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Abstract. In this paper, we deal with the following class of system

K(z)H,(u,v) in RY,
K(z)Hy(u,v) in RY,

—Av+ V(z)v — [A(?)]v

{Au +V(x)u — [A(?)]u

where N > 3, V and K are bounded continuous nonnegative functions. The
nonlinearity H(u,v) is a p-homogeneous function of class C! with 4 < p < 22*
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where 2* = 2N/(N —2) is critical Sobolev exponent. Using variational techniques
in combination with changing variables, penalization method and Moser iteration

we prove the existence of positive solutions.

Keywords: Elliptic systems, variational methods, vanishing potential, quasilin-

ear Schrodinger equations, bounded states.
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1 Introduction

In this paper, we are concerned with standing wave solutions of time-

dependent quasilinear Schrodinger equations

0 ~

1% = A+ V() — (AP - K<x>|j|H¢<|w|, ) in RY,
0 ~

ior = B¢+ Ve = [AeP)le = K@) - Ho (Wl 1el) i RY,

where V(y) = V(y)+A, ¢ = ¢y and ¢ = ¢y, This class of systems has

been studied recently due to its importance in various areas, for instance,

{Au +V(z)u — [A(w?)]u = K(z)Hy(u,v) in RY,

—Av+V(z)v— [A@W?)|v = K(z)Hy(u,v) in RY, (5)

where N > 3, V and K are bounded continuous nonnegative functions,

and, the primitive of nonlinearity, H : ([0, 00)x[0,00)) — Ris a p—homoge-

neous function of class C! with 4 < p < 22*, where 2* is the critical Sobolev
exponent. Such class of systems arise in various branches of mathemati-
cal physics and are related to the existence of solitary wave solutions for
nonlinear Schrédinger equations and Klein-Gordon equations (for details
see for example [7,22]).

Our study was originated by recent works concerning the study of non-
linear Schréodinger equations by using purely variational approach, see [25].
The semilinear case has also been studied extensively in recent years, see

for example [7,21, 25| and references therein. For quasilinear Schréodinger
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equations we refer the reader to the recent papers [11,23] and their ref-
erences for a discussion on the subject. We found some works involving
system, but the most of them used variational methods to study some
class of Schrodinger equations with coercive potentials or potential with
positive infimum, we indicate for further studies which treat concentra-
tion problems, [9,10,13,19], and for studies with constant potentials [5].
Our work has contributed to study some class of systems of quasilinear
Schrédinger equations with bounded potentials, we prove the existence of
positive solutions for this class of system. In order to apply variational
arguments and to overcome the lack of compactness of the associated en-
ergy functional some authors have assumed that the potential is coercive
and bounded away from zero. Here, in this paper our main purpose is
to extend and complement the results in [3,14] to System (5) with no
coercivity condition and with possible vanishing potential. This class of
problems treated here has several difficulties. First, there is the usual lack
of compactness of the Sobolev embedding, since our domain is a whole
space RV, Second, since we are interested in vanishing and bounded po-
tentials, it is challenging to find an adequate variational framework with
an associated functional energy which critical points correspond to weak
solutions of system quasilinear (S). Although the approach is similar to
that used in the scalar case, for the system case, in addition to the difficulty
in handle the coupled terms, the truncation argument differs completely
from the scalar case.

In the rest of this paper we will assume that V, K : RV — R are

bounded, non negative and continuous functions satisfying:

(Vo)

A 1w, v)[[3 > 0,

= inf
(’U/,’U)EH, ||(u,v)||£:1
where

M {(u,v) e HY(RY) x H'(RY) - /

V(zx) (u2 + 112) dz < +oo}
RN
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is a Hilbert space when endowed with the inner product
((u,0), (#,9)), = /]RN (VuVo + V(x)up + VoV + V(x)vy) de,
V (u,v), (¢, ¢) € H. And its correspondent norm
1(, 0)|[2, = /RN(| Vu 2 +V(@)al+ | Vo 2 +V(2)o?)dz, ¥ (u,0) € H.

We consider £ := L?(RY) x L?(R") equipped with the norm
1(w, )7 = [[ull 22 gy + 10112y (cf. [27]).
Remark 1.1. We can drop the hypothesis (V4), if the potential V' is a

constant.
For the potential V' and the function K, firstly, we assume that
(V1) There exist A >0, p > 0and R > 0, such that

31, € Bp(0) := {z € RV : |2| < R} such that K(z,) > 0 and
2 2
0O<p< K(m)SV(x)g)\g]pr<kp:]fp4, for all |z| > R.
We also impose for K, a similar hypothesis used in [3], namely,

(Va) There exist v > p and R > 0, such that

RWN-2)
sup — sy K (2) < 7.
>R 12|
Let be 2* = 2N/(N — 2) the critical Sobolev exponent. It was firstly
proved in an earlier work of J. Liu et al. [23] that 2(2*) = 4N/(N — 2)
behaves as a critical exponent for the modified Schrédinger equations of
the form

Au+V(z)u —uA(u?) = [uP2u in RY,

in the sense that this equation has no positive solution with [ u?|Vu|? dz <
oo in HY(RY) provided that z - VV(x) > 0 and p > 2(2*) (see also [15,16]
for related problems involving critical growth). In order to state our main
result let us introduce the assumptions on the p—homogeneous function

H that we assume throughout this article:
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(Hp) There exists 0 < ¢y < pP/? such that
| Hy(u,v) | + | Hy(u,v) | < co (WP~ +0P71), Yu, v>0.
(Hy) Hy(0,1) = H,(1,0) = 0.
(Hz) H,(1,0) = H,(0,1) = 0.
(Hs) Hyp(u,v) >0, Vu,v>0.

Throughout this paper a positive solution (u,v) of (S) means that
uw > 0 and v > 0 in RY. We now state the main result concerning the

existence of solutions of system (.5).

Theorem 1.2. Suppose that (Vp), (Ho) — (H3) are satisfied. Then, there
exists v* > 0 such that (S) has a positive weak solution for any potentials
that satisfy (V1) — (Vo) with v < ~*.

