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Introduction

The study of bi-Lipschitz equisingularity was started at the end of the
1960s with the works of Zariski [13|, Pham [11] and Teissier [10]. At the
end of the 1980s, Mostowski [9] introduced a new technique for the study
of Bi-Lipschitz equisingularity from the existence of Lipschitz vector fields.

In [5] Gaffney defined the concept of the double of an ideal and devel-
oped the infinitesimal Lipschitz conditions for a family of hypersurfaces
using the integral closure of modules, namely, the double of some jacobian
ideals. In [6] Gaffney used the double and the integral closure of modules

to get algebraic conditions for bi-Lipschitz equisingularity of a family of
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irreducible curves. In [1] the authors also used the double and the inte-
gral closure of ideals to get an algebraic condition to get a canonical vec-
tor field defined along an Essentially Isolated Determinantal Singularities
(EIDS) family, which is Lipschitz provided the matrix of deformation of
the 1-unfolding which defines the EIDS is constant. In |2] they used these
techniques to deal with normal forms of square matrices in this landscape.

In [4] it was extended the notion of the double for modules, and we
generalize the infinitesimal theorem of [5]. In [3] we prove that the in-
finitesimal condition is necessary for the strongly bi-Lipschitz triviality, as
developed by Fernandes and Ruas in [7].

In this work, our main goal is to look at the categorical properties of
the double.

In the first section, we define the double morphism and we rephrase
several results from Commutative Algebra that relate the standard prop-
erties of a morphism and its double.

In the second section we apply the double morphism to get an equiv-
alence between the second and third Lipschitz saturation of modules, de-
fined in [4], for a special class of modules.

In the third section, we develop some relations between the homological
behavior of chain complexes and their doubles.

Finally, in the fourth section, we extend the notion of a double mor-
phism between two submodules embedded on finite powers of local rings of
possibly different analytic varieties which are linked by an analytic map-

germ between them.

1 Background for the double morphism

Let X C C" be an analytic space and let Ox be the analytic sheaf of
local rings over X, and let x € X. It is defined in [4] the concept of a
double of a Ox z-submodule M of (’)& »- We recall the definition now.

Consider the projection maps 71, m : X x X — X.
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Definition 1.1. 1. Let h € O% . The double of h is defined as

hp = (ho7r1,h07r2) € O??xX,(x,r)'

2. The double of M is denoted by Mp and is defined as the Ox  x,(z,2)-
submodule of (’)?fo’(%x) generated by {hp | h € M}.

It is well known we have the analytic tensor product in the analytic
category in a way that Ox x (z,.) can be viewed as (’)XJE%(’)X@. Once
Gaffney’s double structure was conceived to deal with bi-Lipschitz equi-
singularity, it is convenient to work on Oy x () instead of O X,x%(’) X,z
Because of it, in this section, we rephrase some classical results from Com-
mutative Algebra from this point of view.

The first result is a quite useful tool many times when we work with
the double.

Proposition 1.2. Let M, N C Og(,z submodules and h, g € ng,x' Then:
a) h=g if, and only if, hp = gp;
b) h € M if, and only if, hp € Mp;
¢) M C N if, and only if, Mp C Np;
d) M = N if, and only if, Mp = Np.
Corollary 1.3. For each Ox z-submodule M of OF 2 the natural map

DMZ M — MD
h +— hD

1 an injective group morphism. In particular, we can see M as an additive

subgroup of Mp.

Our main goal is to give a categorical sense of the double structure.

The next theorem is the key to it.
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Theorem 1.4. Let M C O%  and N C O%  be Ox gz-submodules. If
¢ M — N is an Ox g-module morphism then there exists a unique

Ox x X (z,2)-module morphism ¢p : Mp — Np such that

¢p(hp) = (¢(h))p,Yh € M,

i.e, the following diagram commutes:

The map ¢p is called the double of ¢.

From now on, all the modules are objects in 7(Ox ) and their doubles
are objects in T(Ox x x,(z,2))-

Notice that if idy; : M — M and idys, : Mp — Mp are the identity
morphisms of M and Mp, then

(idM)D = idMD.

The next proposition gives us a relation between images and kernels of

a module morphism.

Proposition 1.5. Let ¢ : M — N be an Ox z-module morphism and
¢p : Mp — Np its double. Then:

a) Im(¢p) = (Im(9))p;
b) (ker(¢))p C ker(ép).

