(0) = χ1(L) = χ2(0) = χ2(L) = χ3(0) = χ3(L) = 0,

(2.2)

it follows that U, V and Z satisfy



ρ1Utt − k(Ux + V + lZ)x − k0l[Zx − lU ] = 0, in (0, L)× (0, T )

ρ2Vtt − bVxx + k(Ux + V + lZ) +mpx = 0, in (0, L)× (0, T )

ρ1Ztt − k0[Zx − lU ]x + kl(Ux + V + lZ) = 0, in (0, L)× (0, T )

−pt − k1pxx − γVxt = 0, in (0, L)× (0, T )

U(., T ) = χ1, Ut(., T ) = u0, in (0, L)

V (., T ) = χ2, Vt(., T ) = v0, in (0, L)

Z(., T ) = χ3, Zt(., T ) = z0, in (0, L)

p(., T ) = p0, in (0, L).

(2.3)
System (2.2) has a unique solution in (H1

0 (0, L))
3 and

∥(χ1, χ2, χ3)∥(H1
0 (0,L))

3 ≈ ∥(ρ1u, ρ2v1 +mp0x, ρ1z1)∥(H−1(0,L))3 .

The well-posedness for the previous systems were obtained in [1] and [4].

Theorem 2.1. Let P be the orthogonal projection from L2(0, L) into F =

{Ψx ∈ H1
0 (0, L)} and let us denote by {S0(t)}t≥0 the strongly continuous
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semigroup in H, associated to the following decoupled system

ρ1φ̃tt − k(φ̃x + ψ̃ + lw̃)x − k0l[w̃x − lφ̃] = 0, in (0, L)× (0, T )

ρ2ψ̃tt − bψ̃xx + k(φ̃x + ψ̃ + lw̃) + mγ
k1
Pψ̃t = 0, in (0, L)× (0, T )

ρ1w̃tt − k0[w̃x − lφ̃]x + kl(φ̃x + ψ̃ + lw̃) = 0, in (0, L)× (0, T )

θ̃t − k1θ̃xx +mψ̃xt = 0, in (0, L)× (0, T )

φ̃(0, t) = φ̃(L, t) = ψ̃(0, t) = ψ̃(L, t) = w̃(0, t) = w̃(L, t)

= θ̃(0, t) = θ̃(L, t) = 0, t ∈ (0, T )

φ̃(., 0) = φ0, φ̃t(., 0) = φ1, in (0, L)

ψ̃(., 0) = ψ0, ψ̃t(., 0) = ψ1, in (0, L)

w̃(., 0) = w0, w̃t(., 0) = w1, in (0, L)

θ̃(., 0) = θ0, in (0, L).

(2.4)
Then, S(t) − S0(t) : H → C([0, T ];H) is continuous and compact, where

Pψ̃t = ψ̃t −
1

L

∫ L

0
ψ̃tdx.

Proof. See [4] pages 109-117.

Theorem 2.1 will be used to obtain the controllability of the system
(1.1).

2.1 Uniqueness Results

In this section, we will present some important results to obtain the
controllability of the thermoelastic Bresse system.

Lemma 2.2. Suppose that the solution (φ,ψ,w, θ) of the homogeneous
problem (1.1) satisfies (φ,ψ,w, θ) = (c1, c2, c3, c4) in (l1, l2)×(0, T ), where
c1, c2, c3, c4 are constant, then (φ,ψ,w, θ) = (c1, c2, c3, c4) in (0, L)×(0, T ).

Proof. Without loss of generality, we may assume that c1 = c2 = c3 =

c4 = 0. For α ∈ Z2, α = (α1, α2) with |α| = m, we denote
∂m

∂xα1
1 ∂xα2

2

.

In Schwartz notation, the general form of a m order linear system of N
differential equation in N unknowns takes the simple form∑

|α|≤m

Aα(x)∂
αu = B(x),
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where u and B are column vectors with N components and Aα are N ×N
square matrices.