Remark 1.3. (a) A typical example of p—homogeneous function H

satisfying our hypotheses is given by
H(u,v) = Q(u,v)?/" with p > [ and Q(u,v) is a [-homogeneous

function satisfying

Q(u,v) = Z au®v®, uv >0,
a;+B8;=l
where i € T (#Z < ), a; > 2, 3; >22,N =3, 4 <] <p<22°
and a; > 0 .

(b)  For some R > 0 let V, K be bounded, non negative and continuous
functions which are constants for all || < R and such that 0 < p <
K@) <V(z) <A<ky:= 1)2%’4 for all |x| > R. It is easy to see that
V, K satisfy assumptions (V) — (V3).

We use variational approach to get a positive solution to the presented
system (S). Initially, we modify the system S by penalization techniques

to obtain another system (AS) with non linearities which satisfies some
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properties. But the Euler-Lagrange functional associated to (AS) system,
I , is not well defined in space H. So, it is necessary to make a change
of variable. In subsection 3, we use change of variable to get a suitable
functional J well defined in an appropriate Hilbert space. To conclude the
proof of our main result, in sixth step, we will show that this critical point
of J will eventually be a solution of the original system with the help of an

uniform L*°—estimate which will be obtained via Moser iteration scheme.

2 Variational Setting

2.1 Penalization method: The auxiliary system

Since here we are interested in the existence of positive solutions of (.5)
in the sense that each coordinate is a positive function, we redefine the non
linearity H(t,s) as H(t,s) =01if ¢t <0 or s < 0. Using the definition of
the weighted Sobolev space H and the Sobolev embedding theorem, the

following embedding are continuous by condition (Vp):
H — H'RY)x HYRY) — LIRY) x LIRY), 2 < ¢< 2", N > 3.

We are looking for solutions of (S) defined in RY. We observe that formally

(S) is the Euler-Lagrange equation associated to the energy functional

I(u,v) = ;/RN (14 21ul) [Val + (L4 20of?) [Vof] da
+ % /RN V(x) (|u|2 + |v!2) dx — - K(x)H(u,v)dz,

but the functional I is not well defined in H'(R™) because of the term
lu|?|Vu|?. Moreover, we have the following difficulties: lack of compactness
because our equation (S) is defined in whole RY, the pontential V is
bounded and can vanish in Br(0). So we will make some modifications
which are appropriated to obtain a new class of problems where we are able
to apply the mountain—pass argument (cf. [4,24]). For that, first we will

consider a reformulation of the problem following a penalization argument



Nonlinear Schrédinger equations with bounded potentials 211

used in Alves [2], for the scalar case see an argument introduced by del Pino
and Felmer [12]. Let us denote by xa the characteristic function of the
set A C RY. For that, we formulate our problem in the weighted Sobolev
space H and we introduce an auxiliary system modifying the gradient
(Hyu(u,v), Hy(u,v)) for a C! gradient, for which we can guarantee that
Cerami sequences for the associated functional, J, of the auxiliary system

are bounded and that J has a critical point in H.
Remark 2.1. 1. Using condition (Hy), we have
|pH (u,v)| < 3co (uP +2P), VYu,v>0. (2.1)
Moreover, if 4 < p < 2* we get H,(u,v), H,(u,v) € LP/P=D(RN)
for all u,v € LP(RY).
2. By assumptions (H;)—(Hz), we deduce that H,(u,v) = H,(u,v) =0
if either w = 0 or v = 0. In addition, by the homogeneity of H,
pH(u,v) = uHy,(u,v) + vHy(u,v), forall wu,v>0,
and thus, H(u,0) = H(0,v) =0, forall wu,v>0.

3. From the hypotheses (Hz) — (H3), we see that Hy(u,v), Hy(u,v)
are non negative functions for u,v > 0 , and thus thanks to the

homogeneity property, the same holds for H (u,v).

4. By assumption (V4), £ = {z € RV : V(2) =0} is a compact set.
We recall that Z can be empty set.

Let R given in (V4), A= Bg(0) C RN and k =k, = 2p/(p — 4) > 2.
Let a > 0 be a real constant which will be chosen appropriately. Let us

consider the cutoff function

n:R — R decreasing and C',

n(t) =1, Vte (—o0,al, )
n(t) =0, Vte [ba,+00),
7 (8)] < 1/5a, VteR.
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Now, consider H: (RN \ A) x R x R — R given by

~

H(z,t,s) = n(‘(K@f))m(t, S)D H(t,s)

(10 (@) 9]) 4w B @ 1),

where
A(z) := max {Im : (s,t) € R? and a < /K (x)(t2 4 s2) < 5a} .

Thus, from (1), A(z) — 0 uniformly as a — 0. Note that H is well
defined, nonnegative and is of class C! (cf. item 3, Remark 2.1). We can
now define G : RY x R x R — R given by

Gz, t,s) = xa(@)H(t, s) + (1 — xa(x)) H(z, t, 5)

where xa denotes the characteristic function of the set A. Thus, G is a
p-homogeneous function on A and G(z,t,s) >0, V(z,t,s) € RN x R x R.
Moreover, for fixed € RV the function (¢,s) — G(x,t,s) is of class C!
and for each fixed (¢,5) € R?, the function x — G(z,s,t) is Lebesgue

measurable in RY.

Lemma 2.2. The function G satisfies the following properties:
pG(z,u,v) = uGy(z,u,v) + vGy(x,u,v), YV €A, (2.3)

Moreover, fork =k, = 2p/(p—4), we can choose the constant a sufficiently
small such that
K(x)

2G(z,u,v) < uGy(z,u,v)+vGy(z,u,v) < p

(u? +0%), Vo € RM\A.
(2.4)

Proof. Using the definition of G, we have that G(z,u,v) = H(u,v) for all
x € A, and consequently (2.3) holds.