The next proposition shows that double morphism has good behavior

concerning sum and composition.

Proposition 1.6. Let ¢,¢' : M — N and v : N — P be Ox z-module

morphisms.

a) p=¢ <= ¢p=dp;
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b) (Yod)p =D o ¢p;
¢) (9p+¢)p =¢p+ ¢p.
Corollary 1.7. Let ¢ : M — N be an Ox z-module morphism. Then:

a) ¢ : M — N is surjective if, and only if, ¢p : Mp — Np is a
surjective;

b) If ¢p : Mp — Np is injective then ¢ : M — N is injective;

c) ¢: M — N is an Ox gz-isomorphism if, and only if, ¢p : Mp — Np

is an Ox x x (z,z)-1S0morphism;

d) ¢ : M — N is the zero morphism if, and only if, ¢p : Mp — Np is

the zero morphism.

As an application of the double morphism, we prove in the next theo-
rem that the double structure is compatible with the finite direct sum of

modules.
Theorem 1.8. Let M C (’)”Xx and N C Og(x be Ox ,-submodules. Then

(M @& N)p = Mpée Np

2(p+q)
XxX,(z,x)

Furthermore, there exists an isomorphism

as Oxx x,(z,z)-submodules of O

n:(M&N)p — Mp& Np
such that n((h,g)p) = (hp,gp), for all h € M and g € N.

Corollary 1.9. Let M; C (9%33 be Ox ,-submodules, for eachi € {1,...,1}.
Then
(Ml D...PD M’I’)D = (MI)D D...P (MT>D

as Oxxx,(z,e)-submodules of (9;(1;1;’(';5) through an isomorphism such

that
(hl, . hr)D — ((hl)D, ceey (hr)D)
for all h; € M;.
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Proposition 1.10. Let M C N be Ox ,-submodules of Og(,x'
a) If Mp has finite length then M has finite length and (M) < {(Mp);

b) If Mp has finite colength in Np then M has finite colength in N.

2 Applications on the equivalence of the Lipschitz

saturation of modules

In this section, we want to apply the double morphism to compare
two different types of Lipschitz saturation (which were defined in [4]) for

a special class of modules. However, we need some tools first.

Definition 2.1. We say that an Ox z-morphism ¢ : M C (’)Z;{x — N C
0% , is induced by a ¢ x p matrix if there exists A € Matgx,(Ox ) such
that ¢(h) = A-h, Yh € M.

Lemma 2.2. An Ox ,-morphism ¢ : M C (’)I)’(I — N C (’)g{x 1s 1nduced
by a g X p matriz if, and only if, there exists an OX’z—morphisng; : O§($ —
O% . such that d(M) C N and ¢ |pr= ¢.

Proof. (=) By hypothesis there exists a ¢ x p matrix A with entries in
Ox 4 such that ¢(h) = A-h, Vh € M. From this matrix A, we can define
b : 0%, — 0%, given by ¢(g) := A - g, which is an Ox ,-morphism.
Clearly, ¢ |yy= ¢, and for all h € M we have ¢(h) = #(h) € N, so
$(M) C N.

(<=) Let e1, ..., ¢, be the canonical elements in O% . Let A be the ¢xp
matrix whose columns are ¢(e1), ..., ¢(ep). Then ¢p(g) = A-g,¥g € Og(,x.
Since ¢ |y= ¢ then ¢(h) = ¢(h) = A-h,Yh € M. Therefore, ¢ is induced
by a ¢ X p matrix. 0

In the next proposition, we prove the double morphism inherits to be

induced by a matrix from the original one.
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Proposition 2.3. If ¢ : M C Of)’(’x - N C (’)g(’x is an Ox z-morphism
mduced by a g X p matriz then

2 2
¢D : MD g O;XX,(I,w) - ND g O;XX,(I,LE)

is an Ox X, (z,z)-morphism induced by a 2q x 2p matriz.

Proof. By hypothesis there exists a ¢ x p matrix A with entries in Ox
such that ¢(h) = A-h, Vh € M. Then, for all h € M we have

d(h) oo (A-h)oms

_ |o(h)om| _
ép(hp) = [ ] = (Aom) - (homs)

(AJOom]:

(Aowﬁ-@owﬁ].

So, taking the 2¢ x 2p matrix

B — A [Nt qup

Ogxp Aom

we conclude that ¢p(hp) = B - hp, and the proposition is proved, once
Mp is generated by hp, h € M. O

The next proposition gives the persistence of the integral closure of

modules.