Let X = [φ,ψ,w, θ] be a column vector. The main part of the homoge-
neous system (1.1) is given by A(2,0)∂

(2,0)X+A(1,1)∂
(1,1)X+A(0,2)∂

(0,2)X

with

A(0,2) =


ρ1 0 0 0

0 ρ2 0 0

0 0 ρ1 0

0 0 0 0

 , A(1,1) =


0 0 0 0

0 0 0 0

0 0 0 0

0 m 0 0


and

A(2,0) =


−k 0 0 0

0 −b 0 0

0 0 −k0 0

0 0 0 −k1

 .

Therefore its characteristic matrix is

Λ((ξ, η, τ)) =


ρ1ξ

2 − kτ2 0 0 0

0 ρ2ξ
2 − bτ2 0 0

0 0 ρ1ξ
2 − k0τ

2 0

0 ηm 0 −k1τ2


and the principal form of the operator is given by

Q(ξ, η, τ) = det(Λ((ξ, η, τ)))

= (ρ1ξ
2 − kτ2)(ρ2ξ

2 − bτ2)(ρ1ξ
2 − k0τ

2)(−k1τ2).

The line Π = {(x, t) ∈ R × R : τr + ξt = C} is characteristic with
respect to homogeneous system (1.1) if and only if

τ2 = 0

ρ1ξ
2 − kτ2 = 0, τ = ±

√
ρ1
k ξ

ρ2ξ
2 − bτ2 = 0, τ = ±

√
ρ2
b ξ

ρ1ξ
2 − k0τ

2 = 0, τ = ±
√

ρ1
k0
ξ.



Internal exact-approximate controllability 37

In consequence, the characteristic lines of the system are

t = C,

t±
√

k
ρ1
r = C,

t±
√

b
ρ2
r = C,

t±
√

k0
ρ1
r = C.

(2.5)

By Holmgren’s uniqueness theorem (see [3]) (φ,ψ,w, θ) = (0, 0, 0, 0) in
(0, L)× (0, T ).

Corollary 2.3. Suppose that (φ,ψ,w) = (0, 0, 0) in (l1, l2)× (0, T ). Then,
there exists some C ∈ R such that (φ,ψ,w, θ) = (0, 0, 0, C) in (0, L) ×
(0, T ).

Proof. In fact, if (φ,ψ,w) = (0, 0, 0) in (l1, l2)× (0, T ), from the homoge-
neous system (1.1)2, θx = 0 in (l1, l2)× (0, T ) and θt = 0 in (l1, l2)× (0, T ).

Then we have that θ = C in (l1, l2) × (0, T ), where C is a constant
that does not depend on x neither t. From Lemma 2.2 we deduce that
(φ,ψ,w, θ) = (0, 0, 0, C) in (0, L)× (0, T ).

Proposition 2.4. Suppose that T > 2αR. If the solution of the ho-
mogeneous system (1.1), (φ,ψ,w, θ), is such that (φ,ψ,w) = (0, 0, 0)

in (l1, l2) × (0, T ), then (φ,ψ,w, θ) = (0, 0, 0, 0) in (0, L) × (0, T ). Here
R := max{l1, L− l2} and α := max{1, ρ1

k
,
ρ2
b
,
ρ1
k0

}.

Proof. In fact, from Corollary 2.3 we have that (φ,ψ,w, θ) = (0, 0, 0, C)

in (0, L) × (0, T ) and since θ(0, .) = θ(L, .) = 0 in (0, T ), then C = 0.

Therefore, (φ,ψ,w, θ) = (0, 0, 0, 0) in (0, L)× (0, T ).

Proposition 2.5. Suppose that T > 2αR. If (u, v, z, p) is a solution
of problem (2.1) such that (u, v, z) = (0, 0, 0) in (l1, l2) × (0, T ), then
(u, v, z, p) = (0, 0, 0, 0) in (0, L)× (0, T ).

Proof. Making a time reversal in (2.1), u(x, t) = ũ(x, T − t), v(x, t) =

ṽ(x, T − t), z(x, t) = z̃(x, T − t), p(x, t) = p̃(x, T − t), differentiating (2.1)4
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with respect to t and letting p̃t = η̃ we deduce that
ρ1ũtt − k(ũx + ṽ + lz̃)x − k0l[z̃x − lũ] = 0, in (0, L)× (0, T )

ρ2ṽtt − bṽxx + k(ũx + ṽ + lz̃) +mη̃x = 0, in (0, L)× (0, T )

ρ1z̃tt − k0[z̃x − lũ]x + kl(ũx + ṽ + lz̃) = 0, in (0, L)× (0, T )

ηt − k1ηxx + γvxt = 0, in (0, L)× (0, T ).

