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1 Introduction

In this work we consider the following fractional Schrédinger equation:
(—A)2u+V(z)u=K(@)f(u) in R, (1.1)

where (—A)% is the 1/2-Laplacian operator, VK : R — R are func-
tions satisfying appropriate conditions which will be introduced later and
f : R — R has exponential growth in the sense of the Trudinger-Moser
embedding due to Ozawa [34]. Our goal in this work is to show that under
appropriate conditions problem (1.1) has a ground state and a nodal solu-
tion, which are distinct. Throughout this paper, the fractional Laplacian
(—A)% of a function u € § is defined by

L [ ule+y) +ule —y) - 2u()

(~8)7ul@) = =5 | W

dy,

where S denotes the Schwartz space of the rapidly decreasing C'**° functions
in R.
A physical motivation for studying this kind of problem is that Eq.

(1.1) describes the behavior of the so-called standing wave solutions ¢(x,t) =

e_%tu(x) of the following time-dependent fractional Schrédinger equation:
0 h?
ihof = —o—(-A) 2o + W(a)p - g(x lpl)p, (t2) ERxER,

where V(z) = 22(W (z) — E), K(z)f(u) = g(z, |u])u and u is a solution
of (1.1). This equation was introduced by Laskin [29, 30]. We would
also like to quote to the reader the paper [19] and some of its references
for other applications, and to underline the role played by the potential
V(x), we suggest to the reader the papers [13, 22|. In the specific case of
applications involving the fractional Laplacian on the real line we would
like to highlight applications in dynamical systems and crystal dislocation
theory (cf. [14, 17, 18]). As a consequence, the study of nonlinear fractional
equations has attracted the attention of many researchers and topics like
existence, regularity, symmetry, uniqueness and stability were studied, see

for instance, [10, 20, 27| and references contained therein.
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We are interested in looking for solutions when the nonlinearity f(¢)
has the maximal growth which allows to treat problem (1.1) variationally
in the Sobolev space H'/?(R). In order to better understanding the critical
growth on f(t), let us to recall some well-known facts involving the limiting
Sobolev embedding theorem in one-dimension. Let H*(R) be the Sobolev
space with s € (0,1/2). The Sobolev embedding states that H*(R) <—
L% (R), where 2% := 2/(1 — 2s) (the critical Sobolev exponent), and when
s = 1/2 we have HY?(R) — L9(R) for any q € [2,+00), but H'/?(R) is
not continuously embedded in L*(R) (see [19, 34]). Thus, if s € (0,1/2)
then the maximal growth on the nonlinearity f(¢), which lets us to work
with (1.1) by considering a variational approach in H*(R), it is given by
lu[?s~! as |u| — +o00. On the other hand, in the limiting case s = 1/2,
motivated by Ozawa [34], the maximal growth on f(¢), which allows us
to study (1.1) by applying a variational framework involving the space
HY2(R), is given by e as |u| — +o0, for some a > 0. Precisely, we say

that f(t) has exponential critical growth if there exists oy > 0 such that

i f(t)e_a|t‘2 )0, for all o > ay, (1.2)
|t|=+o00 +oo, forall o< ag,

and we say that f(t) has ezponential subcritical growth if

lim f(t)e_o“t|2 =0, forall o>0. (1.3)

[t|—+o0

Based on this notion of criticality, many papers have been developed
in order to study issues related to the existence of solutions for prob-
lems involving the fractional Laplacian operator and nonlinearities with
exponential growth. For example, by exploiting the Trudinger-Moser em-
bedding due to Ozawa [34] and the Mountain Pass Theorem, J. M. do O,
Miyagaki and Squassina [21] proved the existence of ground state solutions

for the following class of nonlinear scalar field equations:

{ (—A)%u—i—u:f(u) in R,

u(z) -0, as |z|— oo,



On solutions for a class of fractional Schrédinger equations 17

when f(t) is o(|t]) at the origin and behaves like e as |t| — +o0, for
some a > 0. In [15], Souza and Araijo considered a perturbation of this

problem by a general potential V (x), namely,

{ (—A)%u+V(x)u:f(u) in R,
u(z) -0, as |z|— oo,

where V(z) is a nonnegative function which is asymptotically periodic at
infinity. See also [2, 12, 16, 20, 25| for others investigations.
We would like to point out the recent work due to Miyagaki and Pucci

[31], who considered a nonlocal Kirchhoff problem of the form
1 .
— M([[ulD((=A)>u+V(x)u) = K(z)f(u) in R, (1.4)

where M : Ry — Ry is a continuous Kirchhoff function and ||u|| is defined
asin (1.7), V and K are continuous positive potentials satisfying the con-
ditions introduced in [20] and f is a nonlinearity with exponential growth
and is allowed to be critical or subcritical with respect to the Trudinger-
Moser inequality established by Ozawa [34]. In this work the authors
obtain the existence of nontrivial solutions to (1.4) by applying suitable
variational methods needed to overcome the lack of compactness due to
the unboundedness of the domain and to the Trudinger-Moser embedding.

For problems considering a bounded interval of the real line, we would
like to mention lannizzotto and Squassina [27]|, who proved the existence
and multiplicity of solutions for the class of one-dimensional nonlocal equa-

tions

(~A)7u= f(u) in (ab),
u=0 in R\ (a,b),

when f has exponential subcritcal growth or critical growth. In [26], Gia-
comoni, Mishra and Sreenadh considered the problem

(—A)%u = Ag(@)|ulT2u + uPe?” in (a,b),

u>0 in (a,b) and w=0 in R\ (a,b),
where 1 < ¢ < 2, p > 1,0 < 6 < 2, A > 0 and the function g €

+q+8
LratsT (a,b). They showed the existence of mountain-pass solution when
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the nonlinearity is concave near to the origin and has exponential growth at
infinity. Furthermore, they showed the existence of multiple solutions for
a suitable range of A by analysing the fibering maps and the corresponding
Nehari manifold.

In [32], Perera and Squassina, by using a suitable topological argument
based on cohomological linking and by exploiting the Trudinger-Moser
inequality, the existence of multiple solutions was extended for a problem
involving the nonlinear N/s—fractional Laplacian operator and the critical
exponential growth.

We point out that none of the previous works treated the existence of
a sign-changing solution (nodal solution). Motivated by these facts, one of
our goals in the present paper is proving the existence of the least energy
nodal solutions for problem (1.1) when the nonlinearity has exponential
growth. We ended this subsection by mentioning that for problems involv-
ing fractional equations, critical nonlinearities and domains € of RV, with
N > 2s, there is a large literature and we refer to [23, 33, 35, 36, 37|, and
to the references therein. For the existence of sign-changing solutions we

quote [1, 11], which served as inspiration for the development of this work.