Observe that G(z,u,v) = H(z,u,v) for all z € RV \ A, besides that
from the definition of the function H, we have for all z € RV \ A
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~

H,=n (’Kl/Q(u,v)D Hy(u,v) + %uA(a:) (1 -7 (‘Klﬂ(u,v)

))

o (|20, 0)] ) (K 2u(? 4+ 0%)72) [H(w,v)]
+77, (‘Kl/Q(u7v)D (Kl/Qu(uQ +1}2)—1/2) [—A(az) (I;(;) (u? +02)>]

and

~

Ay = (K2 (,0)]) o) + Eoa@) (1 (|K20)]))

o (‘KI/Q(U,U)D <K1/2v(u2 +v2)_1/2) [H (u,v)]

+ (‘Kl/Q(u, v) D <K1/2v(u2 n qﬂ)—l/?) [—A(:z:) ( ;2 (U2 +v ))]

(2.6)
They imply that
uH, + vH, = pn (‘KI/Q(U U)‘)H(u v)
[ (W + o)) | (1-7 ‘Klﬂuv‘
—i—n (‘KI/2 D <K1/2 u? + 0? 1/2> [H (u,v)]
+1 (‘KI/Q D <K1/2 u? +v? 1/2> [—A(x) (;Z(uQﬂLvQ)ﬂ :
(2.7)
Therefore,

uH, + vH, > pn (‘K”Q (u v)DH(u,v)

<>[ )] (1= 0 (|20

H(z,u,v) forall ze€RV\A.

| \/
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Observe that

pH (u,v) |ulP + |v[P_ 5P6kcoaP2
K2 4 g8 = SO 3, 5 = /2
ok (u* +v?) o5 (U 4+ v?) HP

< CaP~2,

Where (u,v) € R? such that a < /K(z)(u?+v2) < 5a and C > 0 is a
real constant. Since p > 4 then, we can conclude that taking a sufficiently

small, we get
pH (u,v)

K2(:) (u2 +v2)
Beside that we recall that A(x) > 0 and A(z) — 0 uniformly as a — 0 for
all  z € R\ A. From (2.7)

e 1 (0]) ity 240 (- ()

+ (‘(KI/Q(U, U)D <K1/2(u2 Jrv2)1/2> [H(U’U)) —A(x)] .

%(UQ + U2
Therefore,
H H
ST 0 “;”’ 2 <.
ﬁ(u + v?)
That is,

~ ~ K
uH, +vH, < ?(u2 +0v%) forall zeRM\A.

O
We can now introduce the auxiliary system
Au+V(z)u— [AwH|u= K(z)Gy(z,u,v) in RY, (49)
—Av+ V(z)v — [AWH)|v = K(2)Gy(x,u,v) in RN,

The Euler-Lagrange functional associated with (AS), Tis given by

~

1
Tu,) = /RN (14 2ul?) [Val + (14 20of?) [Vol] de

+ % /RN V(z) (Ju]? + v]?) dz - /RN K(2)G(w,u,v)d,
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As before, since the functional T is not well defined in the space H we have
to perform a suitable change of variable to get a new problem, which the
associated functional is well defined in a new class of the function space

defined in the next section.

2.2 Changing the variable

From the variational point of view, the second difficulty that we have
to deal with is to find an appropriate variational setting in order to apply
minimax methods to study the existence of nontrivial solutions of (AS).
However, it should be pointed out that we may not apply directly such
methods since the natural associated functional I is not well defined in
the usual Sobolev spaces. To overcome this difficulty, we follow the idea
developed by Liu, Wang and Wang in [23|, that is, we make the change of
variables w = f~!(u),z = f~!(v) where f is defined by

/ 1

f(t)zw on [0,00), f(t)=-f(-t) on (—o0,0].

Proposition 2.3. Basic properties of the change of variable f(t) are listed
below:

(1) f is a uniquely defined C* function and invertible.

(2) |/ (t)] <1 forall t €R.

(3) |f(t)] < |t| for allt € R.

(4) f(t)/t -1 ast — 0.

(5) f(t)/Vt— 2% ast — 4o0.

(6) f(t)/2 <tf'(t) < f(t) for allt > 0.

(7) |f ()] < 2Y4¢Y/2 for all t € R.

(8) the function f2(t) is strictly convex.
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(9) there exists a positive constant C' such that

i, <1
Cle2, |t > 1.

[£(2)] 2{

(10) there exist positive constants Cy and Co satisfying

it < CLlf ()| + Calf())? forall teER.

(11) |f (&) f'(t)] < 1/V/2 for all t € R.

(12) f2(\s) < N2f%(s), forall s€R and A>1.
(13) The function f(t)f' (t)t~! is decreasing for t > 0.
(14) The function f3(t)f'(t)t~! is increasing for t > 0.

Proof. The proof of items (1)-(11) and (13)-(14) can be seen in [17,
Proposition 2.2, Corollary 2.3] (see also [11,23]). For item (12) one can
see |18, Lemma 2.1]. O

Thus, after this change we obtain the following functional

Tw,2) = T(fw), () = /R (Vul + Vi) ) da
! 2|2 z)f2(z T — . flw S dae
5 | (VR4 VE@E) do= [ Gl rw). () da.

which is well defined on ‘H. Moreover, nontrivial critical points of J corres-
pond precisely to the positive weak solutions of the system (AS). As in
[26] (see also [18]) we see that if (w, z) is a weak solution for (M S) then
u= f(w),v = f(z) is a weak solution for (AS). Our goal here is to prove

the existence of a critical point (w, z) for J, associated with the system,

“Aw = f(w x, f(w z)) — Vvi{x)J\w in N
{ B = () [Gule S0), F2) ~ V@@ m BV

—Az = f1(2) [Gula, f(w), f(z) - V(@) f(z)] n RV.



Nonlinear Schrédinger equations with bounded potentials 217

Remark 2.4. 1. Using Remark (2.1) and the property (7), Proposition
(2.3), we have

PG 2f(w). F()] < 30 (F)P + FIP) < 2780 (jul’? + |272)
for all f(w), f(z) >0, z € A.

Moreover, Gz, f(w), f(2)). Gz f(w), £(2)) € LY@V (&)

for all(w,z) € H, x € A.

