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Abstract. In this survey, we considere a generalization of Laplace
operator and study the homogenization’s problem, under litle as-
sumptions regarding weak convergence and ellipticity conditions. We
provide two examples: The first one consists on the case with litle
regularity, the second one consists on the case with random envi-
ronment associated with an ergodic group. Finally, we provide an
application geared towards the hydrodynamical limit of certain gra-
dient processes.
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1 Introduction

In this survey we present some recent results concerning some as-
pects of homogenization theory for a class of second order elliptic dif-
ference operators. More precisely, we consider a function W (x1, . . . , xd) =
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∑d
k=1Wk(xk), where eachWk : R→ R is a strictly increasing right contin-

uous function with left limits. Given a matrix function A =

diag{a1, . . . , ad}, let ∇A∇W =
∑d

k=1 ∂xk(ak∂Wk
) be a generalized second-

order differential operator. We study the homogenization of generalized
second-order difference operators, that is, we are interested in the conver-
gence of the sequence of solutions of

λuN −∇NAN∇NWuN = fN

to the solution of
λu−∇A∇Wu = f, (1.1)

where the superscript N stands for some sort of discretization. Under
litle assumptions regarding weak convergence and ellipticity of these ma-
trices AN , we show that every such sequence admits a homogenization.
We provide two examples of matrix functions verifying these assumptions:
the first one consists of fixing a matrix function A under litle regularity
assumptions, and taking a convenient discretization AN ; the second one
consists on the case where AN represents a random environment associated
to an ergodic group, a case in which we then show that the homogenized
matrix A does not depend on the realization ω of the environment. For
more details see [13, 14, 17].

The operator of the equation (1.1) represent a generalization of Feller
operators introduced by Willian Feller in the ’50s. For further details see
[2, 3, 10]. Further, note that if Wk(x) = x, k = 1, . . . , d and the matrix
A = Id, then we recover the standard laplacian operator.

Recently attention has been raised by the the operator (1.1) and some
non-linear versions. It were obtained as scaling limits of interacting parti-
cle systems in inhomogeneous media. They may model, for instance, dif-
fusions with permeable membranes at the points of discontinuities of W ,
see [1, 4, 16, 17] and Section 4. On the other hand, beyond the interest in
probability, in [13], the space of functions f having weak generalized gradi-
ents ∇W f = (∂W1f, . . . , ∂Wd

f), refered to asW -Sobolev spaces, have been
studied and several properties, analogous to the classical Sobolev spaces,
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were proved. Moreover, in [15], the analysis has been further extended
to W -Sobolev spaces of higher order where elliptic regularity results were
obtained.

In the similar way, in last years significant progress has been achieved
in the homogenization theory of random differential operators. We refer to
the original works of Kozlov [7, 8, 9] and Papanicolaou and Varadhan [11],
and to the book by Jikov, Kozlov, and Oleinik [5] wherein an additional
bibliography can be found.

Our approach is inspired in [9, 12] where a number of homogenization
results for difference schemes were obtained. To prove the main result
we mainly use an estimate of energy and the discrete analogue of the
compensated compactness technique originally introduced by Murat and
Tartar for functions of continuous arguments.

This survey is organized as follows: in Section 2 we provide a brief
review on W -Sobolev spaces and a discrete analogous to the continuous
W -Sobolev spaces; In Section 3 we provide the main results of this arti-
cle. Finally, in Section 4, as an application of this theory, we present a
hydrodynamic limit result.

2 Notations and Basic Results

In this Section we present some results about the generalized second-
order differential operator and the Sobolev spaces associeted. For more
details, see [13, 14, 17].

2.1 W -Sobolev Space

Denote by Td = (R/Z)d = [0, 1)d the d-dimensional torus and fix a
function W : Rd → R such that

W (x1, . . . , xd) =
d∑

k=1

Wk(xk), (2.1)
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where each Wk : R → R is a strictly increasing right continuous function
with left limits (càdlàg), with periodic increments, in the sense that

Wk(u+ 1)−Wk(u) = Wk(1)−Wk(0), for all u ∈ R.