Proposition 2.4. Let ¢ : M C O%  — N C 0%, be a morphism of
Ox z-modules which can be extended to a morphism ¢ : (’)7)’(793 — ngyx’
gwen by ¢(h) = A-h, where A is a ¢ X p matriz with entries in Ox 5. Let
he oy,

a) If h € M then $(h) € o(M);
b) Suppose q = p. If A is an invertible matriz and ¢ is an isomorphism

of Ox z-modules then:

h € M if and only if $(h) € p(M);

¢) Suppose ¢ = p and  is injective. If $(h) € @(M) then h € M.
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Proof. (a) Let ¢ : (C,0) — (X,z) be an arbitrary analytic curve. By
hypothesis ¢*(h) € ¢*(M) and we can write ¢*(h) = > a;¢*(g;), for some
gi € M and a; € Ocp. Thus: ¢(h)op =(A-h)op =[Aoc¢@]-[ho¢] =
[Ao @] > aid™(gi) = - cul([A- gi] 0 ¢) € ¢™(p(M)).

Hence, ¢(h) € o(M).

(b) It suffices apply (a) in ¢!

(c) It suffices consider the isomorphism ¢ : M — @(M) given by
&(h) = ¢(h) and apply the item (b). O

Following the notation in [4], let us recall the definitions of the second

and third Lipschitz saturations of modules.

Definition 2.5. The 2-Lipschitz saturation of the submodule M C
o% ., is denoted by Mg,, and is defined by

Mg, :={h € (’)g’(’x | hp € Mp at (z,2)}.

Before defining the third Lipschitz saturation, let us fix some notations.
For each ¢ : X — Hom(CP,C) analytic map, ¢ = (¢1,...,1,) and h =

(hi, ..., hp) € O, we define ¢-h € Ox given by (¢-h)(z) := i i(2)hi(2).
We define ¢ - M as the ideal of Ox generated {¢ - h | hZE:1M}.

Definition 2.6. The 3-Lipschitz saturation of the submodule M C
o% ., is denoted by Mg,, and is defined by

Mg, :={h € Og(,x | (W-h)p € (Y- M)p, Vi) : X — Hom(CP,C) analytic map}.

By Proposition 3.1.22 of [4], we already know that Mg, C Mg,. We
want to use double morphism to get an equivalence between the second
and third Lipschitz saturations.

For each i € {1,...,p} consider the i-th canonical global section of the
vector bundle Hom/(CP,C),

& X — Hom(CP,C)
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given by &;(z) = (0,..,1,...0), where 1 is on the i-th place. Let us denote
M:=¢ M&..®&- M.

Notice that if M is an Ox j,-submodule of Og’(z then M C M and it is
easy to see that M = M.

Now we are ready for the main theorem.

Theorem 2.7. Let M C O%  be a submodule. Suppose that Mp is a
reduction of Mp. Then, Mg, = Mg,.

Proof. Consider the inclusion ¢ : M — & - M @ ... ® &, - M. Then we can
consider the inclusion ip : Mp — ({1 - M @ ... & &, - M)p which is induced

by an invertible 2p x 2p matrix. By Corollary 1.9 there is an isomorphism
V(G- M®..0&H M)p— (& Mpd..e (& M)p

and by the proof of this corollary, this isomorphism is induced by an in-
vertible 2p x 2p matrix. Taking the composition of ip with v, we get an

injective morphism
n:Mp— (& -Mp&..o(E Mp

induced by an invertible 2p x 2p matrix B which extends to the isomor-
phism

5. (2P 2p
n: OXXX,(:E,CE) - OXXX,(x,z)

given by the multiplication by B, which satisfies the property

(91, 9p)p = ((91)Ds -+, (9p) D)-

We already have the inclusion Mg, € Mg,. So, it suffices to check

another inclusion.

Let h € Mg,. In particular, (§ - h)p € (&-M)p, Vi € {1,....,p}.
Let ¢ : (C,0) — (X x X, (x,z)) be an arbitrary analytic curve. Then

¢*((& - h)p) € ¢*((& - M)p), Vi € {1,...,p} and

¢"((hp)) = ¢*((&1 - h)p, -, (& - h)p) = (¢"((&1 - h)D), -, ¢ (& - 1) D))
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which belongs to ¢*((&1- M)p @ ... ® (& - M)p). Hence,

i(hp) € (&1 - M)p & ... ® (& - M)p.

