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1 Introduction

We prove the existence of positive solutions for stationary Schrodinger-

type equations of the form

(1.1)

~Au+V(x)u= f(u) in RN,
u>0 in RY and wue DLY2(RY).
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This class of nonlinear elliptic equations in RY has been intensively studied
in recent years, motivated by a wide variety of problems in mathematics
and physics, in particular for the search for standing wave solutions by
considering different approaches (see [1, 3, 4, 5, 7, 8]).

In this paper we report a joint work with J.M. do O and P. Ubilla
which can be seen as a natural completion of recent works [1, 3|, where the
subcritical case for a certain class of vanishing potentials was studied. We
mention that V. Benci and G. Cerami in [6] studied standing wave solu-
tions of the critical problem —Au+ a(z)u = uN*+2/N=2) in RN involving
vanishing potential requiring also that a € LV/2(RY). They proved this
problem has at least one solution if ||a||; n/2 is sufficiently small. We point
out that if a(x) ~ |z|~% with 0 < § < p — 2 is in the class of potentials
satisfying our assumptions, but a ¢ LY/2(RN) if § < 2, that is, a(x) does
not belongs to Benci-Cerami class (see Example 1.2).

We focus our study on the following model problem involving critical

growth

—Au+ Vi(z)u = [u* 2u + y|u[P~2u in RY,
(P)\,'y>

u>0 in R3 we DLZ(RYN),

depending on p € (2,2%), the potential Vi(x) = Z(z) + AV (z) and the
positive real paramenter \. Here N > 3 and 2* = 2N/(N —2) is the critical
exponent for the classical Sobolev embedding. This potential V) = Z+ AV
appears in some recent works to study a class of nonlinear Schrédinger
equations. For instance, [2, 4, 5] and references therein, for the case where
the potential is bounded away from zero. In the present paper, the poten-
tial V) = Z + AV may decay to zero at infinity in some direction (Z with
compact support, for instance). To state our main results, let us describe

in a more precise way the assumptions on the potential V:

Z(x) and V(x) are continuous and nonnegative functions; (V1)

V(z) = 0 in some ball B,, (z;) ¢ RY; (V3)
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liminf |z[P~2V (z) > 0; (V3)

|x|—o00
Our first result for equation (P ) is the following.

Theorem 1.1. Suppose that (V1)—(V3) are satisfied and 2 < p < 2*. Then,
there exists v* > 0 such that for any v > ~* there exists \* = X*(v) > 0
such that (P») possesses a positive solution for all X > \*.

Let us give some examples which illustrate the above result.

Example 1.2. Given C > 0, 0 < 8 < p—2 and R, > 0, we can check
that any continuous and nonnegative function V : R®> — R such that
V(z) = C/|z|? for all |z| > R, verifies (V3).

Remark 1.3. One can see that under our assumptions, the natural func-
tional of (P ) is not well defined. To face this difficulty, we propose a

=29+ ~y|u|P~%u such

suitable modification on the nonlinearity fy(s) := |u
that the energy functional associated to the modified problem has com-
pactness and allow us to prove the existence of a ground state solution by
using the min-max techniques. Next, by choosing a sufficiently large =,
we verify that the solution to the auxiliary problem is indeed a solution to

our original problem (Pj ).

Using a similar approach as in Theorem 1.1, with some minor modifi-

cations, a more general result for the following problem can be proved.

—Au+ Wy(z)u = [u* 2u+ yuP~2u in RV, (03-)
u>0 in R3wue DV2(RY), o

where W) verifies the following hypotheses:
inf Wy (x) dox < 1. (V)

2€RN Bi(2)

There exists R, > 0 and C' > 0 such that inf, Wi (z)|z|P~2 > CA.

o]
(Vs)
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Theorem 1.4. Suppose that (Vi)—(Vs) are satisfied and 2 < p < 2*. Then,
there exist v* > 0 such that for all v > ~* there is a \* = X*() > 0 such
that (Qx ) possesses a positive solution for all X > \*.

Example 1.5. As an example of a class of potentials which satisfies con-
ditions (V4)—(V5) is given by Wy (z) = A2/(Az]® +1) where 0 < § < p — 2
for |x —z| > 1 and W) bounded in |z — z| < r, uniformly in A > 0. Notice
that W) does not verifies (V1)—(V3).