The generalized partial derivative ∂Wk
of a function f : Td → R is

∂Wk
f(x1,. . ., xk, . . . , xd)= lim

ε→0

f(x1,. . ., xk + ε, . . . , xd)− f(x1,. . ., xk,. . ., xd)

Wk(xk + ε)−Wk(xk)
(2.2)

if the above limit exists. Denote the generalized gradient of f by ∇W f =

(∂W1f, . . . , ∂Wd
f), if the generalized partial derivatives ∂Wk

exist for all
k = 1, . . . , d. One may apply the operator ∂xk∂Wk

in the classical sense.
Actually, we have ∇A∇W f =

∑d
k=1 ∂xk (ak∂Wk

f) for f ∈ DW (Td), an ap-
propriated domain to ∇A∇W . Also, A = (a1, . . . , ad) is a matrix function
such that ∂xkak exists. The set DW (Td) has good properties, can be used
as a space of test functions(see [14]) and its definition is the following.

Denote by D(f) the set of discontinuity points of a function f : T→ R.
For k = 1, . . . , d, let CWk

(T) be the set of càdlàg functions f : T→ R such
that D(f) ⊂ D(Wk). We endow CWk

(T) with the sup norm ‖ · ‖∞.
Let DWk

(T) be the set of functions f in CWk
(T) such that df

dWk
is well-

defined and differentiable, and that d
dx

( df
dWk

)
belongs to CWk

(T). In [4], it
is proved that DWk

(T) is the set of functions f in CWk
(T) such that

f(x) = a + bWk(x) +

∫
(0,x]

dWk(y)

∫ y

0
g(z) dz (2.3)

for some function g in CWk
(T), where a, b are real numbers satisfying

bWk(1) +

∫
T
dWk(y)

∫ y

0
g(z) dz = 0 and

∫
T
g(z) dz = 0 . (2.4)

Let us now define a d-dimensional counterpart to the sets CWk
(T) and

DWk
, respectively:

CW (Td) = span {f ; f = f1 ⊗ · · · ⊗ fd, fk ∈ CWk
(T), k = 1, . . . , d} and

(2.5)
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DW (Td) = span {f ; f = f1 ⊗ · · · ⊗ fd, fk ∈ DWk
, k = 1, . . . , d} . (2.6)

In other words, CW (Td) andDW (Td) are the spaces generated by functions
of the form f1 ⊗ · · · ⊗ fd. Note that the closure of DW (Td) is the tensor
product of the spaces DW1(T), . . . ,DWd

(T).
Let us remember the definition of the space H1,W (Td), called W -

Sobolev space. We denote by 〈·, ·〉 the inner product of the Hilbert space
L2(Td) and by ‖ · ‖ its norm. Let L2

xk⊗Wk
(Td) be the Hilbert space of

measurable functions f : Td → R such that∫
Td

f2 d(xk⊗Wk) < ∞,

where d(xk⊗ Wk) represents the product measure on Td obtained from
Lebesgue’s measure in Td−1 and the measure induced by Wk on T:

d(xk⊗Wk) = dx1 · · · dxk−1 dWk dxk+1 · · · dxd.

Denote by 〈·, ·〉xk⊗Wk
the inner product of L2

xk⊗Wk
(Td):

〈f, g〉xk⊗Wk
=

∫
Td

f g d(xk⊗Wk) ,

and by ‖·‖xk⊗Wk
the norm induced by this inner product. Let L2

xk⊗Wk,0
(Td)

be the closed subspace of L2
xk⊗Wk

(Td) consisting of the functions f such
that ∫

Td

f d(xk⊗Wk) = 0.