(2.6)
As (u, v, z) = (0, 0, 0) in (l1, l2)× (0, T ), then by the definition of (ũ, ṽ, z̃)
we have that (ũ, ṽ, z̃) = (0, 0, 0) in (l1, l2)× (0, T ) and, by Proposition 2.4,
we deduce that (ũ, ṽ, z̃, η̃ = p̃t) = (0, 0, 0, 0) in (0, L) × (0, T ). Therefore,
p̃ = p̃(x) and by (2.1) we have pxx = 0 in (0, L)× (0, T ). So, p = Cx and
by the fact p(0, .) = p(L, .) = 0 in (0, T ) we have C = 0, and therefore
p = 0 in (0, L)× (0, T ).

2.2 Observability inequality and internal control

Consider the problem

ρ1φtt − k(φx + ψ + lw)x − k0l[wx − lφ] = 0, in (0, L)× (0, T )

ρ2ψtt − bψxx + k(φx + ψ + lw) + mγ
k1
Pψt = 0, in (0, L)× (0, T )

ρ1wtt − k0[wx − lφ]x + kl(φx + ψ + lw) = 0, in (0, L)× (0, T )

φ(0, t) = φ(L, t) = ψ(0, t) = ϕ(L, t) = w(0, t) = w(L, t) = 0,

t ∈ (0, T )

φ(., 0) = φ0, φt(., 0) = φ1, in (0, L)

ψ(., 0) = ψ0, ψt(., 0) = ψ1, in (0, L)

w(., 0) = w0, wt(., 0) = w1, in (0, L),

(2.7)

with Pψt = ψt −
1

L

∫ L

0
ψtdx.

Theorem 2.6 (Observability inequality). For T > 2αR, there exists a
positive constant, C > 0, such that the weak solution of (2.7) satisfies

∥{φ0, ψ0, ω0}∥2[H1
0 (0,L)]

3 + ∥{φ1, ψ1, ω1}∥2[L2(0,L)]3

≤ C

∫ T

0

∫ l2

l1

(φ2
t + ψ2

t + ω2
t )dxdt.

(2.8)
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Proof. See [4], pages 121-137, or [11].

Proposition 2.7. For T > 2αR and for every bounded set B ⊂ L2(0, L)

there exists δ = δ(B) > 0 such that,

δ ≤
∫ T

0

∫ l2

l1

(|u|2 + |v|2 + |z|2) dxdt (2.9)

for any solution of (2.1) with initial data satisfying
∥((ρ1u1, ρ2v1 +mp0x, ρ1z1), (u0, v0, z0))∥(H−1(0,L))3×(L2(0,L))3 ≥ 1,

and p0 ∈ B.

The previous proposition is equivalent to

Proposition 2.8. For T > 2αR and for every bounded set B of L2(0, L)

there exists δ = δ(B) > 0 such that,

δ ≤
∫ T

0

∫ l2

l1

(|Ut|2 + |Vt|2 + |Zt|2) dx dt (2.10)

for {U, V, Z, p} solution of (2.3) with initial data satisfying

∥{χ1, χ2, χ3}, {u0, v0, z0}∥H1
0 (0,L)

3×L2(0,L)3 ≥ 1, p0 ∈ B. (2.11)

In the proof of this proposition, we will use the decoupled system as-
sociated with system (2.3)



ρ1Ũtt − k(Ũx + Ṽ + lZ̃)x − k0l[Z̃x − lŨ ] = 0, in (0, L)× (0, T )

ρ2Ṽtt − bṼxx + k(Ũx + Ṽ + lZ̃)− mγ
k1
PṼt = 0, in (0, L)× (0, T )

ρ1Z̃tt − k0[Z̃x − lŨ ]x + kl(Ũx + Ṽ + lZ̃) = 0, in (0, L)× (0, T )