1.1 Assumptions

In order to reach our goals, we assume the following assumptions on
the functions V' and K:

(Vi) V:R = [0,4+00), K : R = (0, +00) are continuous and K € L>*(R);
(V) there exist by, Ry > 0 such that

V(z) > by, for |x| > Ro;

Since problem (1.1) is set on the whole real line, we face a loss of
compactness. Here, motivated by Miyagaki and Pucci [31], in order to

overcome this difficulty, we assume the following assumption on K:
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(K1) if {A,} is a sequence of Borel sets of R with sup |4, | < R, for some

neN
R > 0, then

lim K(xz)dx =0,
=00 J A,NB&(0)

uniformly with respect to n € N.
On the nonlinearity f, we assume the following assumptions:
(f1) f € CYR) and there exist Cp,ty > 0 such that

|f(t)] < Co (e“tQ - 1) , forall |[t| > to;

() tim T o,

(f3) there exists 6 > 2 such that

0 < OF(t) ::9/tf(s)ds§tf(t), for all ¢te R\ {0};
0

t
(f1) the function f|i|) is strictly increasing for ¢ # 0;

(f5) there exist constants p > 2 and C}, > 0 such that

sgn(t)f(t) > Cplt|P~!, forall teR.

We point out that from (f;) we can consider nonlinearities with expo-
nential critical growth in the sense of (1.2) and with exponential subcritical

growth in the sense of (1.3).

1.2 The main results

For a better understanding of the main results of this work, we will
introduce some notations and definitions. First, we denote by H'/2(R)
the fractional Sobolev space defined by

H'?(R) = {u € L*(R) : /]R2 dedy < oo}



20 M. de Souza, U. B. Severo and T. L. O. do Régo

endowed with the norm

1 u(x) — u(y)|? 1/2
fulhsa = (5 [, 0= away+ i)

27 |z — yl?

In order to apply variational methods to study (1.1) in H'/2(R), it is
natural to work in the subspace of H'/?(R) defined as

X:{UEWﬂRNAJMWQx<m} (1.5)

From (V1) — (V3) (see Lemma 2.1 and Proposition 2.2), we show that

X is a Hilbert space when endowed with the inner product

) e /R (ua) — u(@)(elx) o))y 0 /R Voneds (16)

T on & —y?

and the corresponding norm

Hm:<1égwwﬂ@wmw+4vwwaam. (1.7)

2 |z —y?

In this context, we say u € X is a weak solution of (1.1) if
(u,v) / K(z)f(u)vde =0, forall velX,
R

and if u is a weak solution of (1.1) such that u™ # 0 and v~ # 0, we
say that u is a sign-changing solution (nodal solution), where u*(z) =
max{u(z),0} and v~ (z) = min{u(z),0}.

In Section 2, we will show that the energy functional
L2
I(u) = 5 llull® — RK(w)F(U)dx (1.8)
is well defined and belongs to C(X, R) with
I'(u)v = (u,v) — / K(z)f(u)vdz, for u,v € X,
R

and consequently its critical points are weak solutions of (1.1).



On solutions for a class of fractional Schrédinger equations 21

In order to find nodal solutions for problem (1.1) by applying an appro-

priate minimization argument, first we will introduce the Nehari manifold
N ={ue X\{0}: I'(u)u=0}. (1.9)

Now, we define the nodal set as
Nooa ={u€ X :ut #0,u” #0 and I'(u)u™ = I'(u)u” =0}; (1.10)

the ground state level

= inf I(u); 1.11
¢:= inf I(u); (1.11)
and the nodal level
*i= inf I(uw). 1.12
= dnf (u) (1.12)

We recall that a necessary condition for u € X to be a critical point
of I is that I'(u)u = 0. Thus, the Nehari manifold is a natural constraint
for the set of nontrivial solutions.

Note that since N,,,q C N we have ¢ < ¢*. We say that a nonzero
critical point w € X of I is the least energy solution if w achieves the
infimum c¢. Since we are looking for nodal solutions, one of our goals
will be to show that the minimum c* is reached by a critical point of I.
Notice that the set N, contains all sign-changing solutions of (1.1). The
function that achieves ¢* is called the least energy nodal solution.

We point out that in order to find a critical point on N,,,q our approach
is a little different from the usual and is taken from [3, 4, 7, 11]. In
particular, we do not need to make customary assumptions which imply
that I € C? and I"(u)(u,u) < 0 on Nyoq.

Now we can state our main results.

Theorem 1.1. Suppose that (V1)—(Va2), (K1) and (f1) —(f5) are satisfied.

Then problem (1.1) possesses a least energy nodal solution, provided that

, (1.13)

29,%;; (p—2)/2
)

G > |
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where

= inf I,(u
D WEM,, 04 p( )’

Mupoa :={ue€ X :u™ #£0,u” #0 and I (u)u™ = I (u)u” = 0}
and

1 1
) = gl = | K@)lupaa,

and k> 0 is the constant given in (2.6).

Another goal of this paper is to prove that the energy of any sign-
changing solution of (1.1) is strictly larger than twice the ground state

energy. This property is so-called energy doubling by Weth [40].
Theorem 1.2. Suppose that (V1) — (Va), (K1), (f1) — (fs) and (1.13) are

satisfied. Then problem (1.1) has a least energy solution and
I(w) > 2c, (1.14)

where w s the least energy sign-changing solution obtained in Theorem

1.1. In particular, ¢ is achieved either by a positive or a negative function.

Remark 1.3. Note that if we assume that the function f is odd, then,
using Theorem 1.2, it follows that problem (1.1) has at least one negative

solution, one positive solution, and one nodal solution.

Remark 1.4. Using the regularity results due to Servadei and Valdinoci
[37], we have that weak solutions of problem (1.1) belong to C(R).

Remark 1.5. In this paper, we deal with nonlinearities that have expo-
nential growth in the sense of the Trudinger-Moser inequality proved by
Ozawa [31]. This inequality is valid in general for functions in the Sobolev
space W 5P (]RN ) whenever p > 1, N > 1 and s = p/N. However, in our ar-
guments it is fundamental the Hilbert structure of the space X, see Lemma
2.6. Thus, we are restricted to the case p = 2. Besides that, since we are
interested in the fractional case 0 < s < 1 our approach is also restricted
to the one-dimensional case N = 1. We have that these restrictions imply
s=1/2.
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It is interesting to note that in the last decades the existence and
multiplicity of positive and nodal solutions of elliptic problems have been
widely investigated, see for example, [3, 4, 5, 6, 7, 8, 24, 41] and references
therein. Specially, some results on nodal solutions of nonlinear elliptic
equations involving different operators have been obtained by combining
minimax method with invariant sets of descending flow, such as Laplacian
operator |5, 7, 8|, p—Laplacian operator |6] and Schrodinger operator |3,

4, 24|. In the special case of the stationary equation of Schrodinger
—Au+V(z)u=f(u) in RN, (1.15)

there are several ways in the literature to obtain a sign-changing solution
(see [3, 4, 5, 8, 24, 41]). However, the methods used in these works heavily

rely on the following two decompositions:
J(u) = J(u") + J(u"), (1.16)

J(wut = J' (wHu" and J'(w)um = J (u)u", (1.17)
where J is the energy functional associated to (1.15) given by

J(u) = % /RN(WUP +V(2)u?)dz — /RN Pu)dz.

In the case of problem (1.1), the energy functional associated does not have
the same decompositions as (1.16) and (1.17). Indeed, since (u™,u~) >0
when ut # 0 and v~ # 0, a straightforward computation shows that (see
Lemma 2.6)

I(u) > I(u®) +I(u”),
I'(w)ut > I'(wm)u® and I'(w)u™ > I'(u”")u”.