3 Compactness results

3.1 Mountain-pass geometry

Proposition 3.1. Suppose that (Ho) — (H3) and (Vo) — (V1) hold. The
FEuler-Lagrange functional J associated with (MS) satisfies the following
conditions:

1. J is well defined and continuous in H.

2. J is Gateauz-differentiable in H and its derivative is given by
Tw,2)0.0) = [ (YuTo+ V@) w) (w)s) da
RN
+ [ (TeVer V@S @e) do = [ Gute. flw). F)F (w)oda

RN

= [, Gola s FENS (oda, for al (w.2).(619) € H.

3. For (w,z) € H, J(w,z) € H' and if (wn,z,) — (w,z) in H then
J (wp, zn) = J'(w, 2) in the weak-xtopology of H', that is, for each
(¢, ) € H we have

(J'(wn; 2n), (6, 0)) = (J'(w, 2), (6, 0))-

Proof. The proof is essentially the same as in [17, Proposition 2.5].
It is standard to prove that J satisfies the mountain pass geometry, we

include the proof for ready reference. See [24,25| for more details. For this
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next result we consider the functional @ : H — R defined by
Qlw,2) = / (1wl + V(@) f2(w) + VP + V(@) f2(2) dz (3.0)
RN
and the set
S(p) = {(w,2) e H: Q(w,z) = p*}.
Remark 3.2.

From the item (3) Proposition (2.3), the functional Q(w,z) € C! and
Q(w, 2) < [|(w, 2)I[3-

There is a real constant 3 > 0 such that B||(w, 2)||3, < Q(w, 2)+(Q(w, 2))27/2,
For further details to consult [1].

Lemma 3.3. (Mountain-pass geometry) Suppose that (Hy) — (H3z) and
(Vo) — (V1) hold. The functional J has the Mountain Pass geometry, that

18, J satisfies
1. Ezists p, « >0, such that J(w,z) > a if (w,z) € S(p),

2. For any (w,z) € H, w,z > 0 with compact support on A, there is
0 < 6 <1 such that J(t%w,t%2) = —occ0 as t — +oo.

Proof. From Remark 2.4 we have that
PG (z, f(w), f(2))] < 3co (If(w)|P +[f(2)) for all = € A.
By the Sobolev imbedding
| K@G. fw). 1) do = [ K@H(7w). 1) ds
A A
<G [ (5P +1FEP) da
C p/2 P/2) dr < C p/4

< 1/sz (lwl?’2 +127/2) dz < CQ(uw, )"/,

where Cy, C1,Cy are positive constants. Using above estimate, we have

that choose p > 0 small enough such that D = (% — ﬁ — Cgp(p*4)/2) > 0.
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Let a = Dp?. Then exists p, a > 0 such that J(u,v) > a, for all (u,v) €
0B(0, p).

Jw,2) = LQ(w, 2) - /A K(2)G(z, f(w), f(2)) dz

[\

_ /R K(2)G(z, f(w), f(2)) dz

> 30wz - e - [ AT (P + ) o

RM\A 2

1A 1A B
> - _ /2 — (2 _ & (r—4)/2) 2
> ((2 2k> Cop? ) <2 o Cap )P

Now, we will prove (2). Consider # > 0 such that 1/p < § < 1/2. From

the definition of G, G(z, f(w), f(z)) = H(f(w), f(2)) for z € A. So,
pG(z, f(w), f(2)) = f(w)Gu(z, f(w), f(2)) + [(2)Go(, f(w), f(2))
wherex € A.

Therefore we have
d
C LGt F) 1 FE)) = 8 Gt f(w), (=)

L6 fw), 0f(). (32)
Observe that pf > 1 and from (Hs2) — (Hs) and the definition of G, we
have G(z, f(w), f(2)) = H(f(w), f(2)) > 0 where x € A (cf. Remark 2.1
(3))-

The inequality (3.2) implies that G(z, % f(w), ' f(2)) > tQ(z, f(w), f(2))

for some function Q. Then for ¢ > 1, we have

v

J(tw, 2) < ;t%’/ (IVw|* + V(@) f2(w) + V2> + V() f3(2)) da
A

- /A K ()0, f(w), f(2)) da.

Since 20 < 1, we conclude that for any (w,2),(¢,¢) € H \ (0,0) fixed,

w, z > 0 with compact support on A, we have
JAf(w), ' f(z)) = —c0 as t — +oo.

This completes the proof. O
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3.2 The Cerami condition

In order to apply critical point theory to prove the existence of weak
solutions of (AS), we first need to study some compactness property of

functional J.

Lemma 3.4. Suppose that (Hy) — (H3) and (Vo) — (V1) hold. Then, any

Cerami sequence for J is bounded in H.

Proof. Let (wy, z,) C ‘H be a Cerami sequence for J, that is,
|J (wn, z)| < ¢ and (14 |[(wn, 20)|]) || (Wn, 20)|| =0 asn — ooin H'.
Therefore
(J'(wn, 2n), (1, 9)) =
[ (F096 4 V@) flwn) (w)s) da

+/]RN (VZnV¢+ V(x)f(zn)f/(zn)<f>> da
— | K@) (Gulf (wa). fz)f (wn)¥) da

RN

— [ K@) (Go(f(wn), f(2))f'(20)0) da

RN

for all (w,2), (,9) €H.

We can note that ( ((w )) ]{ ((Z ))) € H because from the property item (6),

Proposition (2.3), and the estimates below
f(wn) _ 2f2(wn) .
v ()| - (14 s ) s
‘v <f,(zn) L rapt) Vo
(

(J{/((ZZ)), ! /é’;))> H < 2||/(wn, zn)||. Therefore, we have

/
(o (Fy 76

= | K@) (Gu(f(wn), f(zn))f(wn) + Go(f(wn), f(2n)) f(20)) dz + 04(1)

Moreover,
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Let the function @ defined in (3.1). Thus,

2? (wn) 2 2% (2n) 2

= /]RN K(2) (Gu(f(wn), f(2n)) f(wn) + Gu(f(wn), f(2n))f(2n)) dz + 0, (1)
and

3QUz) = [ K@G(@, ). f(20)) do +0,(1),

Consider = RV \ A. Recalling that k = k, = 2p/(p — 4), we have

1 2
<2 - p> Qlun 20) < [ K(@) (Gl f(wn), f () d

+ [ K@) (—; [f(wn)Gu(x,f(wn),f(zn))]> da

A

+ (K@ (—; [f(znmv(w,f(wn>,f<zn>>]> da

A

Using (2.3), (2.4), the condition (V7), we deduced that

1—2 W . 2, M T 2'11} x 22’ "
(2 p) Q(wn, 2n) < 2pk /Q(V( ) (wn) + V(z) f2( n))d

+ On(1) + 0,(1),

(3.3)

which implies that

(1 Alp —2)

k 2pk

) Q(wp, zn) < Op(1) + 0,(1).