A function g ∈ L2(Td) has W -generalized weak derivative if for each
k = 1, . . . , d there exists Gk ∈ L2

xk⊗Wk,0
(Td) satisfying∫

Td

(
∂xk∂Wk

f
)
g dx = −

∫
Td

(∂Wk
f) Gkd(xk⊗Wk), (2.7)

for every function f ∈ DW (Td). The W -Sobolev space H1,W (Td) is the set
of functions in L2(Td) havingW -generalized weak derivative. Gk is unique
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almost everywhere and the set H1,W (Td) is a Hilbert space with respect
to the inner product

〈f, g〉1,W = 〈f, g〉+
d∑

k=1

∫
Td

(∂Wk
f)(∂Wk

g) d(xk⊗Wk),

and denote by ‖ · ‖1,W its induced norm. Further, DW (Td) ⊂ H1,W (Td)
and if g ∈ DW (Td) then Gk = ∂Wk

g. For this reason, we denote Gk simply
by ∂Wk

g, and we call it the k-th generalized weak derivative of the function
g with respect to W (see [13]).

Denote by H−1W (Td) the dual space to H1,W (Td). We conclude this
subsection with the following characterization, whose proof can be found
in [13].

Lemma 2.1. f ∈ H−1W (Td) if and only if there exist functions f0 ∈ L2(Td)
and fk ∈ L2

xk⊗Wk,0
(Td), such that

f = f0 −
d∑

k=1

∂xkfk, (2.8)

in the sense that for v ∈ H1,W (Td)

f(v) :=

∫
Td

f0vdx+
d∑

k=1

∫
Td

fk(∂Wk
v)d(xk⊗Wk).

Furthermore,

‖f‖−1,W = inf


(∫

Td

|f0|2dx+

d∑
k=1

∫
Td

|fk|2d(xk⊗Wk)

)1/2

; f satisfies (2.8)

 .

2.2 The discrete W -Sobolev space

In this subsection, we recall the notion of discrete W -Sobolev spaces.
This can be seen as a counterpart to the continuous case considered in
[13].

Denote by TdN = (Z/NZ)d = {0, . . . , N−1}d the d-dimensional discrete
torus with Nd points. For f : 1

NTdN → R, let the operators ∂Nxk , be the
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standard difference operator in the k-th canonical direction, and ∂NWk
, be

the Wk-difference operator, be given, respectively, by:

∂Nxkf
( x
N

)
= N

[
f

(
x+ ek
N

)
− f

( x
N

)]
and (2.9)

∂NWk
f
( x
N

)
=

f
(
x+ek
N

)
− f

(
x
N

)
W
(
x+ek
N

)
−W

(
x
N

) , for x ∈ TdN .

Denote by L2(TdN ), L2
Wk

(TdN ) andH1,W (TdN ) the spaces of the functions
defined on 1

NTdN with respect to the following inner products and their
induced norms, respectively:

〈f, g〉N :=
1

Nd

∑
x∈Td

N

f(x/N)g(x/N),

〈f, g〉Wk,N :=
1

Nd−1

∑
x∈Td

N

f(x/N)g(x/N)
(
W ((x+ ek)/N)−W (x/N)

)
,

〈f, g〉1,W,N := 〈f, g〉N +

d∑
k=1

〈∂NWk
f, ∂NWk

g〉Wk,N ,

and

‖f‖2N = 〈f, f〉N , ‖f‖2Wk,N
= 〈f, f〉Wk,N and ‖f‖21,W,N = 〈f, f〉1,W,N ,

These norms are natural discretizations of the norms considered in the
continuous version.

We will now provide results on discrete elliptic equations. Let λ ≥ 0

and A = diag{a1(x), . . . , ad(x)}, x ∈ Td, be a diagonal matrix function
satisfying the ellipticity condition: for every x ∈ Td and every k = 1, . . . , d,

There exists a constant θ ≥ 1 such that θ−1 ≤ ak(x) ≤ θ, (2.10)

Our interess is study the problem

TNλ u = f, (2.11)
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where u, f : 1
NTdN → R, f is a known function, u is the unknown function

and TNλ denotes the discrete generalized elliptic operator

TNλ u := λu−∇NA∇NWu with (2.12)

∇NA∇NWu :=
d∑

k=1

∂Nxk

(
ak(x/N)∂NWk

u
)
.