Notation: Let us introduce the following notations:
e C,C, Cy, Csy,... denote positive constants (possibly different).
e Br(zp) denotes the open ball centered at zy and radius R > 0.

e The norms in LP(RY) and L*(R") will be denoted respectively by

- llp and - floo-

Outline: In the Section 2, we consider some auxiliary functionals and we
obtain estimates for their mountain pass levels. Section 3 is devoted to a
study of a L2 -estimate on the solutions of some auxiliary problem and its
L*>-estimate is done in the Section 4. We conclude the proof of Theorem

1.1 in the Section 5.

2 Preliminaries

We start observing that from (V7), we can introduce the natural Hilbert
space

E = {v e DYA(RY) - Va(z)v? dx < oo}

RN
endowed with the scalar product and norm given, respectively, by

(u,v)) = /IRN (Vu - Vo + Vy(z)uww) dz,  |jul3 = /RN (IVul® + Va(z)u?) dz.

An initial difficulty that appears to attach variational problems like
(Px~) in the case that the potential converges to zero at infinity is that,
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in general, we do not have the embedding “E < LP(RY)” for 2 < p < 2*
and the Euler-Lagrange functional associated to (Py ) is not well defined
in F. For this reason, we will consider an auxiliary problem defined in
bounded domains.

From (V2), without loss of generality, we suppose that V' (z) = 0 for all
x € B1(0). Now let us consider the energy functional Iy : H}(B1(0)) — R
defined by

1 1 o
In(u) = = 2 - Z(z)u? do — = P dz.
o(w) = 5lIVulliz(p, o) + 2/31(0) (z)u” dx p/&(o) ul? dx

It is clear that Iy is well defined, belongs to class C! and does not depend
on A. Moreover, under our assumptions one can verify that Iy has the
mountain pass geometry and thus it is well defined the mountain pass
level,

B et o) T o)

Next, we have a crucial upper bound estimate on this min-max level

d,.

Proposition 2.1. There exist constants Cp, > 0 and v, > 0 such that for

all v > 7, it holds

C
0<d, < —2.

P2

In particular d — 0 as v — +00.

Proof. Let v, € C§°(R3) such that 0 < v, < 1 and define

a = HVUOH%?(BNO)) +/

Z(x)v? dx, b= ||v,|" .
B1(0) LP(B1(0))

Let us estimate maxy~o Io(tv,). It is clear that the function A(t) := Iy(tv,)
has a unique critical point which is a global maximum point. Indeed,
R'(t) = 0 is equivalent to a = vbtP~2. Thus, there is a unique ¢ > 0 such
that A/(t) = 0. We also have for v > 0 sufficiently large,

2
2h(1):a—;b<0.
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If ¢, is the critical point of h(t), it is easy to check that h(t) is increasing
in (0,t,) and it is decreasing in (t,,00). Then, since h(1) < 0, we must
have t, < 1 such that

max h(t) = h(to),

which implies

atg fybtg 1 1 C
h(to):7—7: <—>7bt§: 7

where,

which completes our proof. O

From Proposition 2.1, we can choose v* > 0 such that for all v > ~* it
holds

p-2p-2 N}, (2.1)

d»y < min{l, W’WSN?I

where S is the best constant for the Sobolev embedding D'2(RY) —
L? (RN), that is,

S = inf {||Vo[3 : v € DY2RY), ||v

e =1}.

3 Auxiliary problem

We begin this section by recalling that since we deal with a class of
potentials that may decay to zero at infinity, the variational method can-
not be applied because the natural Euler-Lagrange functional associated
with Problem (P, .) is not well defined on the space E. To overcome
this difficulty, we are going to modify the critical nonlinearity f,(s) :=
lu|? ~2u + y|u|P~2u as follows: choose R > 1 and define

fy(s), if z€Bg or fo(s) < VA}S@S’
A BT V()

s, if ¢ B  and f,(s) > s.

p
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Let us consider the auxiliar problem
— Au+ Vy(x)u = g(z,u), in RV, (AP)
It is easy to check that g(z, s) is a Carathéodory function and its primitive
G(x,s) = /Osg(:n,T) dr
is such that

G(z,s)=F,(s) if xzeBr or fys)<

where .
|| 7]s|?