Therefore, the methods used to obtain sign-changing solutions for the local
problem (1.15) seem not to be applicable to problem (1.1). Furthermore,
a second well-known difficulty for the class of problems (1.1) is the loss of

compactness due to the critical growth on the nonlinearity f.
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In order to overcome these difficulties, we define the constrained set
Niod (see (1.10)) and consider a minimization problem of I on N,,,q. Bor-
rowing ideas from [11]|, we prove N,,q # 0 via modified Miranda’s The-
orem (see Lemma 3.5 and Lemma 3.6). Combining the ideas developed
in [3, 4, 7, 11], we prove that the minimizer of the constrained problem
is also a sign-changing solution via the Quantitative Deformation Lemma
and Degree Theory (see Section 3).

In this paper, the symbols C, C;, i = 1,2, ..., will be used to denote
various positive constants and Bgr denotes the open ball centered at the

origin with radius R.

2 Preliminaries

We begin this section by presenting an equality that will be widely
used throughout this work. From [19, Proposition 3.6|, it is well-known
that for all w € H'/2(R), it holds

Az L. o L[ lu@ =P
Iyl = ol = 5= [ sy, @)

With this in mind, we prove the following result:

Lemma 2.1. Assume that (V1) — (Vo) are satisfied. Then,

A1 = inf (1 /R2 dedy—i—/]RV(m)ude) > 0.

— |2
Hgli)il 27 ‘JZ y‘

Proof. Suppose, by contradiction, that \; = 0. Hence, there exists (u,) C
X such that, as n — oo, we have

1 n - Un 2
lunli=1 and — [ Im@Zw®F / V(@)ulds — 0.
R

o Jer Jr—yP 0

From [34], for any 2 < ¢ < +oo0 and v € H'/2(R), there exists M > 0 such
that

vllg < Mg"?[[(=A)*oly > jv)|3/. (2.3)
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Combining (2.1), (2.2) and (2.3), for each ¢ > 2, we obtain
||Un||q < Mq1/2H(*A)1/4UnH;2/q — 0, as n — oo.

Now, note that choosing ¢ > 1 such that 2¢ = ¢ and by using the Holder
inequality, we get
2 L 2
lunlZ2mn ) < 1Brol¥ 3,y 0. as n—oo.  (24)

On the other hand, by (V2) and (2.2), we have

1
/ uldr < / V(z)uldz — 0, as n — oo. (2.5)
B B

c c
Ry 0 Rg

But, (2.4) and (2.5) imply that
2 2
1= 32 + a3, , O
as n — 00, which is a contradiction. Thus, we have completed the proof
of the lemma. O
From Lemma 2.1, we reach the following result:

Corollary 2.2. Assume that (V1) —(Va2) are satisfied. Then the embedding
X < H'Y?(R) is continuous and there exists k > 0 such that

o
K Zi)é HUH%/Q’Q

(2.6)

In particular, X is a Hilbert space with the inner product (1.6) and the em-
bedding X — L1(R) is continuous and locally compact for all q € [2,+00).

Now, given r > 1, we define weighted Banach space
e = {u :R — R : u is measurable and / K(z)|u|"dx < oo}
R

endowed with the norm

full, = ( [ K(w)qux)’lﬁ
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Note that, since K € L®(R), the embedding H'/?(R) < L% is con-
tinuous for all ¢ > 2. In [20, Proposition 2.2|, the authors show that this

injection is compact for all ¢ > 2. As a consequence, we have:

Corollary 2.3. X is continuously embedded in L%( and compactly embed-
ded into LY, for all q € (2,+00).

One of the main tools to study problems involving exponential growth
in the fractional Sobolev spaces is the so-called fractional Trudinger-Moser
inequality due to Ozawa [34]. Combining the results in [15, 28, 34, 38|,
the Trudinger-Moser inequality due to Ozawa has been refined and can be

stated as follows.

Lemma 2.4. For any u € HY/2(R) and o > 0, the integral

/R (e““Q — 1) dz < oo. (2.7)

Furthermore, if 0 < a < m, it holds

sup / (ea“2 - 1) dz < 00 (2.8)
R

{ueHY2(R): llulli/2,2<1}

and if 0 < a < m, there exists Cq > 0 such that
/ (eau2 - 1) dz < Colull?, (2.9)
R

whenever u € H'/2(R) and ”(—A)%UHQ <1

As an application of this inequality, we get the following convergence

result:

Lemma 2.5. Let a > 0 and (u,) C H'?(R) be such that u, — u strongly
in H'?(R). Then

lim (ea“’% — 1) dz = / <e°‘“2 — 1) dz.
n—-4o00 R R

Proof. The proof of this lemma follows directly from the Mean Value The-

orem, the Holder inequality and Lemma 2.4, and we will omit it. ]
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Now, note that by Lemma 2.4, Lemma 2.5 and the hypotheses on f
and V, we obtain that the energy functional I : X — R associated to
problem (1.1) given by

1
Iw) = 3l - [ K@) Pz
2 R
is well defined and belongs to C1(X,R) with
I'(u)v = (u,v) — / K(z)f(u)vde, for wu,ve X
R
and consequently critical points of I are precisely the weak solutions of

(1.1).

Before presenting our next result we would like to mention that due
to the characteristics of the Gagliardo semi-norm [u]? /2,29 the energy func-
tional I does not possess certain properties that are typically satisfied for

the energy functional of equations of type
—Au+V(z)u=f(u) in RY, (2.10)
In theses cases, the following equalities are satisfied
J(u) = J(uh) + J(u"), (2.11)
and
J (w)ut = J' (wu" and J'(w)u” = J (u")u", (2.12)
where J is the energy functional of (2.10), which is given by

J(u) = 1/RN(|VU|2 + V(z)u?)da —/ F(u)dx.

2 RN
The above decompositions are applied in several ways in the literature to
obtain sign-changing solutions for problem (2.10) (see [3, 4, 5, 8, 24, 41]).
However, these methods can not be directly apply to problem (1.1). Here,
inspired by [11], we have the following result:

Lemma 2.6. Let u € X be such that u™ £ 0 and u~— £ 0. Then,
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(i) (ut,u™)>0;
(i) I(u) > I(u™)+ I(u™);
(iii) I'(w)ut > I'(uM)ut and I'(w)u™ > I'(u")u".

Proof. By density (see [19, Theorem 2.4]), we can assume that u is con-

tinuous. Defining

Qr={reR:u(x) >0} and Q_={zecR:u(z) <0},

we get
gmﬁw o I R EUR T Y
b e ),
P e ),
O,
Hence, since u™ = 0 in ©_ and u~ = 0 in ©,, we reach
+ /Q_XQ+ u+(T£(_—Z|‘2(y>)dxdy >0,

which implies the item (7). Now, since I(u) = (u™,u™) + I(u™) + I(u™),
I'(wu™ = (utu™) + I'(uT)ut and I'(u)u™ = (ut,u™) + I'(u")u™ , the

proof of (ii) and (iii) follows from item (7). O
Corollary 2.7. Ifu € X then
laall® > [l 1 + fla” |12
Proof. By Lemma 2.6, we have
lull® = llu 1 + 20w, w7) + lu™ |2 > lu|? + [lu” ]

which implies the desired inequality. O
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3 Constrained minimization problem

In order to prove some properties of N,,,q and N, we observe that by
(f1) = (f2), given € > 0 and ¢ > 1, there is a positive constant C. such
that