For u, v : 1
NTdN → R, the bilinear form BN [·, ·] associated with the

elliptic operator TNλ is given by

BN [u, v] = λ〈u, v〉N +

1
Nd−1

∑d
k=1

∑
x∈Td

N
ak(x/N)(∂NWk

u)(∂NWk
v)[Wk((xk + 1)/N)−Wk(xk/N)].

(2.13)
A function u : 1

NTdN → R is said to be a weak solution of (2.11) if

BN [u, v] = 〈f, v〉N for all v :
1

N
TdN → R.

Denote by H⊥1,W (TdN ) the subspace of H1,W (TdN ) formed by functions
f : 1

NTdN → R which are orthogonal to the constant functions with respect
to the inner product 〈·, ·〉1,W,N . We conclude this subsection with two
results relative the weak soluction of (2.11). The proof can be found in
[14].

Lemma 2.2. Given a function f : 1
NTdN → R, the equation

∇NA∇NWu = f,

has a weak solution u : 1
NTdN → R if and only if f ∈ H⊥1,W (TdN ). In this

case we have uniqueness of the solution disregarding addition by constants.
Moreover, if u ∈ H⊥1,W (TdN ) we have the bound

‖u‖1,W,N ≤ C‖f‖N ,

where C > 0 does not depend on f nor on N .
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Lemma 2.3. Let λ > 0 and f : 1
NTdN → R. There exists a unique weak

solution u : 1
NTdN → R of the equation

λu−∇NA∇NWu = f. (2.14)

Moreover,

‖u‖1,W,N ≤ C‖f‖−1,W,N , and ‖u‖N ≤ λ−1‖f‖−1,W,N ,

where C > 0 does not depend neither on f nor on N .

3 Homogenization

In this Section we will present the main result. Two relevant particular
cases are considered.

We focus on the analysis of the asymptotic behavior of the sequence
(uN ) given by solutions of the

λuN −∇NAN∇NWuN = fN , λ ≥ 0. (3.1)

In [13] one can find the continuous counterpart of the theory results on
existence, uniqueness and boundedness of weak solutions of the problem

λu0 −∇A∇Wu0 = f, λ ≥ 0. (3.2)

We say that AN = diag{aN1 , . . . , aNd } H-converges, as N → ∞, to
the matrix A = diag{a1, . . . , ad}, AN

H−→ A, if for every sequence fN of
functionals on H1,W (TdN ) and f ∈ H−1W (Td), such that fN −→ f strongly
in H−1W (Td), we have

• uN −→ u0 weakly in H1,W (Td)

• aNk ∂
N
Wk
uN −→ ak∂Wk

u0 weakly in L2
xk⊗Wk

(Td).

where uN : 1
NTdN → R is the solution of the (3.1) and u0 ∈ H1,W (Td) is

the weak solution of the (3.2). A (resp. ∇A∇W ) is said a homogenization
of the sequence AN (resp. ∇NAN∇NW ).
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Theorem 3.1. Let AN = diag{aN1 , . . . , aNd } be a sequence of diagonal
matrices and θ ≥ 1, such that θ−1 ≤ aNk (x) ≤ θ for all x ∈ 1

NTdN . If

1/aNk −→ bk weakly in L2
xk⊗Wk

(Td),

then, AN admits a homogenization and the homogenized matrix is

A = diag{1/b1, . . . , 1/bd}.

In subsection 3.3 we shall give a sketch of the proof of Theorem 3.1.

3.1 Homogenization with little regularity

In this subsection we will provide an example of a very large class of
matrix functions that admits homogenization.