Fw(s)—/OSfW(T)dT— o+

Moreover, since f(s)/s is increasing for s > 0 and decreasing if s < 0, one

can see that

sg(x,s) < |s|* +~s|P, forall s € R; (91)
11 )
sg(x,s) — pG(x,s) > |- — 3 W\(z)s®, for all s € R; (92)
p
sg(z,s) < (@) 5%, forall s € R and z € BS; (93)
p

Using standard arguments, from condition (g3), the corresponding energy

functional J : E — R is given by
1
J(w) = Lul2 da;—/ Gz, u) da,
2 ]RN
is well defined and of class C'* with

J (u)v = / (Vqu—l—/ Vi (z)uv) dw—/ g(z,u)v dx for all u,v € E.
RN RN RN

From our assumptions, one can see that J fulfills the mountain pass ge-

ometry, and then the min-max level

¢y~ = Inf max J(tv
A veEE t>0 ( )
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is well defined, and satisfies 0 < ¢y < d, due to J(v) < Ip(v) for all
v € H}(B1(0)). We can use the Ekeland Variational Principle [11] to
produces a Palais-Smale sequence (u,,) C E at the ninimax level ¢y , that
is,

J(un) = cxy and J'(uy,) — 0. (3.1)
Lemma 3.1. The sequence (up) is bounded in E and |Vuy,|2 < 1 for

large n.

Proof. Indeed, using (3.1) for n big enough, we have
1 !/
Cay T+ 1+ ||un||>\ > J(un) - ];J (un)un

From (g2), it is easy to check that

1 1

dy 1+ funlly > ( _ ) [ 190+ iyl
2 p RN

" /RN []199 (, un)un — Gz, un)] dz

11 1 , 11 )
> (-2 _ = S .
- <2 p) (1 p> /]RN Vale)un dz+ <2 p> Vel

This last inequality show that (u,) is bounded in E. Besides, using (2.1),

for all n large enough, we have
2 p—2
Vunllz < (dy + 0n(1))—— <1, (3.2)
which completes the proof. O

Lemma 3.2. Up to a subsequence, we have that (u,) converges in L*> (RN).

Proof. We may suppose that u, — u weakly in DY2(RY), |Vu,|? and
lu,|?” converge tightly to p and v, where y and v are bounded nonnegative
measures on R3. Moreover, u,, — u in L{OC(RN ), for all 2 < r < 2*. Then,
in view of Lions concentration compactnes principle (see [14, Lemma I.1],

page 158), we have
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1. there exists a sequence (v;)jen in Ry, (z)jen in RY such that
(o]
v=lul* + Z Vjlu,;
j=1

2. besides, we have

oo
1
w> |Vul> + S E v dg;.
i=1

Let ¢ € C3°(RY,[0,1]) such that ¢(z) = 1, if |x| < 1/2 and ¢(z) = 0
if |z| > 1. For each ¢ € (0,1) let us consider

Notice that if 2 <r < 2%,

lim/ Qe |un|" dor = / Gelu|” dx := Be oy r
n RN R3

and for each fixed u € E, we have supp(¢.) C B(0,1) and |¢|u|"| < |u|".

Thus by Lebesgue’s dominated convergence theorem,
lim Be = 0.
e=0 7

From (g1), we get

| tuntelot. ) do

< 'Y/ ¢s|un’q+1 dx +/ Qbsu?z* dx
RN RN
and consequently

lim sup
n

[ (w620, ,) do

<C <Be,u,q+1 + / Pe dV) .
RN

By using a Hoélder indquality we obtain

1
2 2
<eg ! / u? da / \Vu,|? de | .
|z—x;|<2e lx—x;]<2e

/ U, V-V, dr
]RN
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As (uy,) is bounded in E, we have

1
2
<C / u?dx | , foralln, e
|z—ax;|<2e

1
2
<C / u?dz | , for all e,
|lz—ax;|<2e
) —0.

on(1) = J (un) (unde) = x Vu,V(unde) de + x V(z)upn(unde) dz

_ /RN g9(x, up) (unge) dx

/ U VeV, dr
RN

and

lim sup
n

/ U VeV, dr
RN

which shows that

/ U Vo Vuydr
]RN

lim (lim sup
e—0

n

Now, we can see that

:/ |V |?pe d:c+/ Va(z)u2 oo dﬂ:+/ un VoV, dr
RN RN RN

_/ g(‘r)un)'und)é‘ d(L’,
RN

or,
/ ]VunIQ(j)E dx —|—/ V)\(m)u%qbg dr = —/ up Ve Vuy, dr
RN R3 RN

+/]RN 9(x, up)up.ds dx + o (1).