−p̃t − k1p̃xx − γṽxt = 0, in (0, L)× (0, T )

Ũ(0, t) = Ũ(L, t) = Ṽ (0, t) = Ṽ (L, t) = Z̃(0, t) = Z̃(L, t)

= p̃(0, t) = p̃(L, t) = 0, t ∈ (0, T )

Ũ(., T ) = χ1, Ũt(., T ) = u0, in (0, L)

Ṽ (., T ) = χ2, Ṽt(., T ) = v0, in (0, L)

Z̃(., T ) = χ3, Z̃t(., T ) = z0, in (0, L)

p̃(., T ) = p0, in (0, L).

(2.12)
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Proof. Making a change in the time variable in (2.12) we obtain a system
equivalent to (2.6) in the first three equations, and by (2.6) we obtain

∥{χ1, χ2, χ3}∥H−1(0,L)3 + ∥{u0, v0, z0}∥L2(0,L)3

≤
∫ T

0

∫ l2

l1

(|Ũt|2 + |Ṽt|2 + |Z̃t|2) dxdt.
(2.13)

Decomposing (U, V, Z, p) = (Ũ , Ṽ , Z̃, p̃) + (φ,ψ,w, θ), we have

ρ1φtt − k(φx + ψ + lw)x − k0l[wx − lφ] = 0, in (0, L)× (0, T )

ρ2ψtt − bψxx + k(φx + ψ + lw) = −mγ
k1
PṼt −mpx, in (0, L)× (0, T )

ρ1wtt − k0[wx − lφ]x + kl(φx + ψ + lw) =, in (0, L)× (0, T )

θt − k1θxx +mψxt = 0, in (0, L)× (0, T )

φ(0, t) = φ(L, t) = ψ(0, t) = ψ(L, t) = w(0, t) = w(L, t)

= θ(0, t) = θ(L, t) = 0, t ∈ (0, T )

φ(., T ) = φ0, φt(., T ) = φ1, in (0, L)

ψ(., T ) = ψ0, ψt(., T ) = ψ1, in (0, L)

w(., T ) = w0, wt(., T ) = w1, in (0, L)

θ(., T ) = θ0, in (0, L),

(2.14)
and from (2.13),

∥{χ1, χ2, χ3}∥(H−1(0,L))3 + ∥{u0, v0, z0}∥(L2(0,L))3

≤ C

∫ T

0

∫ l2

l1

(|Ut|2 + |Vt|2 + |Zt|2) dx dt

+

∫ T

0

∫ l2

l1

(|φt|2 + |ψt|2 + |wt|2) dx dt.

(2.15)

Suppose that (2.10) is false. Then there exists a bounded set B ⊂
L2(0, L) and a sequence of initial data (χj

1, χ
j
2, χ

j
3, u

j
0, v

j
0, z

j
0, p

j
0), with pj0 ∈

B, satisfying (2.11) and such that∫ T

0

∫ l2

l1

(|U j
t |2 + |V j

t |2 + |Zj
t |2) dx dt→ 0, j → ∞. (2.16)

From (2.15) and (2.16) and since
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∥{χ1, χ2, χ3}, {u0, v0, z0}∥H1
0 (0,L)

3×L2(0,L)3 ≥ 1, we deduce that

lim inf
j→∞

[

∫ T

0

∫ l2

l1

(|φt|2 + |ψt|2 + |wt|2) dx dt] > 0. (2.17)

We introduce the normalized data

(χ̂j
1, χ̂

j
2, χ̂

j
3, u

j
0, v

j
0, z

j
0, p

j
0) =

(χ̂j
1, χ̂

j
2, χ̂

j
3, u

j
0, v

j
0, z

j
0, p

j
0)

∥φj
t , ψ

j
t , w

j
t∥L2(l1,l2;(0,T ))

(2.18)

and (Û j , V̂ j , Ẑj , p̂j), (φ̂
j , ψ̂j , ŵj , θ̂j), solutions of (2.3) and (2.14) respec-

tively. Then,∫ T

0

∫ l2

l1

|φ̂j |+ |ψ̂j |+ |ŵj | dx dt = 1, ∀j ≥ 1, and∫ T

0

∫ l2

l1

|Û j |+ |V̂ j |+ |Ẑj | dx dt→ 0.