Denote by MW ⊂
(
CW (Td)

)d the space of functions a = (a1, . . . , ad)

such that for every k = 1, . . . , d, ∂xkak exists. Let QN (x) = {y ∈ Td; 0 ≤
yi − xi ≤ 1/N} and ũN : Td → R, given by

ũN (y) =
∑

x∈ 1
N
Td
N

uN (x)1QN (x)(y),

be the piecewise-constant interpolation of a mesh function uN : 1
NTdN → R.

Theorem 3.2. Let A = diag{a1, . . . , ad} ∈ MW , such that there exists
θ ≥ 1 with ak(x) ≥ θ−1, for all x ∈ Td. Then AN = diag{aN1 , . . . , aNd },

aNk (x) =
Nd−1

Wk(xk + 1/N)−Wk(xk)

∫
QN (x)

ak(y)d(yk ⊗Wk) x ∈ 1

N
TdN ,

admits a homogenization, with homogenized matrix A.

Proof. From compatcness of Td and definition of CW (Td) we obtaim that
ak is bounded, for k = 1, . . . , d ([14, Lemma 3.5]). So, without loss of
generality, we may suppose that θ−1 ≤ ak(x) ≤ θ for all x ∈ Td. It is
clear that θ−1 ≤ aNk (x) ≤ θ, x ∈ 1

NTdN , and the right-continuity implies
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the pointwise convergence of ãNk to ak. From the Dominated Convergence
Theorem

aNk −→ ak strongly in L2
xk⊗Wk

(Td).

On the other hand, we also have the pointwise convergence of 1̃/aNk to
1/ak, and the bound 1/aNk ≤ θ implies that

1/aNk −→ 1/ak strongly L2
xk⊗Wk

(Td).

Therefore, the result follows from Theorem 3.1.

3.2 Random environment homogenization

Let (Ω,F , µ) be a probability space and {Tx : Ω → Ω;x ∈ Zd} be a
group of F-measurable and ergodic transformations preserving the mea-
sure µ:

• Tx : Ω→ Ω is F-measurable for all x ∈ Zd,

• µ(TxA) = µ(A), for any A ∈ F and x ∈ Zd,

• T0 = I , Tx ◦ Ty = Tx+y,

• Any f ∈ L1(Ω) such that f(Txω) = f(ω) µ-a.e., for each x ∈ Zd, is
equal to a constant µ-a.e..

(Ω,F , µ) is called random environment, and a point ω ∈ Ω a realization of
the random environment.

Let {bk(ω); k = 1, . . . , d} be F-measurable functions such that 0 <

θ−1 ≤ bk(ω) ≤ θ, for all ω ∈ Ω. Define the random diagonal matrices
BN = diag{bN1 , . . . , bNd } by

bNk (x) := bk(TNxω) , x ∈ 1

N
TdN .

By Birkhoff Ergodic Theorem, for k = 1, . . . , d,

bNk −→ E[bk] and 1/bNk −→ E[1/bk] weakly in L2(Td) a.s.,
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We need an similar result for L2
xk⊗Wk

(Td). Denote by µWk
the mea-

sure induced by function Wk. By Lebesgue Decomposition, there exist
mensurable function g such that

µWk
= gλ+ λ⊥

where gλ and λ⊥ are mutually singular measures and λ denotes the Lebes-
gue measure. Let Vk ⊂ T be the support of λ⊥ and Vk = T× . . .×T×Vk×
T×. . .×T ⊂ Td, Vk in the k-th component. Define AN = diag{aN1 , . . . , aNd }
where aNk : 1

NTdN → R, given by

aNk (x) =

bNk (x) if Vk ∩QN (x) = ∅,

(E[1/bk])
−1 if Vk ∩QN (x) 6= ∅

We have the following result.

Theorem 3.3. AN (ω) admits a homogenization a.s., where the homoge-
nized matrix A does not depend on the realization ω.