Passing to the limit as n — oo, we have

1/2
'/std/l + Bs,u,Z - /Qbs dv| <C Bs,u,qul + (/ u? dl’) )
lz—=;]<e

for all e. Passing to the limit as e — 0

p{z}) = v({z;}) = vj.
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Combining with part (2) of Lions Lemma,

u({z;}) = sv;™

we have

vj > SV;/N
and thus, if v; > 0 we obtain

N—1
N

v; > 5,

which implies that
N
p({z;}) =v; = SN-1. (3.3)

We know that, ¢y, + 0, (1) = J(u,) — %J’(un)un, and then

1 1 1 1
o =33 IVwl+ [5- 3] [ vando. o

N /RN (;ung(x,un) — G, un)> dz + on(1)

11 )
> [2 — p} /]RN |Vup|“¢e do + 0p(1) + 0-(1).

Passing to the limit as n — +o00, we obtain

1 1
C/\»’Y 2 |:2 — p:| /RN ¢€ d/.L—F 05(1).

Taking to the limit as € — 0, we have
1 1
o 2 |3 - 2]t

We also note that assumption (3.3) implies that, if v; > 0 we can deduce
1 1 N
> |- — = SN—l’
= [2 p]

which is a contradiction with the inequality ¢y, < d, and (2.1). Then

v; = 0 for all i and, u, converges to u in L2"(RY). O
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Lemma 3.3. The following limits hold for the sequence (uy,):

lim Vi(z)u2 dx —/ Va(z)u? de, (3.4)
n RN RN
lim g(z, up)uy, dz :/ g(z,u)u dz, (3.5)
n RN RN
lim g(x,up)v dx :/ g(x,u)vdzr, Vv e E (3.6)
n RN RN
lim G(z,uy,) dx = G(z,u) dz. (3.7)
n RN RN

Proof. We start with the following claim:

lim [|Vun|2 + V,\(x)ui] dx = 0, uniformly in n. (3.8)

7—00 |IE|Z7‘

In fact, let us consider a cut-off function n € C§°(B¢,[0,1]) such that
n(z) = 1 for all |z| > 2r and |Vn(z)] < 2/r for all z € R3. Since
(up) is bounded in E, the sequence (nu,) is also bounded in F, and then
J (un)(nuy) = o, (1), that is,

ox Vu,V(nuy) dm—l—/RN W (z)un(nuy,) doe = /]RN g(x,upn)(nuy,) de+op(1).

Since n(x) = 0 for all |z| < r, using (g3) we obtain

1
/ n [|Vun|2 + V,\(x)ui] dx < / nVa(x)u? dx
|z[>r P Jlz|>r

— / un Vu, Vn dx + o,(1),
|z|>r

which implies

<1 - 1) /@T 0 [|Vua? + Va(z)ul] dx

p

< / [un||Vuy| dz + o0,(1).  (3.9)
r<le|<2r

Using Holder inequality, we can estimate

1/2
/ un||Vug| dz < [[Vug || 12(rs) (/ un|? d:v)
r<|z|<2r r<|z|<2r
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Since u, — u strongly in L*(Ba, \ B,) and ||V, | 12rs) < 1 (see Lemma
3.1), it follows that

1/2
limsup/ |un ||V, | de < / lul? dx (3.10)
n r<|z|<2r r<|z|<2r

On the other hand, Holder inequality implies

1/2*

1/2
L B v SN BT
r<|z|<2r r<|z|<2r

which together with (3.10) yields

1/2*
limsup/ |tn||Vn| dz < |Bay \ By|Y/N / lu?" dx
n r<|a|<2r r<lz|<2r

(3.11)
(3.9) and (3.11) show the claim.
Since u, — u strongly in L2 (RY), (3.4) follows from (3.8). To prove

(3.5)—(3.6), we can use (3.4) together with condition (g3). O

Using Lemmas 3.2 and 3.3 we can show that v is a weak solution for
the problem
—Au+ Vy(x)u = |[u]* ~2u+ g(z,u), RN

and

Jul2 = / wf?" dz + / o) de.
RN RN

Now passing to the limit in

HVUTLH% +/ V)\(LU)Ui dx = / |un‘2* dx +/ g(xvun)un dx + On(l)a
RN RN RN

we conclude that
tim a3 = 3.
Then u, converges to u in £ and J(u) = ¢y . Therefore u is a ground

state solution to auxiliary problem (LAP) which depends on R and satisfies

~9
[Vul2 < dv%, for all R > 1.
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Furthermore, it follows

p=2
T 2pS
independent on the choice of R > 1. Combining Proposition 2.1 and (3.12)

lull3e < S™HVul3 < d (3.12)

we have that
1
g < Oy P2, (3.13)

I

4 A priori estimates in the L*(R") norm

We derive some a priori L™ — estimates for the solutions of Auxiliary
Problem (AP). For that we follow some extraordinary ideas due to E.
De Giorgi, J. Nash and J. Moser, to obtain regularity results that were
discovered in the mid 1950’s and early 1960’s. For more details see for
example [9, 12, 13].