IF@)] < elt| + Clt|T (€™ —1), forall teR (3.1)

and, by virtue of (f3),
|F(t)| < elt|® + C’E\ﬂq(e”t2 —1), forall teR. (3.2)

Moreover, by (f5), we have

|f(t)] > Cplt|P~t, forall teR (3.3)
and
Cp
F(t) > =2JtP, forall teR. (3.4)
p

Lemma 3.1. Assume that (V1) — (V2) and (f1) — (fs) are satisfied. Then,
gwen u € X \ {0}, there is an unique t = t(u) > 0 such that tu € N. In

addition, the number t satisfies

I(tu) = max I (su). (3.5)

s>0

Proof. Given u € X \ {0}, we define h(s) := I(su) for s > 0. By (3.4) and

since p > 2, we obtain
2 C. sP
n(s) < S ull? - 1’3/ K(@)lufPde — —o0, as s— o0, (3.6)
p R

On the other hand, choosing g > 2, by using (3.2) and that K(x) < C, we
get
s 2,2
h(s) > EHUH2 - C’/]R(as2|u]2 + Costu|?(e™ " —1))dx. (3.7)
If s € [0,1], we have (™" — 1) < (e™” — 1). Hence, by Proposition 2.2,

we get

1
h(s) > s* (2 —cle) ][> = Co.es / ul?(e™ —)de >0 (3.8)
R
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for s > 0 small enough. Thus, from (3.6) and (3.8), there exists t = t(u) >

0 such that I(tu) = max I(su) and, consequently, tu € N'. Now, if s > 0
§2

is such that su € N, we have

2 2: d
|lul /R f(su)su dz

and since

t2||uH2:/f(tu)tudx,
R

/R (f(t“) - f(‘9“)> w?dz = 0. (3.9)

tu SU

it follows that

By (f4) and since u # 0, we get from (3.9) that ¢t = s. Thus, we have
completed the proof. ]

Lemma 3.2. Assume that (V1) — (Va) and (f1) — (fs) are satisfied. Then,
there exists mo > 0 such that ||u|*> > mg for allu € N.

Proof. In order to obtain a contradiction, suppose that there exists (uy,) C

N such that ||u,|| — 0 as n — co. By definition, we know that
l|un ||* = /]RK(m)f(un)undx. (3.10)
Since K (x) < C, utilizing (3.1) with ¢ > 2, we get
ol < [ K@)\ fue)unlda
< 5C/R |up|2dz + CE/R lun|9(e™n — 1)dz. (3.11)

Now, from Lemma 2.4, by using the Holder inequality and the assumptions

||un|l — 0, we obtain

up 2 2
/ [un| (™ — 1)da < Clun 4, </ (62“”“"”2(m) _ 1)dm>
R R

< CWHUanq (3.12)

=
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for n € N sufficiently large. From Proposition 2.2, there exist C1,Cy > 0
such that Hun||gq < Cylupll? and ||un|l3 < Co||unl|?>. Hence, choosing
e > 0 and utilizing (3.10), (3.11) and (3.12), we have 0 < Cp < ||Ju, 972,
for n € N sufficiently large. But, as ¢ > 2, this contradicts the assumption
||un|l = 0 and the proof of the lemma is complete. O

Corollary 3.3. Assume that (V1) — (Va) and (f1) — (fs) are satisfied.
Then, there exists 6y > 0 such that I(u) > &g for all w € N. In particular,

0<dyp<c<ch.

Proof. Since I'(u)u = 0, by Lemma 3.2 and (f3), we have

1) = 1w - grwu= (5= ) Il + 5 [ 7= or0)s

11 o (1 1
> (== > (-2 =

which is the desired inequality. O

Lemma 3.4. Assume that (V1) — (V2) and (f1) — (f5) are satisfied. Then,
there exists m{y > 0 such that |[u™|> > m{ and ||u~||*> > m{ for all u €

Nnod~

Proof. The proof is similar to Lemma 3.2. Hence, it is sufficient to prove
a similar estimate to (3. 11) for u+ and u~. Since u € N,,q we have

ut # 0 and (u,u™ f]R JuTdz. Now, by Lemma 2.6, we have
(ut ut) < (u, u+). Thus, by using (3.1) we obtain

|ut]? < /K +dx<€C/ lut 2dz+C. / lut|9(em™ 1 ~1)da.
Similarly,

™ H2 /K Ju dx<€C/ lu™ ’2dx—|—C / lu™|%( W\u l?_ 1)dz.

This completes the proof. O
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Now, we recall the so-called Poincaré-Miranda Theorem (see [39]).

Lemma 3.5. Let h : P ¢ RY — RY be a continuous function, where
P = Hi]il[ai,bi] is a N-dimensional block in RN, with a; # b;, for i =
WN. Let P ={z € P:x;=ua;} and Pt = {x € P : z; = b;}.

Assume that the coordinates functions of h satisfy:
(i) hi(x) >0, for allx € P,
(i) hi(z) <0, for allz € P;.
Then there exists xg € P such that h(xg) = 0.
As an application of Lemma 3.5, we shall show that N,,,q # 0.

Lemma 3.6. Assume that (V1) — (V2) and (f1) — (f5) are satisfied. Then,
given v € X with u™ #£ 0 and u~ # 0, there exists an unique pair (t,s) of
positive numbers such that tu™ + su™ € Nyoq.

Proof. Let u € X such that u™ # 0 and u~ # 0. We define the continuous
vector field g : (0,00) x (0,00) — R2 by

g(t,s) = (I'(tu® + su™)tu™, I'(tut + su™)su™).

Firstly, we want to find (¢,s) € (0,00) x (0,00) such that g(¢,s) = (0,0).
The first step is to show that for ¢ and s sufficiently small the coordinates
functions are positive. Given € > 0 and ¢ > 2, by (3.1) and K(z) < C, we
get,

I'(tut + su”)tu™ = 2 {|u™||> + ts(u™, u” / K(x Ntutdx
> *Jut|? + ts{ut,u”)
—ect? / ut2dz — C.C18 / 9P 1)dg.
R R
Hence, if t € [0, 1], by using Proposition 2.2, there exists C; > 0 such that
I'(tu™ + su™)tu™ > 2|lut||? + ts(ut,u™) — eCLOt||uT|?

—C.ot / lut 4™ — 1)da.
R
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By Lemma 2.6 we have (ut,u”) > 0. Then there exists r > 0 small
enough such that

I'(rut +su”)rut >0, forall s>0.
Analogously, there exists r > 0 large enough such that
I'(tut +ru”)ru”™ >0, forall t>0.

Now, we shall show that, for ¢ and s large enough, the coordinates functions

are negative. Indeed, by (f3) and (3.4), we have

/ K(z)f(tuM)tutde > 9/ K(x)F(tu®)dx > A L x)|utPda.
Thus,
I'(tut + su™)tu™ = 2|lut||? + tsu’,u™ / K(x Ntutdz
< a2+t u) ”*ptuwn% .

Since p > 2, there exists R > r large enough such that
I'(Ru™ 4+ su™)Ru® <0, forall 0 < s < R.

Analogously, there exists R > r small enough such that
I'(tu™ + Ru”)Ru~ <0, forall 0 <t < R.