Since Mp is a reduction of (& - M & ...®&,- M)p then by the previous
proposition we have that n(Mp) is a reduction of ({1-M)p@...® (§,-M)p.
Thus, 7(hp) € n(Mp), and by the previous proposition we conclude that
hp € Mp, therefore h € Mg, . O

Corollary 2.8. If M is an Ox ,-submodule of OI))(,Q; and M = M then
Mg, = Mg,.

Corollary 2.9. If M is an Ox gz-submodule of O% . then Mg, = Msg,.

Example 2.10. Take f,g € Ox, and let M be the Ox ,-submodule of
O%(,x generated by {(f,0),(0,9)}. So, & - M and & - M are the principal
ideals of Ox , generated by f and g, respectively. Thus, if ¢ € §1-M®E&e-M,
we can write ¢ = (B1f, f2g), for some B, f2 € Ox 4. Then,

¢ = B1(£,0) + B2(0,9) € M.

This proves that M =& - M G & - M = M hence, Mg, = Mg,.

3 Homological aspects of the double structure

In this section, we explore the double morphism to deal with homolog-

ical features in this context.

Proposition 3.1. Let

M-_—*sN_2,p

be a sequence of Ox z-module morphism and consider the double sequence

¢D

Mp Np 2 Py

If Im(¢) C ker(~y) then Im(ép) C ker(yp).
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Proof. Since Im(¢) C ker(vy) then (Im(¢))p C (ker())p. Hence, Im(¢p) =
(Im(6))p € (ker(1))p € ker(1p). =

We will see that double morphism gives a natural way to study the

homology of the double structure.

Definition 3.2 (The double chain complex). Let C = (M,, ¢o) be a chain
complex in T (Ox ;). We define

Cp := ((Ms)p, (¢e)D)

and by Proposition 3.1 we have that Cp is a chain complex in T(Ox » x (2,2))-
The chain complex Cp is called the double of C.

Proposition 3.3. Let C = (M,, ¢s) be a chain complex. If Cp is an
exact sequence then C is an exact sequence. In other words, if Cp has

trivial homology then C has trivial homology.

Proof. Let © € Z be arbitrary. We have the sequences

(¢:)p

®i i ®i
M — % M; ¢ M;_4 (Mi+1)D(L)[>) (M;)p (M;—1)p

We already know that Im(¢;11) C ker(¢;). Since Cp is an exact
sequence then Im((¢;1+1)p) = ker((¢;)p). By Proposition 1.5 we have
(ker(6:))p € ker(6:)p) = Tn((6i11)p) = (Im(di41))p. By Proposition
1.2 (c), we conclude that ker(¢;) C Im(¢p;+1). Therefore, Im(pir1) =
ker(¢;). O

Proposition 3.4. Let C = (M, ¢po) and C' = (M., #,) be chain complexes.
Ifa: C — C' is a chain complex morphism then ap : Cp — C, given
by

{(ai)p : (Mi)p — (M{)p | i € Z}

18 a chain complex morphism, called the the double morphism of «.
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Proof. Let ¢ € Z. So we have the diagram

M; SN M;

b, b

M ML,

is commutative. By Proposition 1.6 (b) follows that (¢})p o (a;)p = (¢} o
a;)p = (ai—10¢;))p = (aj—1)p o (¢i) p, and the following diagram is also
commutative:

(M;)p (@), (Mi—1)p

\L(ai)D l(ai—l)D

?;
(M)p 2% ()

O]

Corollary 3.5. If a : C — C' and 8 : C' — C" are chain morphisms
then

(Boa)p =Ppoap.

Proof. Tt is a straightforward consequence of the Proposition 1.6 (b). [

Now, we will get some results related to chain homotopy.

Let C = (M, ¢) and C' = (M],#,) be chain complexes. Let p :
C — C’ be a morphism of degree 1, i.e, p is a collection of Ox z-module
morphisms {p; : M; — M, | i € Z}. We know this morphism induces
a chain morphism f : C — C’ given by {g; : M; — M | i € Z}, where
fIi := @iy O pli + i1 0 @i, Vi € Z.

If a,3 : C — C' are chain morphisms, remember that pu : C — C’ is
defined as a homotopy between o and § when ji = a — £, and we

denote o ~ 8 by p.