Using that A < 2p/(p — 2) and remark (3.2), we have (wy, 2,,) is bounded
in H. O
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Lemma 3.5. Suppose that (Hy)—(Hs) and (Vo)— (V1) hold. Let (wp, zn) —
(w, z). Then

1
Tim [ V(@) w,) de = / V() f2(w) dz
RY RY (3.4)
lim V(z)f*(zp)dz = V(z)f3(z)dx
n—oo RN RN

2. Moreover, if (wp,z,) C H be an arbitrary Cerami sequence of J.

Then, (w, z) (w, z) € H is a critical point for the functional J.

Proof. From Lemma 3.4, up to a subsequence, we can assume that there
exists (w, z) € H such that Let be R > 0 given in (V7). For each ¢ > 0,
let 7 > R be such that

1 1/2*
4 <1 - 2) wilNe (/ max (|w(z)], |z(z)])* dx) < %
r<|z|[<2r

where C' > ||(wn, 2n)||3 is a positive constant and wy is the volume
of the unitary ball in RY. Let ¢ = & € C§(RYM,[0,1]), be a function
verifying supp & C BE(0), £ =11in BS.(0),0< & <1 if r < |z| < 2r and
/ 1
€ (x)] < =, forallz € R,
r

Since (wy, z,) is bounded in H, |{(x)| < 1 and using the property (6),
Proposition (2.3),s0 we get that the sequence (& (f(wy)/ [ (wn), f(zn)/f (zn)))

is also bounded, and hence J'(uy, vy) - (§ (f (wn)/f (wn), f(zn)/f (2n))) =
on (1), that is,

o (7o (i) = 7= (52)) o

+/R { (@) f (wn) f'(wn) <§f(<w'”))> + V(@) f(20) f (20) (i{gg)] da =
—_— ( <£"f(§§))G f<wn>,f<zn>>> dz
Zn)

I
[ o (e ()

TE)) G ) (2 )
+ on(l).




Nonlinear Schrédinger equations with bounded potentials 223

Since £ =0 in B, (0) and A = Br(0), the last equality combined with the
property (2.4) and condition (V;) yields

/uzr <<1 " ﬂ%) [Vw,|* + <1 + %) |vzn‘2> dz
! /|z2r (V@) f*(wn) + V(@) f*(20)) € do <

A
=% /sz (V (@) f2(wn) + V(@) f2(20)) € da— /

|z[>r
o () s

and so, using the Proposition (2.3), property (6), we have

(Fiay) vuaveas

-2 wn)? z) f*(w zn|? z)f3(z T
(1 k:> /MZ%(’V nl? V(@) f(wn) + | Vza > + V(z) f2(20)) €d
2

(3.5)
/ ([wnl[Vwn] + |20l [Vn]) dz + on(1).
" Jr<|z|<2r

<

Here we have used assumption (V7) to guarantee that A\ < k. By Holder’s
inequality,

1/2
/ [wn||Vwy| dz < [[Vwn|| 2wy (/ |y, |2 dx)
r<fa|<2r r<le|<2r

1/2
/ enllVznldz < (V202 (/ ‘Zn’2dx> .
r<lo|<2r r<lz|<2r

Due to the Rellich-Kondrachov Compactness Theorem, we have that (wy, z,) —

(w,z) as n— oo in L?(Ba, \ B,) and using that (w,, z,) is bounded, it
follows that

1/2
limsup/ |wy||Vwy,| dz < C / lw|? dz
n r<|z|<2r r<|z|<2r

p

(3.6)

1/2
limsup/ |2 ||V 2n|dx < C / |2 dz .
n r<|z|<2r r<|z|<2r
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On the other hand, using again Holder’s inequality

1/2 1/2*
/ lwi?dz | < / lw|?" da | Bgy \ B[N
r<|z|<2r r<|z|<2r
1/2 1/2*
/ z?dz | < / |2|*" da | By, \ B[N,
r<|a|<2r r<lz|<2r

Recalling that | By, \ B,| < |Ba:| = wy2™¥r", from (3.6) and (3.7)

p

1/2*
limsup/ |wy|[|Vwy,|de < 2w11\,/N1"C’ / lw|? da
n r<|z|<2r r<|e|<2r

(3.7)

1/2*
limsup/ |20 ||V 2n| dz < 2w]1V/N7"C / \z|2* dz .
n r<|z|<2r r<|z|<2r

(3.8)
By choosing > 0 in (3.5), (3.5) and (3.8), it implies that

limsup, fi g, (IVwal? + V(@) 2(wn) + [Vanl + V(@) f?(20)) do < =

4
Therefore,

lim sup / K (@) (f (wn)Gulz, f(wn), f(z)))) da
|z|>2r

n

n

+ lim sup / K(x) (f(20)Go(x, fwy), f(zn))) da (3.9)
|z|>2r

<

=~ m

Observe that Gy (z, f(wn), f(2n)), Gu(z, f(wy), f(2,)) € LP/P=D(RN) for
x € By-(0). Now, using the Sobolev compact embedding and Dominated
Convergence Theorem, they lead to

lim
n—oo

K(z) (f(wn)Gu(z, f(wn), f(2n)) + f(20)Gu(z, f(wn), f(2n))) do =

|z|<2r

/||<2 K(z) (f(w)Gulz, f(w), f(2)) + [(2)Go(z, f(w), f(2))) d.