Hence, considering the block P = [r, R] x [r, R] and applying Lemma 3.5,
there exists (t, s) € [r, R] x[r, R] such that g(¢,s) = (0,0) and consequently,
we have tut + su™ € Nyoq.

Finally, we shall prove the uniqueness of the pair (¢,s). First, we
assume that u = u™ +u™ € N,,,q and (¢, s) € (0,00) x (0,00) is such that
tu™ + su” € Npog. In this case, we need to show that (¢,s) = (1,1). Note
that

lut]? + / K(x Jutda (3.13)
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lu™|]? + / K(x Ju~ dz (3.14)
2wt ||+ ts{ut,u / K(x Ntutdr (3.15)
s2Ju™||? + ts(uT,u” / K(x)f(su™)su™dz. (3.16)

We can assume, without loss of generality, that ¢ < s. Then, by using
(ut,u™) >0 and (3.15), we have

t +
|2 + /K )+ dg.

It follows from (3.13) that

[ (22 e

Hence, by (f4) and since u™ # 0 we obtain ¢ > 1. On the other hand, since
t/s <1and (ut,u”) > 0, we get

u”||? ut u” :Ef(qu“
| + (u, >2/RK<>

This together with (3.14) implies

/RK($) <f(8“_> - f(u_)> (u)2dz < 0

sU u

and consequently s < 1. Thus, we conclude that t = s = 1.

For the general case, we suppose that u does not necessarily belong to
Noda- Let (¢, ), (', 8') € (0,00) % (0, 00) such that tut+su™ and t'ut+s'u~
belongs to N,oq. We define v = v +v~, where vt = tu™ and v~ = su™.
Then, we have that v € N,,,q and

t/

;’U"_

=tut +su" € Nyyou.

Hence, by the first case, we reach t//t = 1 and s’/s = 1, which completes
the proof. ]
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Now, we shall present two technical lemmas that will be used in the

next section.

Lemma 3.7. Assume that (V1)—(V2) and (f1)—(fs) are satisfied. Letu €
X be a function such that u™ #£ 0, v~ £ 0, I'(u)u™ <0 and I'(u)u~ < 0.
Then the unique pair (t,s) given in Lemma 3.6 satisfies 0 < t,s < 1.

Proof. We can assume, without loss of generality, that s > t > 0 and
tut + su™ € Nyoq- Now, since I'(u)u™ < 0 and I'(tu™ + su™)su™ = 0, we

have

ftf2 wt ™ x u )u dx
| + (u, >S/RK()f( yu=d

and
f(s: )u_d:t:.

u”|)? EuJ’u_: T
ol + St ) = [ K@)

By Lemma 2.6 we get

/RK(x) (f(uu__) — fizu__))(u_)2dx
= z)f(u )u dr — u_2—£u+u_
= [ K@ dr— | - Hta)
> I+t w7 = P = St )

> (1 - t) (ut,u=) > 0.

S

From this estimate, (fs) and u~ # 0, we obtain that s < 1. Thus, we
finish the proof. O

Lemma 3.8. Assume that (V1) — (Va) and (f1) — (f5) are satisfied. Let
u € X be a function such that ut # 0, u= # 0 and (t,s) be the unique
pair of positive numbers given in Lemma 3.6. Then (t,s) is the unique
mazimum point of the function ¢ : Ry x Ry — R defined by ¢(a, ) =
I{aut + fu™).
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Proof. In the demonstration of Lemma 3.6, we saw that (¢, s) is the unique

critical point of ¢ in (0,00) x (0,00). Note that, by using (3.4), we get

o(a, %Hau + Bu” H p/K(m)]au++Bu_]pdx
R
_(a+ B, «a B _|?
- 2 (a+ﬁ)u++(a+5)u
C o 15} P
- Slar iy |+ |

Hence, since p > 2, ¢(a, B) — —o0 as [(«, B)| — oo. In particular, there
exists R > 0 such that ¢(a, 8) < é(t, s) for all (o, B) € (0,00) x (0,00)\ Bg,
where Bp, is the closure of the ball of radius R in R2. In order to finalize the
proof, we shall show that the maximum of ¢ does not occur in the boundary
of Ry x R4. Suppose, by contradiction, that (0, ) is a maximum point
of ¢, given o > 0, we have that

oa, ) = WW+WU1L /K H)dz + 6(0, B).

Arguing similarly to Lemma 3.1, we get
Huﬂ|2+aﬂu u” /K dz >0

for @ > 0 small enough. But this contradicts the assumption that (0, 3) is
a maximum point of ¢. The case («,0) is similar to the first one and we
omit it. ]

Now, we shall prove an upper bound for the nodal level ¢* defined in

(1.12).

Lemma 3.9. Assume that (V1)—(V2) and (f1)—(f5) hold and C, satisfies
(1.13). If 0 is the constant given by (f3) and k is given in (2.6), then
6 —2

* . 3.17
c < 20r ( )
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Proof. From Theorem 6.8 (see Appendix), there exists w € Mg such

that , w’ =0 an w)w~ = 0. Consequently,
hat I,(w p II’) T =0 and II’) 0. C 1
Slhwl? = =llwlf, = ¢, (3.18)
P K
)1 = |, — (W, w™) (3.19)
lwl* = llwll7, - (3.20)
Hence, by (3.18) and (3.20), we get
1 1 .
=) )t = (3.21)
2 p K

Since w™ # 0 and w™ # 0, by Lemma 3.6, there exist ¢,s > 0 such that
twt + sw™ € N,nq. Consequently, we obtain

t2 2
¢ < It + swT) = Sl + ts(wtwT) + iywu?

/K twdx—/K 7)da.

This together with (3.4) implies

C,tP c,s?
S i, — S,

*t2+2 +—32—2
¢ < Sl 2+ tsfwt, w) + S| -

By (3.19) and Lemma 2.6, we have

t2 2

— — S - -
¢ < Sty — D) +tstwt,w) + (Il — whw)
C,tP CpsP  _
= 2wty — =l I,

p p
t2 CptP up s st up
— (5= ) oty + (5 - ) 1ot

— S (=9 whw)

2 P
<max (£ = &) jup,
£>0 2 P Ly
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On the other hand, it is easy to see that

€ G _ e (11
w(5-57)-97(G3)

Hence, by (3.21) it follows that

v o (11 P =
C SCp 5—;9 H’LUHLZI)(:CP Cp.

Therefore, by the definition of C), given in (1.13), we obtain (3.17). O
The next step will be to obtain a minimizing sequence for the nodal

level ¢* with a special behavior. For this, for A > 0, we begin by defining
the set

§,\:{u€./\/nod : I(u) <c*—|—)\}.

Lemma 3.10. Assume that (V1)—(V2) and (fi1)—(f5) hold and C), satisfies
(1.13). For A > 0 small enough, there exists my € (0,2) such that

0 <mp < [lu 2 lu”|* < flul]* < my,
for any u € §>\.

Proof. Let u € Sy. By Lemma 3.4 and by using (ut,u™) > 0, we have
mf < |luT|?, |Ju~]|* < |Jul[?. On the other hand, by (f3) and since I (u)u =

0, we obtain
1
N> I(u) =1I(u) — éll(u)u

~(3-3) 1P+ 5 [ K@ -orlar> (3- 1) lul?.