Lemma 3.6. Consider pup : Cp — Cl, the morphism of degree 1 given by
the double morphisms of p:C — C'. Then up = ()p-



Categorical aspects of Gaffney’s double structure of a module 225

Proof. For all i € Z we have (1p)i = (¢}, 1)p © (#i)p + (1i—1)p © (¢s) D
= ( ;H o ii + pi—1 © ¢;)p = (fi;) p, and the lemma is proved. O

Proposition 3.7. Let a,3 : C — C' be chain morphisms and p : C — C’
a morphism of degree 1. Then: p is a homotopy between o and (B if, and

only if, up is a homotopy between ap and Bp.

Proof. We have that p is a homotopy between a and f <— g =a — f.
By Proposition 1.6 (a) and (c¢) and the previous lemma we have: i =
a—pf < ()p=(e—pP)p < pp =ap—Pp <= pupisa
homotopy between ap and SBp. O

Corollary 3.8. If a : C — C' is a chain homotopy equivalence then ap :

Cp — Cly is a chain homotopy equivalence.

Proof. By hypothesis there exists a chain morphism 3 : ¢’ — C such
that 8 oa ~ ide and a o B ~ ide. By the previous proposition, we have
(Boa)p =~ (id¢)p and (o) p =~ (ider) p, and therefore (8)po(a)p ~ ide,,
and aDoﬁD:idc/D. O

Corollary 3.9. If C is a contractible chain complezx then Cp is also con-

tractible.

Proof. Since C is contractible then ide ~ O¢, and by Proposition 3.7 follows
that (idc)p ~ (Oc)p, thus idc,, ~ O¢c,. Hence, Cp is contractible. dJ

Notice the nice relation between the Proposition 3.3 and Corollary 3.9.
We already know every contractible chain complex is an exact sequence.
The Proposition 3.3 says that the exactness on the double level implies the
exactness on the single level. The Corollary 3.9, which treats contractible
(stronger than exactness), says the opposite.

All the results obtained in this section can be naturally translated into

the cohomology language.
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4 The double morphism relative to an analytic

map germ

Let (Y,y) and (X, z) be germs of analytic spaces, and let ¢ : (Y,y) —
(X, z) be an analytic map germ. So, the pullback map ¢* : Ox ; — Oy is
a ring morphism, which induces an Ox ,-algebra structure in Oy,,. Thus,
every Oyy-module is also an Ox ;-module through this ring morphism.

We will see that there is a natural Ox, x(,q)-algebra structure in

Oy xv,(y,y) iInduced by the pullback of ¢. In fact, let
HX,z - OX,Z%OX,z — OxxX (2,2)
be the C-algebra morphism such that px . (f®g) is the germ of the map
C

UxU — C
(u,0) = f(u).g(v)
and let

fiyy : OY,y<§OKy — Oy v, (y)

the same for (Y,y).
Since ¢* : Ox, — Oy, is a ring morphism then we have a natural

C-algebra morphism

S0® : OX,&:%OX@ — Oy’y%Oyﬂu

such that <p®(f%g) = (w*(f))%(s&*(g)), Vf,g € Ox .. Indeed, the map

OX,x X OX,;K — OY,y%OY,y

(f,9) — (@*(f))%(w*(g))

is C-bilinear. So, the existence and uniqueness of gp® are provided by the

universal property of the tensor product. It is known that px , and py,, are
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C-algebra isomorphisms, so we can consider the C-algebra morphism e, :

Oxxx,(@,2) = Ovxy,(yy) such that the following diagram is commutative:

~ KX,z
OX,w%OX@ — OXXX,(:C,J:)

&@ Jw

A MY,y
OY,y%OY,y ’ OYny(y,y)

Since p1x, and py,, are C-algebra isomorphisms then we can identify
€ = 9%, and ¢® : Oxyx (z2) = Ovxy,(yy induces in Oy, y ., an
Ox x X, (2,0)-algebra structure.

Lemma 4.1. Let a € Oxy x,(z,2)- Suppose that U is an open subset of X
containing x where a representative of a is defined on U x U. For each
w e U let a® € Ox, be the germ of the map

av: U — C
z = alz,w)

For each yy € 2 (U) let (9%(a))v? € Oy, be the germ of the map
(% (@) eI (U) — C
no = (%) y2)
Then
@7 (0P = (6% (@), Vo € 071 (1),

Proof. We can write a = Z(fi%gi), with f;,9; € Ox,. For all y; €
¢ 1(U) we have:
0" (?¥2)) (y1) = a?W) (p(y1)) = alp(y), p(y2)) = Z(fi(SO(yl))%gi(@(yz))) =

(S a0 ) tn.m) = (@) = (Pla)=(n), and

the lemma is proved. O
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We get the analogous result if we fix the first coordinate instead the
second one.