The proof follows from Theorem 3.1 and the Lemma below.

Lemma 3.4. Let aNk : 1
NTdN → R be as defined above. Then, a.s., weakly

in L2
xk⊗Wk

(Td)
1/aNk −→ E[1/bk].

Proof. Let
Vk
N =

⋃
x∈ 1

N
Td
N

Vk∩QN (x)6=∅

QN (x).

We have that
1Vk

N
−→ 1

V
k pointwise.

Therefore,
1Vk

N
−→ 1

V
k strongly in L2(Td). (3.3)

Let φ ∈ DW (Td) be fixed. By Lebesgue decomposition we have,∫
Td

1̃/aNk φd(xk ⊗Wk) =

∫
Td

1̃/aNk φgdx+

∫
Td

1̃/aNk φd(xk ⊗ λ⊥).



154 A. B. Simas and F. J. Valentim

Note that the support of the measure d(xk ⊗λ⊥) is confined in the set
Vk. Since Vk ⊂ Vk

N , we have that 1̃/aNk is almost everywhere constant,

namely 1̃/aNk = E[1/bk], with respect to the measure d(xk ⊗ λ⊥). Thus,
the second integral in the right-hand side in the previous expression is
equal to ∫

Td

E[1/bk]φd(xk ⊗ λ⊥) .

On the other hand, by (3.3) we have

1/aNk 1[Vk
N ]

c = 1/bNk 1[Vk
N ]

c −→ E[1/bk]1[Vk
]c weakly in L2(Td) a.s.,

(3.4)
where Xc denotes the complementary set of X.

So, the first integral in the right-hand side in the above expression is
equal to ∫

Td

1̃/aNk 1Vk
N
φgdx +

∫
Td

1̃/aNk 1[Vk
N ]

cφgdx =∫
Td

E[1/bk]1Vk
N
φgdx+

∫
Td

1̃/bNk 1[Vk
N ]

cφgdx.

From the previous convergence, (3.3) and (3.4), the right hand-side in the
previous expression converges to∫

Td

E[1/bk]1Vkφgdx+

∫
Td

E[1/bk]1[Vk
]cφgdx =

∫
Td

E[1/bk]φgdx .

Then, we have shown that

lim
N→∞

∫
Td

1̃/aNk φd(xk ⊗Wk) =

∫
Td

E[1/bk]φd(xk ⊗ λ⊥) +∫
Td

E[1/bk]φgdx =

∫
Td

E[1/bk]φd(xk ⊗Wk)

and this concludes the proof of the first statement.
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3.3 Sketching of the proof of Theorem 3.1

In this subsection we present some step of the proof of Theorem 3.1.
For more details see [14].

• Fix f ∈ H−1W (Td), and consider the problem

λuN −∇NAN∇NWuN = fN , (3.5)

where fN −→ f strongly in H−1W (Td).

• Results about existence, uniqueness and bounded implies: there ex-
ists a constant C > 0 such that ‖uN‖1,W,N ≤ C.

• So, there exists a convergent subsequence of uN (which we will also
denote by uN ) such that uN −→ u, weakly in H1,W (Td). In partic-
ular,

∂NWk
uN −→ ∂Wk

u weakly in L2
xk⊗Wk

(Td). (3.6)

• Applying (3.5) to uN , we obtain

λ‖uN‖2N+
d∑

k=1

‖aNkk∂NWk
uN‖2Wk,N

= fN (uN ) ≤ ‖fN‖−1,W,N‖uN‖1,W,N .

• This implies the uniform bounded in N for ‖aNk ∂NWk
uN‖Wk,N . Thus

we can find a further subsequence such that

aNk ∂
N
Wk
uN −→ v0,k weakly in L2

xk⊗Wk
(Td), (3.7)

v0,k ∈ L2
xk⊗Wk

(Td).