0 —2
20k

By Lemma 3.9, we can take A > 0 such that ¢* + A < < > Conse-

quently, it follows that

20 1
2 < * = -
ol £ 5= (e 4 2) =y < =

forall u € S \» This concludes the proof of the lemma. O
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Lemma 3.11. Assume that (V1) — (Va), (K1) and (f1) — (f5) are satisfied.
Let (up) € HY2(R) be a sequence such that u, — u weakly in HY/?(R)

and b := sup,,cn HunH%/2 o < 1. Then, up to a subsequence, one has

lim K(x )f(un)undx—/ K(z)f(u)udx; (3.22)
n——+00 R
lim K(x)f( +dx—/ K(x yutdr; (3.23)
n—+o00 R
lim K(z)f(u,)u dx—/ K(x Ju~dx; (3.24)
n—+o0o R
lim K( F(up dx—/K (3.25)
n—-+oo
ggl K(z)f(up)vde —/ K(z)f(u)vdz, Vv € H/2(R).  (3.26)

Proof. We will prove only (3.22), since the proofs of (3.24)-(3.26) are sim-
ilar and we will omit them. Let 7 < o < m/b?. Then, by using (f1) and
(f2), we have

)t =0 and lim )

ltl—oo et — 1 ltl—0 12

= 0. (3.27)

Hence, given ¢ > 2 and € > 0, there exists 0 < to(¢) < t1(¢) and C: > 0
such that, for all t,z € R,

K(2)|f(t)t] < eC(t + e — 1) + CoK ()Xo (2 @) (EDIHT,  (3.28)

Now, from the continuous embedding H'/?(R) < L*(R) for s > 2, and
Lemma 2.4, we can find M > 0 such that, for all n € N,

/ |up [2dx < M,/ |un|fde < M and / (eo‘“% —1l)dz < M. (3.29)
R R R
Denoting AS, = {z € R : to(e) < |up(z)| < t1(e)}, we get

to(e)?| A5 ]—/ to(e) 2dx</\unl der <M, foral neN.
As
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Thus, utilizing (K7), there exists 7(g) > 0 such that
€
K(z)dr < ———, forall neN 3.30
Ly, 0% < Gy 0
and by using (3.29) and (3.30) in (3.28), we reach

/ K@) f(un)unldz < (2CM + 1), forall neN.  (3.31)
B} (+(0)

On the other hand, using that u,, — u weakly in H'/?(R) and the locally
compact embedding H'/?(R) < L?(R), up to a subsequence, we have
up(x) = u(z) a.e. in R. Thus, K(x)f(un(z))un(z) — K(z)f(u(z))u(x)
a.e. in R and according to (3.27), (3.29) and Strauss Lemma [9, Theorem
A.I], one has

lim K(x)f(up)updr = / K(x)f(u)udz. (3.32)
nrFoo Br(s) Br(s)
Combining (3.31) and (3.32), the proof of (3.22) follows. O

From now on, we will write §>\ with A > 0 given in Lemma 3.10.

Lemma 3.12. Assume that (V1) — (Va), (K1) and (f1) — (f5) hold and C,
satisfies (1.13). Then for any q > 2, there exists 04 > 0 such that

0 <04 < / K(m)]uﬂqu,/ K(x)u™|%dz < / K(x)|ulldx,
R R R
for each u € §>\,
Proof. Let u € Sy and ¢ > 2. We know that
P+ ) = [ K ft et
R
By using Lemma 2.6 and Lemma 3.4, it follows that

0<mj< ||qu\|2 < / K(:c)f(ui)uidx
R
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and from (3.1), we have
my < s/ K(z)|u* 2 dz + CE/ K (z)[u® (e — 1)da.
R R

Now, Corollary 2.3 and the fact that v € S » imply that there exists C; > 0,
independent of u, such that

/ K(@)udz < C1.
R
Choosing € > 0 such that mj —eC; > 0, we obtain
m{) — 601 + W\ui|2
0< ————< [ K(x)|u™|(e —1)dz. (3.33)
C. R

Let ¢ > 0 sufficiently close to 1 such that mt'myx < m, with 1/t +1/t' =1
and t > ¢. Utilizing the Holder inequality, Lemma 3.10, K(z) < C and

Lemma 2.4, we reach

/K YuE| (e — 1) da:—/ K(2)t [uf|K (2)7 (e — 1)dz

ﬂt/“ui‘h 22(ﬁ>2
< ([ wperas)" ([ x5 (#65) e,
R

1

i

lu|

1 2 7
T Tt'myk
<ot ([ wperan) | [ (=05) s
R R

This last inequality and (3.33) imply that

/

0<
Ce

< Cllutlly, . (3.34)
Now, we suppose, by contradiction, that there exists (u,) C S \ such that
(|t HL‘? — 0asn — oco. From Lemma 3.10 we obtain that (u") is bounded
in LQt(R). Consequently, since ¢ < t < 2t, by the interpolation inequality
we get that HufHfo — 0 as n — 0o, which is impossible in view of (3.34).
Thus, we have completed the proof. O
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The next technical result will be used in the proof of Lemma 3.14.

Lemma 3.13. Assume (f3)—(f1). Then the function H(t) := f(t)t—2F(t)

satisfies
(i) H(0)=0 and H(t) > 0, for all t £ 0;
(i) H(to) < H(t1) if 0 < to < t1;
(iii) H(to) > H(t1) if to <t < 0.

Proof. Let us show (iii). First we note that H € C'(R) and H'(t) =
()t — f(t), for all t € R. From (f4), we have

d (ft)

— | =—=] >0, forall teR\{0}.

i () 20 o temip
If ¢ <0 then f(t) — f'(t)t > 0 and therefore H'(t) < 0 for all ¢ < 0. Thus,
H(t) is decreasing for ¢t < 0, which implies the item (ii¢). The proof of the

item (74) is similar. O

Next, we have all the results that will allow us to prove that the nodal
level ¢* is attained in a function v € X with u™ # 0 and u™ # 0.

Lemma 3.14. Assume that (V1) — (V2), (K1) and (f1) — (fs) hold and C,
satisfies (1.13). Then there exists 4 € Nyoq such that I(u) = c*.

Proof. Let (u,) C Npoq be a sequence such that I(u,) — ¢* as n — 4o0.
We can assume that u, € S \, for all n € N. In particular, by Lemma 3.10,

we have

1
my < ||u,jﬂ|2 < Nlun|> <my, forall neN, with my € (0, > .
K

Thus, (un), (u;7) and (u,,) are bounded in X. Since X is a Hilbert space,
up to a subsequence, there exists u € X such that uff —u* and u, — uin
X. Let ¢ > 2. From Corollary 2.3, up to a subsequence, we have uf — ut

in L% and utilizing Lemma 3.12, there exists d; > 0 such that

0<dq < / K (z)uf|?ds < / K(z)|up|?dz, forall neN.
R R
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Hence u™ # 0 and v~ # 0 in X. Now, from Lemma 3.6 there exist t,s €
(0, 00) such that @ = tut +su™ € N,og. We claim that I’(u)u® < 0. Since
Sup,en ||lunl/? < my and ||un||1/22 < kllun|?, we have sup,,cy [[unll1/22 €
(0,1). Moreover, since the embedding X < L? (R) is compact, up to
a subsequence, we can assume that u}(z) — u®(x) a.e. in R. By the
convergence (3.24) in Lemma 3.11 and by the Fatou Lemma, it follows
that

w117 + (', u) < liminf (Jlug |2 + Cuy, ug)

zliminf/ K(z)f( +dx—/ K(x Yutdz.