Theorem 4.1. Let u be a solution to (AP) then
__2Np—(8+4N)
|t < CyEF=PIG-2N-2)

where C' is a positive constant.

Before we prove the above estimate we will need to provide some crucial

results. First let us state a version of

Lemma 4.2. Let b : RV — R be a nonnegative measurable function and
let h € LL (RN) such that

loc
1/q
[h]q = sup / |h|? dx < 00,
2€RN Ba(2)

where 3 < N < 2q. Suppose that v € E is a weak solution to the problem
— Av + b(z)v = h(z) in RY. (4.1)

Then we have

1/2*
sup |v(z)| < Chl, / v|?" dx for allz € RY,
z€B1(2) Ba(z)

where C depends only on q (it does not depend on b or v).
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Proposition 4.3. Let the potential V, : RN — R be a nonnegative mea-
surable function and the nonlinear term g(x, s) be a Caratheodory function
such that some a,, B, > 0,

lg(z,5)| < aols|> "1+ Bols| forall (z,s) e RN xR.

Suppose that u € E is a weak solution to the problem

— Au+ V,(z)u = g(z,u) in RY (4.2)
satisfying
2N? .
() N1 4040HUH§* 2<8.

Then there is A such that
oo < Alull3:,

where A does not depend on V' or u, indeed A depends only on B,. In
addition we have A = O(B,) as B, — 0.

(See [10] - Proposition 4.3).
Proof. For each n € N, let us consider the sets
A, ={z eRY :|u2<n?} and B,=RN\A4,.
and define the function v, € E by
Uy = |u|2*_2u in A, and v, =n’uin B,.
Observe that v, € E, v,u < |u]2* in RV,
Vo, = (2° = 1)|ul* >Vu in A, and Vv, = n?Vu in B,. (4.3)

Then, using v, as a test function in (4.2),

/ [VuVo, + Vo(x)uvy,] dx :/ g(x,u)v, dz.
RN R3
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From (4.3) we have

VuVo, dr = (2% — 1)/ |ul* ~2|Vul? dx + n2/ |Vu|® do. (4.4)
Bn

RN An
Now consider
2 . .
wp, = [u|¥2u in A, and w, = nu in B,

Note that w2 = uv, < [u*, 0< V,(z)w? = V,(z)uv, in RY. Moreover,

Vw, =

N 2|ulﬁVU in A, and Vw, =nVuin B,.

Thus,

N2 X
VwHde—/ uz_QVugd:U+n2/ Vul? dex. (4.5
[ Vel e = g [ [ vu e 0
Combining (4.4) and (4.5), we obtain

/ [(IVwn|* + Vo(z)w?] da —/ [VuVu, + V,(z)uvy,] dz
RN RN

4 2*—2 2

From (4.4), we extract the inequality
(2" — 1)/ u? " Vul? dr < / VuVv, + V(z)uvy,] de,
An RN

and then

N2
/ [[Vwn|? + Vo(2)w?] da < 5 / [VuVu, + Vo (z)uvy,] de.
RN N - 4 RN

Since u a weak solution to (4.2), we have

N2
/RN [|an]2 + Vo(ﬂf)wi] dr < N2 4 /RN g(z,u)v, dz. (4.6)
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Observe that g(z,u)v, < aolul> ~Hon| + Bolullvn| = aolul* 2w2 + Bow?

in RY. From the Holder inequality, we get

N? .
2 2 < 25—2 2
/N [|an\ + Vo(x)wn} dx NE 4%/11@ |ul w;, dx

N? 5
+7N2 _4,80/RN w;, dx

<
- N?2—-4 N2
Combining this last inequality with the Sobolev inequality bellow

Sllwn 2. g/ |an\2dx§/ (IVeonl? + Vola)o?] da,
RN RN

N? . N2
ol wnlB + sy 6o [ d
—i% .,

under hypothesis (C), we have

2 2
S « ] _ 2N?
[/ jwn? dx] s[/ jwn? dx} < ———B,57" / wyy da,
. RN N2 —4 RN

N N
which together with the fact that |w,| < |u|/¥=2 in RY and |w,| = |u|¥—2

in A, implies

2
2N2 o*Z 9 L L
(N-2)2 2N 2 o 2

< . .