(2.19)

From (2.15) we deduce that

∥{χ̂j
1, χ̂

j
2, χ̂

j
3}∥H−1(0,L) + ∥{ûj0, v̂

j
0, ẑ

j
0}∥L2(0,L) ≤ C.

On the other hand, by (2.17) and taking into account that pj0 ∈ B we
know that p̂j0 remains in a bounded set B̂ ⊂ L2(0, L). By extracting a
subsequence we deduce that

((χ̂j
1, χ̂

j
2, χ̂

j
3), (û

j
0, v̂

j
0, ẑ

j
0))⇀ ((χ̂1, χ̂2, χ̂3), (û0, v̂0, ẑ0))

in H1
0 (0, L)

3 × L2(0, L)3,

p̂j0 → p̂0 in L2(0, L),

(2.20)

and

(φ̂j
t , ψ̂

j
t , ŵ

j
t )⇀ (φ̂t, ψ̂t, ŵt) in L2((0, L)× (0, T ))3, (2.21)

(Û j
t , V̂

j
t , Ẑ

j
t )⇀ (Ût, V̂t, Ẑt) in L2((0, L)× (0, T ))3, (2.22)

where (û, v̂, ẑ, p̂), (Û , V̂ , Ẑ, p̂), (φ̂, ψ̂, ŵ, θ̂) are solution of (2.1), (2.3) and
(2.14) respectively (Ût = û, V̂t = v̂, Ẑt = ẑ).
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On the other hand (Theorem 2.1) (φ̂j
t , ψ̂

j
t , ŵ

j
t ) is compact in

C([0, T ];L2(0, L))3 and therefore

(φ̂j
t , ψ̂

j
t , ŵ

j
t ) → (φ̂t, ψ̂t, ŵt) in L2((0, L)× (0, T ))3. (2.23)

From (2.19) and (2.22) we deduce that

Ût = û in (l1, l2)× (0, T )

V̂t = v̂ in (l1, l2)× (0, T )

Ẑt = ẑ in (l1, l2)× (0, T ),

(2.24)

and from (2.24) and Proposition 2.5 we have

û0 ≡ 0, v̂0 ≡ 0, ẑ0 ≡ 0, p̂0 ≡ 0, û1 ≡ 0, v̂1 ≡ 0, ẑ1 ≡ 0, (2.25)

which implies that
(φ̂, ψ̂, ŵ) = (0, 0, 0). (2.26)

From (2.19) and (2.23) we have

∥(φ̂t, ψ̂t, ŵt)∥ = 1, (2.27)

which contradicts (2.25) and (2.26).

Given (Φ0,Φ1,Ψ0,Ψ1,W0,W1, η0) ∈ H = H1
0 (0, L)×L2(0, L)×H1

0 (0, L)×
L2(0, L)×H1

0 (0, L)×L2(0, L)×L2(0, L) and H̃ = L2(0, L)×H−1(0, L)×
L2(0, L) ×H−1(0, L) × L2(0, L) ×H−1(0, L) × L2(0, L) we introduce the
functional J : H̃ → R defined as follows:

J(u0, u1, v0, v1, z0, z1, p0) =
1

2

∫ T

0

∫ l2

l1

(|u|2 + |v|2 + |z|2) dx dt

−ρ1
∫ L

0
Φ1u0dx− ρ2

∫ L

0
Ψ1v0dx− ρ1

∫ L

0
W1z0dx+ ρ1⟨Φ0, u1⟩

+ρ2⟨Ψ0, v1⟩+ ρ1⟨W0, z1⟩ −
∫ L

0
(η0 +mΨx)p0 dx+ ε∥p0∥L2(0,L),

(2.28)
where ⟨, ⟩ denotes the duality product between H1

0 (0, L) and H−1(0, L)

and (u, v, z, p) the solution of (2.1).
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Lemma 2.9. Suppose that T > 2αR, then

lim inf
∥(u0,ρ1u1,v0,ρ2v1+mp0x,z0,ρ1z1,p0)∥H̃→∞
J(u0, u1, v0, v1, z0, z1, p0)

∥(u0, ρ1u1, v0, ρ2v1 +mp0x, z0, ρ1z1, p0)∥H̃
≥ ε.