(3.10)



Nonlinear Schrédinger equations with bounded potentials 225

and

lim V() f2(wn) da = / V() f2(w) da.
n=00 J|g|<2r |z|<2r

(3.11)

lim V(x)f?(2n) do = / V(x)f?(2)de.

=00 Jz|<2r |z|<2r

Hence, we can conclude that , as n — oo

K(2)Gu(x, f(wn), f(zn)) f(wn)dz = | K(2)Gu(z, f(wn), f(20)) f(w) dz,

RN RN
x K(z)Gy(z, f(wn), f(zn)) f(2n) dz — o K(z)Go(z, f(wn), f(zn)) [ () dz,

(3.12)
and

From (3.12) we have that

lim K(z) (f (wn)Gu(z, f(wn), f(zn))) dz+

n—oo RN

lim [ K(2) (f(20)Go(, f(wn), f(z0))) do = (3.14)

n—oo RN

RN

Finally, Let’s prove that (w, z) € H is a critical point for the functional .J.

In fact,

(J (wns 20), (,9)) = (' (w,2), (,))  for all (w, z),
and (,¢) € C(RV).

The results follows from (3.13) and (3.14). O
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Hereafter, we denote by B the ball in RY with center 0 and radius R/2,
that is, B = Bp/»(0), the set A = Br(0) and by Jo : Hy(B) x Hj(B) = R

the functional

1
Jo(w, z) = / <|Vw|2 + max (V(x),1) fQ(w)> dz
2 /g B
1
w5 [ (9 g (V@0 £0) ) o - [ K@) 1) b
B B
Moreover, we denote by d the mountain level associated with Jy, that is,

d = inf Jo((t
Inf max o(v(t)),

where
I ={yeC(0,1], H}(B) x Hy(B)) : 7(0) =0 and (1) = e},
with e € H}(B) x HE(B) \ {(0,0)} verifying Jy(e) < 0.

Remark 3.6. We observe that J(w,z) < Jo(w, z) for all w, 2 € H}(B).
In particular we have J(e) < Jy(e) < 0. We denote by m; the mountain

pass level associated with J, that is,

— inf J(y(t
my = nf max (v(t)),

where
I'={yeC(0,1],H)(B) x Hy(B)) : 7(0) =0 and ~(1) =e}.

It is easily seen that m; < d.

In order to prove the existence of a nontrivial critical point for J we
will use the following version of the Mountain Pass theorem, which is a
consequence of the Ekeland Variational Principle as developed in [28] (see
also [6], [20]).
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Proposition 3.7. Le E be a Banach space and ® € C(E,R), Gateauz-
differentiable for all v € E with G-derwative ®' continuous from the norm
topology of E to the weak x topology of E'. Suppose also that ® satisfies
Cerami condition and ®(0) = 0. Let S be a closed subset of E which
disconnects (archwise) E. Let vo = 0 and vy € E be points belonging to
distinct connected components of E\S. Suppose that

igf@ >a>0 and P(v1) <0
Then, ® possesses a critical value ¢ which can be characterized as

:= inf P(~(t)) >
¢:= Inf max (v(t)) = a,

where

F'={yeC(0,1,E):v(0) =0 and ~(1)=wv1}.

Lemma 3.8. Let be (w,z) € H a critical point of the functional J at the

minimaz level my. Then (w,z) satisfies the estimate

(1 Ap-2)\"
lwo) <o (- 2822)

(1 Alp—2) AN 2%/2
G ) e

Proof. 1t is enough to combine remarks (3.2) and (3.3) with definition of
d and the fact that m; <d. O
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Lemma 3.9. If {(w,2)} € H is a point critical of the functional J, then
w,z > 0.

Proof. Observe that

(e (e 700)

7 2/?(w) 2/%(2)
_Q(w,z)—i—/RN 1+2f2(w)]Vw]2dm+/RN 1+2f2(z)]Vz\2dx

— [ K@) (Gu(f(w), f(2) f(w) + Go(f(w), f(2))f(2)) dx

RN
=0.

Let the function @ defined in (3.1). Thus,

2f%(w) 2f%(2)
Q(w, z) + /RN 1+2f2(w)‘vw’2dx+/RN ] +2f2(z)\Vz]2d:c

_ /R (@) (GulFfw), f(2) f(w) + Gulf(w), £(2))F(2) d.

Hence, we have

22 2f%(2~
Q(w™ z)+/RNHf2](Q())|vw |2da:+/N H‘;;%))\VZde

SRC D ENF W) + Culfw ), F=) (7)) da
Now, from the definition of the non linearities H, G and properties of the

function f, we have H,(f(w™), f(27) = Hy(f(w™), f(27) = 0 and

Gu(f(w™), f(z7)) = Gu(f(w™), f(27)) = 0 and the inequality (2.4), we
have

< / K (2)Hy(f(w™), f(z7)) f(w™) da
A
4 / K(@)Hy(f(w ), f(= ) f(z7) da
A
4 / K (@)Gu(f(w ), f(z7)) f(w) da
RN\A

4 / K(@)Go(f(w ), f(z))f(=7) da
RN\A
0.

IN
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Recall that ||(w,2)||3, < 87'Q(w, 2) + (B_lQ(w,z))z*/Q. Therefore, we
conclude ||(u™,v7)||x = 0. O

We have proved up this moment the following result:

Proposition 3.10. There is a critical point (p,¢) € H with @, ¢ non

negative functions associated to the functional
1
J(’LU,Z) = iQ(waz) - K(CIT)G(:C,f(’U)),f(Z))dCL‘, (waz) €H.
RN
at the critical level

= inf t
my = inf max J(v(1))

where
I = {y €C([0,1,H):7(0) = 0 and (1) = e},

with e € HY(B) x HY(B) \ {(0,0)} wverifying, Jo(e) <O0.

Proof. Tt follows from Proposition 3.7. O

4 Finding a positive solution

In this section, we show some qualitatives properties of (AS) systems
solutions which are necessary to we get positive solutions by Maximum
Principle. The next proposition establishes an important estimate involv-
ing the L>(RY) norm for solutions (w, z) of the system (AS). Here, we
used the Moser iteration scheme which was adapted to our problem from

the classical paper [8]).