• Since (uN ) is uniformly bounded in the Sobolev-norm and L2(Td) is
precompact in this space, we obtaim uN −→ u strongly in L2(Td).
In particular, uN −→ u strongly in H−1W (Td).

• (λuN −∇NAN∇NWuN ) converges strongly to f in H−1W (Td). There-
fore,

∇NAN∇NWuN −→ v0 strongly in H−1W (Td).
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• From the very definition of the functional ∇NAN∇NWuN , means that
for each k,

aNk ∂
N
Wk
uN −→ v0,k strongly in L2

xk⊗Wk
(Td).

• From a Compensated Compactness Theorem:

1

aNk
aNk ∂

N
Wk
uN −→ bkv0,k, weakly in L2

xk⊗Wk
(Td).

On the other hand, by (3.6),

1

aNk
aNk ∂

N
Wk
uN = ∂NWk

uN −→ ∂Wk
u, weakly in L2

xk⊗Wk
(Td) .

From uniqueness of the weak limit, we have that ∂Wk
u = bkv0,k.

Since bk 6= 0, we have that

v0,k =
1

bk
∂Wk

u.

Thus, we can summarize our findings:

uN −→ u strongly in L2
xk⊗Wk

(Td) ,

∂Wk
uN −→ ∂Wk

u weakly in L2
xk⊗Wk

(Td), and

aNk ∂Wk
uN −→

1

bk
∂Wk

u strongly in L2
xk⊗Wk

(Td) .

Therefore, u solves the problem

λu−∇A∇Wu = f,

where A = diag{1/b1, . . . , 1/bd}. This concludes the proof.

4 Application: hydrodynamic limit

To conclude this paper we will provide an application of a result on
probability theory: The hydrodynamic limit. Other application can be
found in [16] where the equilibrium fluctuations problem is considered. We
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recommend the book of Kipnis and Landim [6] for a complete approach
about scaling limits of interacting particle systems.

Let {e1, . . . , ed} be the canonical basis of Rd. For each x ∈ TdN and
k = 1, . . . , d, define the symmetric rate ξx,x+ek = ξx+ek,x by

ξx,x+ek =
aNk (x/N)

N [W ((x+ ek)/N)−W (x/N)]
=

aNk (x/N)

N [Wk((xk + 1)/N)−Wk(xk/N)]
.

(4.1)

Distribute particles on TdN in such a way that each site of TdN is occu-
pied at most by one particle. Denote by η the configuration of the state
space {0, 1}Td

N = {η : TdN → {0, 1}} so that η(x) = 0 if site x is vacant,
and η(x) = 1 if site x is occupied.

The exclusion process with conductances is a continuous-time Markov
process {ηt : t ≥ 0} with state space {0, 1}Td

N , whose generator LN acts
on functions f : {0, 1}Td

N → R as

(LNf)(η) =
d∑

k=1

∑
x∈Td

N

ξx,x+ek{f(σx,x+ekη)− f(η)} , (4.2)

where σx,x+ekη is the configuration obtained from η by exchanging the
variables η(x) and η(x+ ek):

(σx,x+ekη)(y) =


η(x+ ek) if y = x,

η(x) if y = x+ ek,

η(y) otherwise.

(4.3)

We consider the Markov process {ηt : t ≥ 0} on the configurations
{0, 1}Td

N associated to the generator LN in the diffusive scale, i.e., LN is
speeded up by N2.