(2.29)

Proof. Consider a sequence of initial data (uj0, u
j
1, v

j
0, v

j
1, z

j
0, z

j
1, p

j
0) in H̃

such that

Nj = ∥(uj0, ρ1u
j
1, v

j
0, ρ2v

j
1 +mpj0x, z

j
0, ρ1z

j
1, p

j
0)∥H̃ → ∞, j → ∞.

We introduce the normalized sequence of initial data

(ûj0, û
j
1, v̂

j
0, v̂

j
1, ẑ

j
0, ẑ

j
1, p̂

j
0) =

(uj0, u
j
1, v

j
0, v

j
1, z

j
0, z

j
1, p

j
0)

Nj

and the corresponding solutions of (2.1), (ûj , v̂j , ẑj , p̂j) =
(uj , vj , zj , pj)

Nj
.

We have

J(u0, u1, v0, v1, z0, z1, p0)

Nj
=
Nj

2

∫ T

0

∫ l2

l1

(|ûj |2 + |v̂j |2 + |ẑj |2) dx dt

−ρ1
∫ L

0
Φ1û

j
0dx− ρ2

∫ L

0
Ψ1v̂

j
0dx− ρ1

∫ L

0
W1ẑ

j
0dx+ ρ1⟨Φ0, û

j
1⟩+

ρ2⟨Ψ0, v̂
j
1⟩+ ρ1⟨W0, ẑ

j
1⟩ −

∫ L

0
(η0 +mΨx)p̂

j
0 dx+ ε∥p̂j0∥L2(0,L),

(2.30)
and we distinguish the following two cases:

i) lim inf
j→∞

∫ T

0

∫ l2

l1

(|ûj |2 + |v̂j |2 + |ẑj |2) dx dt > 0, (2.31)

or there exists a sequence such that

ii)

∫ T

0

∫ l2

l1

(|ûj |2 + |v̂j |2 + |ẑj |2) dx dt→ 0, j → ∞. (2.32)

In the first case we have lim inf
j→∞

J(u0, u1, v0, v1, z0, z1, p0)

Nj
= ∞.
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In case ii), we have that (ûj0, û
j
1, v̂

j
0, v̂

j
1, ẑ

j
0, ẑ

j
1, p̂

j
0) is bounded in H̃, so

we can extract a subsequence such that

(ûj0, û
j
1, v̂

j
0, v̂

j
1, ẑ

j
0, ẑ

j
1, p̂

j
0)⇀ (û0, û1, v̂0, v̂1, ẑ0, ẑ1, p̂0) in H̃. (2.33)

We denote (û, v̂, ẑ, p̂) the solution from (2.1). From (2.32) we get
û = v̂ = ẑ = 0 in (l1, l2) × (0, T ). By Proposition 2.5 it follows that
(û0, û1, v̂0, v̂1, ẑ0, ẑ1, p̂0) ≡ (0, 0, 0, 0, 0, 0, 0). So,

(ûj0, û
j
1, v̂

j
0, v̂

j
1, ẑ

j
0, ẑ

j
1, p̂

j
0)⇀ (0, 0, 0, 0, 0, 0, 0) in H̃. (2.34)

From (2.34) we deduce that

lim inf
j→∞

J(u0, u1, v0, v1, z0, z1, p0)

Nj

= lim inf
j→∞

(
Nj

2

∫ T

0

∫ l2

l1

(|ûj |2 + |v̂j |2 + |ẑj |2) dx dt+ ∥p̂j0∥L2(0,L)).