Proposition 4.1. Let Y € LY4(RY), 2¢ > N, and (w,z) € H C H'(RY) x
HY(RN) be a weak solution of the problem

{—Aw:f%wwGAafmmf@»—a@»ﬁ@] in RY,

4.1
Ar= D) Cule f). £ bS] i BY, D
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where Gy, Gy : RV x R x R — R are a continuous functions verifying

|G, f(w), f(2))| + |Go(z, f(w), f(2)] < V() (lw]+[2]),ae.

for all w, z > 0, and a, b are nonnegative continuous functions in R,
Then exists a constant M = M(N, g, |[Y|[Lamn)) >0 such that

[(w; 2)]oo = max (|[w]oo, [[2]loc)

(4.2)
< M| max (|w(2)], [2(2)]) || 2% @y

Proof. For each m € N and 3 > 1, let us consider the subsets of RY,
Ay = {zeRY: 271 <m} and B, =RV\A4,,

and the function

m2z in By,

{z|z\2(5_1) in Ay,
Zm =

2

Since z|z|?#~1) = m2z on 9A,,, using standard properties of Sobolev

spaces we can conclude that z, € H'(RY). From [py V(z)z% (z)dz < oo,

we have z,, € H, and an easy calculation yields that

v {(25—1)|z|2<5—1>vz in A,
—

= 4.3
" m?Vz in By, (43)

So,
V2Vin de = (26 — 1)/ 2|2V 22 da + m2/ IVz2dz.  (4.4)
Taking z,, as a test function in (4.1) we have,
/ (VaVan +b(2) f(2) f'(2)2m) dz = Go(x, f(w), f(2)f (2)zm dz.
RN RN
Considering

z|z|?71 in A,
w. =
" mz in B, = RV \ A,,.
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by a similar argument it follows that
Vo, — Blz|P1V2 %nAm
mVz in By,

and w,, € H. Observe that
/ |Vwm|2dx252/ |z|2<ﬁ—1>|w|2dx+m2/ Vedr.  (4.6)
RN A Bm
From (4.4) and (4.6)

/ |Vwn|?dz — VzVz,dx =
RN RN

= / (82 =284 1) |2[2P~V| V2 da.

m

Using (4.4), we get the inequality

(25 - 1) /A 12|20V V22 dz < /]R (VaVan +b(@)f(2)f'(2)zm) da,

m

which leads to

/ |V |? dz <
RN

(82— 26+ 1)
(26 - 1)
Using (4.1), it follows that

+1

/R N (V2Vzm + b(x)b(z) f(2) f(2)2m) dz.
2
/RNmeFdxg (255_1) - Golx, f(w)f(2))f(2)zm da.
< 3 / Golx, f(w)f(2))f(2)zm da.
]RN

Let S be the best constant which verifies

HZH%T"(RN) < S/}RN Vz[2dz forall ze HY(RY).

Using the definition of vy, it follows that |z,| < |2/?’~1. Then,

(Gl f(w)f(2)f (2)zml < 2V (2) max (jw(z)], |()])*
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and therefore we have

[/Am |wm\2*](N2)/N < SBQ/RN 2 () max (ju(x)], [2(z))? da.

If 1/¢1 +1/q = 1, from Holder’s inequality,

(N-2)/N
Am

1/Q1
25/82"Y"LQ(RN) [/RN | max (|w(z)|, |2(z)]) ‘26‘11 dz

Since |wp| < [2|7 in RN and |wy,| =|2|® in A, it follows that

()] I

2SB2HY||L<1(1RN) |:/RN | max (|w(x)|, |z(z)]) |2Bq1 dx

/¢

Taking the limit as m — oo and using Monotone Convergence Theorem,

we obtain

#1157 < 288%11Y lzaam)llmax (@), J2(@)]) 135,

and

1/(28)
Iellaes < BY7 (281 [pamy)  llmax (feo(@)],|2(2)]) | ag,- (47)
Since N/(N —2) > ¢q1, set 0 = N/(q1(N —2)). When f=ocin (4.7), we
have: 2¢18 = 2* and

1/(2

o)
lellzrs < M7 (281V ] goum)  Ilmax (@), (@) |2+ (4.8)

When 8 = 02 in (4.7) we get 2q18 = 2*0 and

" 1/(202)
lllore < 0 (281¥ llgagen))  lImax (w(@)], [2(2)]) |2+ (4.9)
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The inequalities (4.8) and (4.9) imply that

1,2 s+
[2llar2 < 002 (2S||Y|Lq<RN))2< ) ma (@), @D - (2,10

An iteration argument, replacing 3 by ¢7 in (4.7), lead us to

Jj L 1 Zle ﬁ
el < 0= (281 ey ) mas (o, o) -
(4.11)
Once that
o0 .
Jo_ a
= ol (0 —1)2
Iem 1 1 1
2j:10j - 2(c—1)

it follows from (4.11)

1/(2(c—1)

g/\0— 2 )
I21li < 0/ (28)1Y || o)) [Imax (fuw (@), |2()]) |2+,

for all ¢ > 2*. Since

[|2]]oc = Lim {|z]];,
i—00

we get
[|2]loo < M|[max (Jw(z)], [2(z)]) ||+,
where
_ o/(0-1)2 1/(2(0—1)) : _Ng-1
M = max (1,0 (2S(1Y|lq) ) with o JN=2)

By a similar argument to that used above, we can also prove that
lwlloe < M| max (Jw(z)],|2(x)|) |-

which complete the proof of Proposition 4.1. O
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Lemma 4.2. If (w,z) € H is a critical point of the functional J, then
w,z > 0.