n—-+00 R

Hence, I'(u)u™ < 0. Similarly, we get I'(u)u~ < 0. Then, by Lemma
3.7, we obtain 0 < t,s < 1. In particular, ||a||?> < |Jul|?>. Now, in order to
conclude the proof, note that using the convergence in Lemma 3.11 and
Lemma 3.13, it holds

< I@) =IT )_71' /K @) — 2F (@) d
/K H(tut)de + = /K H(su™)da

and therefore

< 1/ K(x)H(qu)dx—i—;/]RK(x)H u”

/K W — 2F(w)) dz

= I(up) — 2[ (un)un + 0n(1),
= I(un) +o,(1) ="
which concludes the proof. O

%,%)X(Q,Q)andg D—>Xg1venbyg( ,B) =

Next, we consider D = (
T 4+ Bu—, where u was obtained in Lemma 3.14. We shall prove an
auxiliary result and present some notations that will be used in the proof

of Theorem 1.1.
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Lemma 3.15. Let P = {u € X : u(z) > Oa.e.z € R} and —P =
{u€ X :ulx) <0ae x € R}y Then dy = dist(g(D),A) > 0, where
A:=PU(-P).

Proof. We suppose, by contradiction, that dy = dist(g(D),A) = 0. Hence,

we can find (v,) C g(D) and (w,) C A such that |Jv, —w,|| — 0asn — .
We can assume, without loss of generality, that w, > 0 a.e. in R. Since
vn € g(D), there exist oy, B, € [%, %] such that v, = a,u™ + Buu~. By
%, %], up to a subsequence, we have «,, — ag and 3, — by

as n — 0o. Hence

compactness of |

Up — a0ﬂ+ +bou~ in X.

Thus, we obtain w,, — agu™ + bpti~ in X. Now, by Proposition 2.2, we
have

wp(r) — agu™ (z) + bou () ae. in R.

Since u~ # 0, the convergence above produces a contradiction with the

assumption that w, > 0 a.e. in R, which completes the proof. O

4 Proof of Theorem 1.1

By Lemma 3.14, there exists & € Njoq such that I(u) = ¢*. We
shall prove that @ is a critical point of the functional I. Suppose, by
contradiction, that I'(w) # 0. Thus, by the continuity of I, there exist
A0 >0 with § < dQ—B, where dj, is given in Lemma 3.15, such that

|I'(v)|| > A, forall v & Bss(t). (4.1)

From Lemma 3.8 we have that the function (I o g)(«, 8), for (o, ) € D,

has a strict maximum point (1, 1). In particular,

Y= 1 ,B) < c*.
m (a%aegD( og)(a,B) <c
Let 0 < & < min{(c* —m*)/2,A6/8} and S = Bs(u). By the choice of

e and by condition (4.1), if v € Ss5 = Bss(u) we have ||[I'(v)|| > 2. In
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particular,

8
Vo € I Y ([¢" — 2e,¢* 4 2¢]) N Sys, it has to satisfy || I'(v)|| > §

Hence, by the Quantitative Deformation Lemma in [41, Lemma 2.3|, there
exists n € C([0,1] x X, X) such that
(i) n(t,u) =wu, if t =0 or u ¢ I~1([c" — 2¢,c* + 2¢]) N Sas;
(i1) n(1, 15N S) C I¢ 5,
(731) n(t,-) is a homeomorphism of X, Vt € [0, 1];
(iv) [In(t,u) —u|| <0,Vue X, Vte[0,1];
(v) I(n(-,u)) is non increasing, Vu € X;
(vi) I(n(t,u)) < c*,YueI® NSs, Vte(0,1].
As an application, we get

max_I(n(1,g(a, B))) <c*. (4.2)
(e, )ED
Indeed, if (a, ) € D with (o, 8) # (1,1), by using Lemma 3.8 we have

I(g(er, B)) < c*. Hence

I(n(1, g(a, B))) < I(n(0, g(ex, B))) = I(g(ex, B)) < ¢

If (o, B) = (1,1) then g(1,1) = u € I¢+*NS. Thus I(n(1,g(1,1))) < c*—¢,
showing (4.2). Notice that, by definition of ¢*, inequality (4.2) implies that
( ( )) m-/V‘nod =0.
w, let us define h(ca, 8) = n(1, g(a, B)). We claim that

h(e, B) = g(a, B) in OD. (4.3)

Indeed, given («a, 8) € D, by the definition of m* and by the choice of ¢,
we have

I(g(a, B)) <m* = c* — 2(0_2’”) < -2,

which implies that g(a, 8) ¢ I~1([c* — 2¢,¢* + 2¢]). Thus, by using the
properties of n, we get (4.3).
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Claim 4.1. Tt holds that A (c, ) # 0 and h™(«, 3) # 0 for all (o, 3) € D

Indeed, let v € A. By the choice of § > 0 and Lemma 3.15, we have

[h(a, B) = o] = llg(e, B) —vl| = [[h(a, B) — g(a, B

dy df
> |lg(ev, B) — v — & > dj _5_50.

Consequently, AT (a, 8) # 0 and h™(a, 8) # 0 for all (o, 3) € D, conclud-

ing the statement.

Next, we consider the vector fields

Fle, B) = (I'(g(ev, B))u", I'(g(ex, B))a")

and
G(03) = (1 (h(a, ) B) 5T (h(ev. B)h(ex ) ).

From (4.3), we have F = G in 0D. Hence, by the degree theory, we have

deg(F, D, (0,0)) = deg(G, D, (0,0)). (4.4)
Claim 4.2. deg(F, D, (0,0)) =
Indeed, consider
Fila,B) =I'(cut + pu)ut and Fo(o,B) =I'(cu™ + Bu)u,

the coordinates functions of the vector field F. Calculating the partial
derivatives of F; and Fs, we get

hans) =l - / K )P,
T8 = a.) = @),

6}—2 2
Tlas) =TI - /K i),
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Now, for (a, 3) = (1,1) in the above equations and since I'(u)u™ = 0 and
I'(w)u~ = 0, we obtain

%]:1(1 1) ) /K Hatda,

8]:2 i
i) = ag( 1) = i),
—(1,1) u”) /K Ju dz,

where G(t) = f(t) — f'(t)t, for t € R. By (fs), ut # 0 and u~ # 0, it is

easy to see that

/ K(x Yutdz < 0 and / K(z)G(u )u dz < 0. (4.5)
Hence, by (4.5) and (ut,a~) > 0, it follows that
0F1 3]:1
ERTRY
Ja 0B
det ZZ Y ﬁ
Oa

Since (1, 1) is the unique solution of .7-"(04,5) = (0,0) in D, by the defini-
tion of topological degree, we have deg(F, D, (0,0)) = 1, showing Claim
4.2.

In view of Claim 4.2 and (4.4), we obtain
deg(G, D, (0,0)) = deg(F, D, (0,0)) =1

and therefore there exists (ap, 59) € D such that G(ag, 5p) = (0,0), that
is,

{ I'(1(1, 900, 6o))n(1, g(a0, o))+ =0, (46)

I'(n(1, g, Bo)))n(1, g(e, o))~ = 0.