The descrition of the stochastic evolution of the process is the following:
After a time given by an exponential distribution, at rate ξx,x+ekcx,x+ek(η)

the occupation variables η(x) and η(x + ek) are exchanged. Note that
only nearest neighbor jumps are allowed. If W is differentiable at x/N ∈
[0, 1)d, the rate at which particles are exchanged is of order 1 for each
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direction, but if some Wk is discontinuous at xk/N , it no longer holds. In
fact, assume, to fix ideas, that Wk is discontinuous at xk/N , and smooth
on the segments (xk/N, xk/N + εek) and (xk/N − εek, xk/N). Assume,
also, that Wj is differentiable in a neighborhood of xj/N for j 6= k. In
this case, the rate at which particles jump over the bonds {y − ek, y},
with yk = xk, is of order 1/N , whereas in a neighborhood of size N of
these bonds, particles jump at rate 1. Thus, note that a particle at site
y − ek jumps to y at rate 1/N and jumps at rate 1 to each one of the
2d − 1 other options. Particles, therefore, tend to avoid the bonds {y −
ek, y}. However, since time will be scaled diffusively, and since on a time
interval of length N2 a particle spends a time of order N at each site
y, particles will be able to cross the slower bond {y − ek, y}. The scaling
limits of this interacting particle systems in inhomogeneous media may, for
instance, model diffusions in which permeable membranes, at the points
of discontinuities of the conductancesW , tend to reflect particles, creating
space discontinuities in the density profiles. For more details see [17].

A sequence of probability measures {µN : N ≥ 1} on {0, 1}Td
N is said

to be associated to a profile ρ0 : Td → [0, 1] if for every δ > 0 and every
function H ∈ DW (Td):

lim
N→∞

µN

 η;
∣∣∣ 1

Nd

∑
x∈Td

N

H(x/N)η(x)−
∫
H(u)ρ0(u)du

∣∣∣ > δ

 = 0.

(4.4)

Let γ : Td → [l, r] be a bounded density profile and consider the
parabolic differential equation{

∂tρ = ∇A∇Wρ
ρ(0, ·) = γ(·)

, (4.5)

A function ρ : [0, T ] × Td → [l, r] is said to be a weak solution of
the parabolic differential equation (4.5) if the following conditions hold.
Φ(ρ(·, ·)) and ρ(·, ·) belong to L2([0, T ], H1,W (Td)), and we have the inte-
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gral identity∫
Td

ρ(t, u)H(u)du−
∫
Td

ρ(0, u)H(u)du =

∫ t

0

∫
Td

ρ(s, u)∇A∇WH(u)du ds,

for every function H ∈ DW (Td) and all t ∈ [0, T ].
Existence of such weak solutions follows from the tightness of the pro-

cess, which is proved in [14, subsection 6.2], and from the energy estimate
given in [17, Lemma 6.2]. Uniqueness of weak solutions was proved in [13].

The main result of this Section, so-called Hydrodinamic Limit, is the
following.

Theorem 4.1. Fix a continuous initial profile ρ0 : Td → [0, 1] and con-
sider a sequence of probability measures µN on {0, 1}Td

N associated to ρ0,
in the sense of (4.4). Then, for any t ≥ 0,

lim
N→∞

PµN

∣∣∣ 1

Nd

∑
x∈Td

N

H(x/N)ηt(x)−
∫
H(u)ρ(t, u) du

∣∣∣ > δ

 = 0

for every δ > 0 and every function H ∈ DW (Td). Here, ρ is the unique
weak solution of the non-linear equation (4.5) with l = 0, r = 1 and γ = ρ0.

The strategy of the proof of Theorem 4.1 is the following. Fix T > 0

and let D([0, T ],M) be the space of M-valued càdlàg trajectories π :

[0, T ] → M endowed with the uniform topology, where M be the space
of positive measures on Td with total mass bounded by one. Denote by
QW,N
µN the measure on the path space D([0, T ],M) induced by the measure

µN and the empirical measure at time t

πNt =
1

Nd

∑
x∈Td

N

ηt(x) δx/N .

Using estimates obtained in homogenization theory we show that:

• {QW,N
µN : N ≥ 1} is tight.
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• As N ↑ ∞, the sequence of probability measures QW,N
µN converges

in the uniform topology to QW , where QW the probability measure
on D([0, T ],M) concentrated on the deterministic path π(t, du) =

ρ(t, u)du, where ρ is the unique weak solution of (4.5).
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