Proof. If (w,z) € H is a critical point of J, from Lemma 3.9 we have
w,z > 0. By Proposition 4.1 we obtain w, z € L(R"), and therefore the
result follows with help of the Maximum Principle. O

Lemma 4.3. For any R > 1, any bound state solution (w, z) with w,z > 0
of (AS) satisfies

1w, 2)lloc < MSY2.

where

ol (1 Ae=2\! AR S S
| 52 e (0 (252) ) )

Proof. If (w, z) is a bound state solution of (MS) with w >0 e z > 0,

then it satisfies the following system
{—Aw = f'() [Gula, f(w), f()) = b@)f(w)] in RV,
~Az= /() [Gulw, f(w), /() = b(2) f(2)] in RV,
where Gy, Gy : RV x Rx R — R and b : RY — R are given by
Gula, f(w), f( )= xale >K<x>Hu<f<w>, f<z>>
+ (1= xa(@)n (|K @2 ) K(a (2))

) K
@) ([K@ 0w £E)]) (w D)

(f
Go(, f(w), f(2)) = xa(e)K () Hy(f(w), f(2))
+ (1 —xa(z)n <‘K V2(f(w), f(2)) D K(2)Y2H,(f(w), f(2))

+(1—XA(CU))77’< )
b(z) = V(z)— (1 —xalz (1 (‘K 1/2 >af<2>>\)>
)T

K(z 1/2 ‘

1/23 (w,z),

ORE

K(x)'2(f ‘ By (w, z).
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where y, is the characteristic function of the set A, n was defined in (2.2)
and the functions By, By are defined by By (w, z) := K (z)?H(f(w), f(2)),
and By(w, 2) := [A(z)K(2)5; (f(w)?+ f(2)?)]. Observe that it is easy
to see that GG, and G, are continuous functions.

Taking a sufficiently small, we can conclude that b(x) is a non negative

function,
/RN b@)(f2(w) + f2(2)) dz < +o0.

Besides that, V(x) is a bounded function and using the Remark 2.1, we

have the following inequalities

G < flw) <>>| a(@)K <> u(f(w) <>>|

@) n (| K @)2(s >>]) )]
o (0,100

< O (|£()| "2 + 1£(2)] 2/2) <rf<w>\+rf< >|>

+ 2 (r )P + 1P 1)

< Cy (Juw| =272 4 |2/ =272 (| + |2

and
Gul, f(w), [(2)) < xa@)K (@) Ho(f(w), [(2))
+ (L= xal@)n (|[K@2(F ), £(2))]) K@) 2 Ho(f(w), £(2)

1) (K@Y 1)) oy B )
<1 (1£@I + 1)) ()] + 1)

C
+ 5 (F@)P + 1)) 1£(2)]
< Cy (Jw| =272 4 2| =272 (] + 2,

where Cy,Cy are real positive constants such that C7 = 2¢osupy K(z),
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Cy = 30co/(pp) and C3 = max(Cy, Cs). Therefore,

|Gulz, f(w), ()| +|Go(z, f(w), f)] < [Y(@)|(lw]+2]) in RY.

With Y given by
Y(z) = C (max(w(z),z(z)))P2/2,

where C' is a positive constant such that C = 2C5. A direct computation
22*

shows that Y € LI(RY) for ¢ = )] > N/2. From the Sobolev

p —

inequality and the Lemma 3.8, we get

—2/2 < C§P-2/4

_ (p
V]l < C 1l (w,2) 1722 € (8Y2 ) (w,2) )
Now, from the proof of Proposition 4.1, we get

M = max (1,077 (28]|¥],) /Ce=)

1/(2(c—1 ~
< max (1,0‘7/(01)2 (2805(1’72)/4) /e ))> =M.

Observe that M does not depend on R, w or z. O

Lemma 4.4. Let (w,z) € H a bound state solution for the system (AS)
with w, z positive functions and the potential V' is non negative bounded

continuous functions satisfying (Ho) — (Hs). Then w and z satisfy

RY2||(w, 2)||s _ RN-2N5'
Imeax(w(@), 2(@)| € = < s

for all x € RN\ Bg(0).
Proof. Consider the harmonic function ¢ : (RY \ Bg(0)) — R such that

RN2[|(w, 2)ll

¢($) = |$’N_2
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Observe that the function 1 satisfies

-Ay = 0.
Therefore \
~awt (123 V@@ = o

Now, take as a test function

¢_{@w—@+ if zeRY\ Bg(0),
a 0 if z € Br(0),

and
(z—)t if z e RN\ Bg(0),
¥ = .
0 if e BR(O)
Observe that
w<1YindBr and 2z <1indBg(0),

then we can conclude that ¢, o € H'(RY). Besides that

Tw,2)0.0) - [ X (V@) fw) ' (w) + V(@) F () (2)¢) < 0.

RN\Br(0) ¥
Consider  := {z € RV \ Bg(0) : min{w,z} > +}. Hence, combining

these estimates
A

02 [ (Vo= Vo+ (1-3) V@) ) - F@)f @)oda
# [(92-90) Ve (1-2) V@UESE) - F0) @)p s
> [ (1-2) @) ) - f)rw)e] o

k

Using that f2(¢) is strictly convex, we have that ff’ is a increasing

A / /
* /Q (1 - ) [V(@)(£(2)'(2) = F()F ()] da.

function and so

V() (f(w)f' (w) = f()f (1)) =0 and

V(@) (f(2)f'(2) = f@) ' (¥)p >0 in Q.
Thus, the set 2 is empty and the proof is complete. O
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5 Proof of Theorem 1.2 completed

Proof. From Lemmas 3.4 and 3.5, problem (AS) has a bound state solution
(w,z) € HYRN) x HY(RY) with w, z positive functions. Therefore, it is
enough to show that (w, z) satisfies the inequality |K (z)/2(f(w), f(2))| <
a. Using the hyphotesis (V3),

(N—2) 77 51/2
K@) () +5)P) < K@) (ol +12) < 2K () s

< 72M51/2.

for all |z| > R. Consider v* = a2/ <2M51/2). Observe that the con-
stant M not depend on R, w or z, see Lemma 4.3. So, for all v with
0 < v < ~*, we have that Gy(z, f(w), f(2)) = Hu(f(w), f(z)) and
Gy(, f(w), f(2)) = Ho(f(w), f(2)), because n(|K (2)'/*(f(w), f(2))]) = 1

for all |x| > R. Hence, we complete the proof. O
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