Consider the projections 71,75 : X x X — X and 71} , 7y : Y xY —
Y.

Theorem 4.2. Let M C O%  and N C Og,y be submodules. If ¢ : M —
N s an Ox z-module morphism then there exists a unique Ox X, (z,z)-

module morphism ¢p , = ¢p : Mp — Np such that

¢p(hp) = (¢(h))p,Vh € M.
The map ¢p,, = ¢p is called the double of ¢ relative to p : (Y,y) — (X, x).

Proof. Since Mp is generated by {hp | h € M} then we can define ¢p :
Mp — Np in a natural way: for each u = ) a;(h;)p with a; € Oxy x,(2,2)

and h; € M we define Z
=D ai6(hi))p = Y () (@(h

which belongs to Np.
Claim: ¢p is well defined. In fact, suppose that Y «;(h;)p =

Zﬁj(gj)p, with a;, 8; € Oxxx,(ew) and hi,g; € M. So, we get two

equations:

Zazh o miX) ZBJ gjom) (1)
Zalho% Zﬁj gjoms) (2)

Take U an open neighborhood of x in X where «;, 8; are defined on
U x U, and h;, g; are defined on U. For each w € U define «;’, ,6’;»“ € Oxz
given by the germs of the maps

av: U —  C gr: U — C

) J
z — ai(z,w) z — Bi(z,w)
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The equation (1) implies that } ai’h; = > 8Yg;, Vw € U. Applying
( J

¢ (which is a Ox z-morphism) in both sides of the last equation we get
D ale(h) = BYélg;),Yw e U.
( J

By the Ox ;-module structure on N induced by ¢*, the last equation

boils down to
ZSO*(O‘;‘U)CZ’(M) = Z ¢*(B¥)o(g;),Yw € U.
i J
By Lemma 4.1 we conclude that
S o) = 365" 0l91), m € 97U
i J
Hence,

D¢ (@)(@hi)omy) = 3 6(8;)(8(g;) o ).

J

Working with the analogous result of the Lemma 4.1, the equation (2)
implies that

D% ei)(@hs) o) = 36 (B)((gy) o 3 ).

J
Therefore,

J

D% (@i)(@(hi))p = D ¢ (8;)(6(a)p

and ¢p is well-defined.

Now, by the definition of ¢p, it is clear that ¢p is an Oxyx (z.0)-
module morphism and is the unique satisfying the property ¢p(hp) =
(¢(h))p, Yh € M, i.e,

¢p(hom homy) = (¢(h)om ,p(h)omy).
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Notice that this approach generalizes what we have defined in Section
1, taking ¢ : (X,z) — (X, ) as the identity map. The main motivation
of this approach is the fact that when we work with integral closure of
modules, the analytic curves ¢ : (C,0) — (X, z) have a key role.

The Propositions 1.5, 1.6 (a,c), and the Corollary 1.7 (a,b,d) still hold
for the double morphism relative to an analytic map.

We can write the Proposition 1.6 (b) on this new language as follows:

Proposition 4.3. Let ¢ : (Y,y) — (X,z) and ¢' : (Z,2) — (Y,y) be
analytic map germs, M C O;g(,r’ N C Og,y and P C OTZJ submodules. Let
¢ : M — N be an Ox z-module morphism and ¢/ : N — P be an Oy -
module morphism. Then, ¢’ o ¢ : M — P is an Ox z-module morphism,
considering P with the Ox z-module structure induced by the pullback of
poy :(Z,z) = (X,x). Furthermore,

(¢/ © ¢)D,<pogo/ = ¢/D,<p’ o ¢D,<p-

Proof. For all « € Ox; and h € M, working with the module structures
induced by the pullbacks of the analytic map germs, we have:

¢'og(ah) = ¢'(ag(h)) = ¢'(¢*(@)¢(h)) = ¢* ()¢ ($(h)) = ¢™ (¢ (a))(¢'0
p(h)) = (po @) (a)(¢' o @(h)) = ¢/ 0 ¢(h)). So ¢’ 0 ¢ : M — P is an
Ox z-module morphism and (¢’ © ¢)p o, is well defined and clearly is

equal to ¢’D7<p, ° Pp,p. O
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