By Claim 4.1, one has h(ag, 39)" # 0 and h(ag, Bo)~ # 0. Hence, sys-
tem (4.6) implies that h(ag, By) belongs to n(1, g(D)) N Nyeq and by the
definition of ¢*, I(h(ao,Bo)) = I(n(1, g(ao, Po)) > ¢*, which is a contra-
diction according to (4.2). Therefore, we conclude that I’(u) = 0 and this

completes the proof of Theorem 1.1.
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5 Proof of Theorem 1.2

First, we define the set Sy = {u € N': I(u) < ¢*+ A}, where ) is given
in Lemma 3.10. By using similar ideas from of the proof of Lemma 3.14,
we find ¥ € N such that I(v) = ¢, where ¢ is the ground state level defined
in (1.11). Moreover, utilizing the same steps of the proof of Theorem 1.1,
we show that the function v satisfies that I'(v) = 0. Thus, v is a ground
state solution of problem (1.1). Now, in order to prove (1.14), we consider
the function @ obtained in Theorem 1.1. Since u* # 0 and u~ # 0, by
Lemma 3.1, there exists an unique pair (¢1,t2) such that tu™ € A and
tou~ € N. By Corollary 3.3, we have ¢ > 0. Now, the definition of c,

Lemma 2.6, Lemma 3.7 and Lemma 3.8, we conclude that

0<2c< I(tlﬂ—’—) + I(tga_) < I(t1a+ + tzﬂ_) < I(TL—"_ + 17_) = C*,
showing (1.14). In particular, the inequality above shows that can not exist
a nodal ground state solution of problem (1.1). Therefore, the ground state
solution v is positive or negative.
6 Appendix

In this section, we consider the problem

(=AY 20+ V(z)u = K(2)[uP2u in R, (6.1)

where p > 2, V and K are such that (V1) — (V2) and (K;) hold. The
energy functional I, : X — R associated to (6.1) is given by

1 1
Ip(u) = Sllull® = =l -
2 P K

We define the Nehari manifold and nodal set associated to I, and the

respective ground state and nodal levels by
M ={u e X\ {0} : I,(u)u = 0}, (6.2)

Mupog ={u€ X :u™ #£0,u” #0, Ilg(u)u+ = I(u)u~ =0}, (6.3)
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cp = ulenff/l I (u), (6.4)
cp = uei/\I}lf;wd Ip(u). (6.5)

We will show that problem (6.1) has a nodal solution of least energy.
The steps to show this are the same of Sections 2, 3 and 4. Thus, many

computations will be omitted in order to avoid repetitions.

Lemma 6.1. Given u € X \ {0}, there exists an unique t = t(u) > 0 such
that tu € M. In addition, t satisfies

I (tu) = r?ggclp(su). (6.6)

Proof. Lethttps://pt.overleaf.com/project/6119b3013b27d19d037226ac h(s) :=
I(su) = s?||ul?/2 - spHuHI;J%/p, for s > 0. Since p > 2, we have h(s) >0
for s > 0 small enough and h(s) — —oo as s — co. Hence, there exists a
t > 0 satisfying (6.6). In particular, tu € M. Moreover, h'(t) = 0 if and
only if £ = ([lul}/ ull, )/7-2). n

Corollary 6.2. Let u € X \ {0}. Then u € M if only if I,(u) =

L(su).
max I (su)

Lemma 6.3. There exist By > 0 and €y > 0 such that ||[u||* > {o, for all
w€ M, |[ut||? > by, |u||* > Lo, for all u € Myeq and I,(u) > Bo.

Proof. The proof of this result follows by Corollary 2.3 and using the same
ideas of Lemmas 3.2 and 3.4. O

The lemma above shows that the levels ¢, and c;‘, are well defined and
¢p = ¢, > Po, since Myoq C M. The proofs of the next three result follow

the same ideas of Lemmas 3.6, 3.7 and 3.8, and we omit them.

Lemma 6.4. Given u € X with ut # 0 and u~ # 0, there exists an
unique pair (t,s) of positive numbers such that tu™ + su™ € Moq.

Lemma 6.5. Let u € X such that u™ # 0, u= # 0, I)(u)u® < 0 and
I (u)u™ < 0. Then the unique pair (t,s) given in Lemma 6.4 satisfies that
0<t,s<1.
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Lemma 6.6. Let u € X such that u™ # 0 and u~ # 0, and (t,s) the
unique pair of positive numbers given in Lemma 6.4. Then (t,s) is the
unique mazximum point of the function ¢, : Ry x Ry — R defined by
dp(a, B) = Iy(aut + fu™).

Now, we shall show that the nodal level ¢, is attained.

Lemma 6.7. There exists it € Myoq such that Ip(u) = c.
Proof. Let (un) C Myeq be a sequence such that I,(u,) — cj. Since
u, € M, for all n € N, we have

1 1

. 1 1
6+ 0n(1) = Iun) = 3llunlP = Sl = (5= 3 )l

Hence, (uy,) is bounded in X. Therefore, (u,;") and (u,, ) are also bounded
in X. Since X is a Hilbert space, up to a subsequence, there exists u € X
such that uf — u® in X. Since p > 2, utilizing Proposition 2.2 and
Corollary 2.3, passing to a subsequence, we can assume that u;" — u® in

L and uf(z) — u*(z) a.e. in R.

We claim that u™ # 0 and u~ # 0. We suppose, by contradiction,
that u* = 0 (similarly «~ = 0). Since u, € Myoq, we have I} (un)u,} = 0.
Thus,

(U, u,t) :/]RK(x)\uTJ{\pdx% /]RK(x)|u+|pdx =0.

However, by Lemma 2.6 we have (u,,u;}) > |ju}||?>. This implies that
|luf||?> — 0, which is a contradiction in view of Lemma 6.3. Utilizing
Lemma 6.4, there exists a pair of positive numbers (¢, s) such that tu™ +

su” € Myoq. Let 4 = tu™ + su™. We will show that I(u)u* < 0 and
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Iz’,(u)u* < 0. Indeed, by Fatou’s lemma, we have

[u H2 (U™ um) = [lu H2
1 uT(r) —u u (z) —u
5 2( () |(y))(y|2( ) (y))1 ly

< hmmf (112 + (ufuy))

—hmmf/ K(x)|u) |Pdx

n—-4o0o

= [ K@l pas = a1

Analogously, I,(u)u™ < 0. Hence, using Lemma 6.5, we have 0 < ¢,s < 1.
In particular, ||@/|? < ||ul|>. Now, by using that @ € Mg and Fatou’s
lemma, we reach

1

cp < Ip(u) = Ip(1) — ];I;(a)ﬂ

1 1Y\, _ 1 1
=5 )l <(5—=)lul?
2 p 2 p

1 1
< liminf (2 — p> = hminf <||unH2 - f||un\| ) =c,

n—-+o0o

and this completes the proof. O

Now, we will present the main result of this section.

Theorem 6.8. The function & € My,q found in Lemma 6.7 is a nodal
solution of least energy of problem (6.1).

Proof. It follows by applying the same ideas used in the proof of Theorem

1.1 and we omit it. ]
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