(2.35)
If

lim inf
j→∞

∥p̂j0∥L2(0,L) ≥ 1 (2.36)

then (2.29) is immediate. Suppose that lim inf
j→∞

∥p̂j0∥L2(0,L) < 1. So, since

∥(ûj0, ρ1û
j
1, v̂

j
0, ρ2v̂

j
1 +mp̂j0x, ẑ

j
0, ρ1ẑ

j
1, p̂

j
0)∥H̃ = 1, we deduce

lim inf
j→∞

∥(ûj0, ρ1û
j
1, v̂

j
0, ρ2v̂

j
1 +mp̂j0x, ẑ

j
0, ρ1ẑ

j
1∥ > 0. (2.37)

From (2.37) and since p̂j0 bounded in L2(0, L), by (2.7) we have that

lim inf
j→∞

∫ T

0

∫ l2

l1

(|ûj |2 + |v̂j |2 + |ẑj |2) dx dt > 0, (2.38)

which contradicts (2.32).
Thus, we necessarily have (2.36) and so (2.32), that is, the functional

J is coercive.

The functional J is lower semicontinuous, because it is continuous and

also convex (for this, it suffices to observe that
∫ T

0

∫ l2

l1

|u|2+|v|2+|z|2 dx dt
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is strictly convex, because f : R → R defined by f(x) = x2 is strictly
convex and the other terms of J are convex).

The second Gateaux derivative of J is

limλ→∞
J((u0,u1,v0,v1,z0,z1,p0)+λ(U0,U1,V0,V1,Z0,Z1,P0))−J(u0,u1,v0,v1,z0,z1,p0)

λ

=

∫ T

0

∫ l2

l1

(uU + vV + zZ) dx dt

−ρ1
∫ L

0
Φ1U0dx− ρ2

∫ L

0
Ψ1V0dx− ρ1

∫ L

0
W1Z0dx

+ρ1⟨Φ0, U1⟩+ ρ2⟨Ψ0, V1⟩+ ρ1⟨W0, Z1⟩

−
∫ L

0
(η0 +mΨ0x)P0 dx+ ε

∫ L
0 p0P0 dx

(
∫ L
0 |p0|2)

1
2

.

(2.39)
From the coercivity Lemma 2.9, the lower semicontinuity and the fact

that J is strictly convex it has a single minimum (û0, û1, v̂0, v̂1, ẑ0, ẑ1, p̂0)

in H̃. For the minimum of the functional J ,∣∣∣∣ ∫ T

0

∫ l2

l1

(ûU + v̂V + ẑZ) dx dt

−ρ1
∫ L

0
Φ1U0dx− ρ2

∫ L

0
Ψ1V0dx− ρ1

∫ L

0
W1Z0dx

+ρ1⟨Φ0, U1⟩+ ρ2⟨Ψ0, V1⟩+ ρ1⟨W0, Z1⟩

−
∫ L

0
(η0 +mΨ0x)P0 dx

∣∣∣∣ ≤ ∥P0∥L2(0,L),

(2.40)

for all (U0, U1, V0, V1, Z0, Z1, P0) ∈ H̃ and û, v̂, ẑ, p̂ solution of (2.1) with
data (û0, û1, v̂0, v̂1, ẑ0, ẑ1, p̂0) and (U, V, Z, P ) solution of (2.3) with data
(U0, U1, V0, V1, Z0, Z1, P0).

Note that the solution of (1.1) with null initial data and f1 = û, f2 = v̂,

f3 = ẑ satisfies∫ T

0

∫ l2

l1

ûU + v̂V + ẑZ dx dt =

ρ1

∫ L

0
φt(T )U0 dx+ ρ2

∫ L

0
ψt(T )V0 dx+ ρ1

∫ L

0
wt(T )Z0 dx

−ρ1⟨φ(T ), U1⟩ − ρ2⟨ψ(T ), V1⟩ − ρ1⟨w(T ), Z1⟩

+

∫ L

0
(θ(T ) +mψx(T ))P0 dx.

(2.41)
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Then, from (2.40), (2.41) and taking P0 = 0 we obtain

φ(T ) = Φ0, φt(T ) = Φ1,

ψ(T ) = Ψ0, ψt(T ) = Ψ1,

w(T ) =W0, wt(T ) =W1.

(2.42)

From (2.40)− (2.42) we obtain

|
∫ L

0
(θ(T )− η0)P0| ≤ ε∥P0∥L2(0,L)

and this is equivalent to |θ(T )− η0|L2(0,L) ≤ ε.
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