A I C e T

Passing to the liminf in (4.7) and using Fatou’s lemma we obtain

1

2N? 2
< *. 4.8
ol < (Grmggafos ™) Il (49
2N? . *
Thus u € LO™-27(RN) N L? (RY), which implies that h = ap|ul? ~! +
aN?2
Bolu| € Ll];’j ~*(RY). Moreover, from (4.8) and condition (C), we obtain
[h] an2 < aoHUH22N12 + CBo[u] 2N2 .
N2—4 N—2)Z N2_4
Since ]\%\7_24 < 2%, we have

N2_4

NL-}—Q NLH N2
< / lul?" dx / dx
BQ(Z) B2(Z)

N2_4

N2 2N2
/ |u| N2-1 dz
Ba(z)
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and then [u] ,n2 < |B2(0) N 2+. So, using (C) once more we have
2N

N<4—-4

N+42

2N? 2N . N-2
1] an2 < < 3PS > lull3-~" + CBo| B2(0)| ¥ [|u |2+
NZ-4 (N -2)

N+2

IN? 2N . N-2
— o (Grmghs ™)l + BB
c <6NN ; @,)

From Lemma 4.2 there exists a positive constant A which depends only on
a, and [, such that

lullse < Alull3.

and the proof is completed. ]

4.1 Proof of Theorem 4.1 completed

From the Young’s inequality we see that

o _(p—=2) o (2" —p) 22
7|3|p2_2*7 s 7% + ﬁ’ﬂ”

for all real s. This implies that

(2*+p—4)
2* -2

(2" —p) 2=

9, s)| < |/ s < s Sy sl

The choice of d in (2.1) together (3.12) show that a solution u = ug

above satisfies

—Au+ Vy(2)u = [u)® "2u+ ylulP2u

and

2N? 2*+p 4H 122571 < 2N? 2" 4 p—4 (c _12>42
. . p—

N?2_4° SN 1 o5 @
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2 4p—4

for v large enough. We will use Proposition 4.3 with a, = 5755~ From

2
Proposition 4.3 with 8, = 2 _p)'y?**z’ we have:
9 22 2
[ulloe < CAJlullz. < Cy2=ryr=2.
Now we have a family of solutions u = ug of the auxiliary problems (AP)
in L*>° and

2Np—(8+4N)

HUHoo < Cy@&F-p)-2)(N-2) (49)

where C' is a positive constant.

5 Proof of Theorem 1.1

We need to show that a solution u € E of the auxiliary problem satisfies

V)\(.%')
p

flu) < u in |z| > R. (5.1)

Lemma 5.1. For any ground state solution to (AP), it holds

R
u(x) < |||U|||oo7 for all |z| > R. (5.2)
x
Proof. 1t is an usual approach and you can find in Lemma 5.1 - [10]. O

Lemma 5.2. There exists C, > 0 such that for any ground state solution
to Problem (AP) it holds

R\P 2 (@ —2)2Np—(s+4N)]
() <, () ¥ T (-] , forall |z|> R. (5.3)

u |z]
Proof. From Lemma 5.1, we have

— — — —2
fw) _ 9 p—2 _ B2l Rl
U - +’Y‘U| S |$|2*_2 +’Y |x‘p_2 )
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which together with (4.9) gives

. . o (2=2)[2Np—(8+4N)] (p=2)[2Np—(8+4N)]
flu)  R¥20% 2y " pr-2(N-2) RP=2CP~2y @F—p)(p-2)(N-2)
= * +
u 2 v |z|P—2
R2*—202*—2 Rp—?cp—2 (2% —2)[2Np—(8+4N)]
N TR (- -2
|z [>~2 |z |P—2
RP—2 . o RZP] @ —2[2Np—(3+4N)]
— CP—2 L %2 v T =) (-2 (N=2)
|z P2 |z |> P
R\P™2 (@ —2)2Np—(8+4N)]
<o, (= N TR -2
||
where C, = (CP~2 + C?"~2) and we have used |z| > R and v > 1. O

5.1 Proof of Theorem 1.1 completed

From condition (V3) there exists R; > 0 and ¢; > 0 such that
|z[P72V (x) > ¢; forall |z| > Ry. (5.4)

On the other hand, since Vy(z) > AV (z), using (5.3) and taking R > R

we can see that

flu) _ Vi(x)

u p

IN

for all |z| > R,

provided that

c (2*—2)[2Np—(8+4N)]
A > Lpfy @ —p)(-2)(N-2)
c

and consequently u solution to auxiliary Problem (AP) is indeed solution

to original Problem (P ).
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