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the regularity of solutions, and the structure of the free boundary. In our
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calculus of variations with more modern methods, such as the localization
of the operator and monotonicity formulas.
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1 Introduction

The aim of this survey is to introduce the interested reader to the
theory of obstacle-type problems involving a fourth-order operator.

Obstacle-type problems for second order uniformly elliptic operators
have attracted great interest over the years, and they continue to be ex-
plored. Such problems have a wide range of applications in elasticity,
biology, engineering, and mathematical finance, just to name a few. The
quintessential prototype is the classical obstacle problem, which consists in
finding the equilibrium position of an elastic membrane whose boundary is
held fixed, and which is constrained to lie above a given obstacle. Mathe-
matically, given a domain Ω, a function ψ (which represents the obstacle),
and a function g (given boundary data) satisfying the compatibility condi-
tion g ≥ ψ on ∂Ω, one seek to find the membrane’s vertical displacement
function which minimizes the Dirichlet energy

J [w] =

∫
Ω
|∇w|2, (1.1)

over all functions w satisfying w = g on ∂Ω, and constrained to remain
above the obstacle ψ in Ω.

Another example is the thin obstacle problem, also known as the Sig-
norini problem, first proposed and studied by Signorini [30] in connection
with linear elasticity. In mathematical terms, given a domain Ω, and a
lower dimensional subset Γ of Ω, the functional (1.1) is minimized over
functions w satisfying w = g on ∂Ω, and constrained in this case to re-
main above a given obstacle only on the thin set Γ. The same mathemati-
cal model also appears in the study of semipermeable media and boundary
heat control. Moreover, it can be seen a local formulation of an obstacle
problem for the fractional Laplacian which has important implications in
financial mathematics.

Obstacle-type problems feature an a priori unknown interface which is
defined as the topological boundary (in the domain in consideration for
global obstacle problems, and in a lower dimensional subdomain for thin
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obstacle problems) of the coincidence set between the solution and the
given obstacle. The main goal in studying such problems is to understand
regularity properties of the solution, as well as the structure of the free
interface. Obstacle-type problems for second order uniformly elliptic op-
erators have been extensively studied over the years. These efforts have
been spearheaded by the innovative blow-up techniques introduced by Caf-
farelli in his seminal paper [5], and by the discovery of several powerful
monotonicity formulas which provided the necessary tools to establish the
optimal regularity of solutions, as well as the regularity and the structure
of the free boundary. Regarding the classical obstacle problem, we refer
the reader to [21] [5], [6], [24], [28], [33], [19], whereas for thin obstacle
problems, we refer to [4], [3], [8], [9], [23], the book [29] and the survey
[14], as well as the references therein. These lists are, of course, far from
being exhaustive.

On the other hand, much less work has been done on free boundary
problems associated with the bi-Laplace operator. Regarding obstacle-
type free boundary problems, the regularity of the solution has been stud-
ied in [20], [22], [7] for the global obstacle case; and in [31], and [32] for the
thin obstacle case. Moreover, in [7] the authors considered the structure
of the free boundary of a solution, and studied its regularity in the two
dimensional case. Also, in [1], Aleksanyan investigated the regularity of
the free boundary for the global obstacle problem under the assumptions
that the solution is almost one-dimensional, and that the non-coincidence
set is a non-tangentially accessible domain (NTA). A related model is
the singularly perturbed bi-Laplace equation ∆2uε = −βε(uε), which can
be thought of as the biharmonic counterpart of the classical combustion
problem. This problem was investigated by Dipierro, Karakhanyan, and
Valdinoci in [15], where they proved the convergence as ε → 0 to a free
boundary problem driven by the bi-Laplacian. Moreover, they derived a
monotonicity formula in the plane, and used it to establish the quadratic
behavior of solutions near the zero level set. The limiting problem (as
ε → 0) was investigated by the same authors in [16], where the authors
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prove that at free boundary points where ∇u(x) = 0, the free boundary
is either well approximated by zero-level sets of quadratic homogeneous
polynomials, or u has quadratic growth.

Many important questions related to the optimal regularity of a solu-
tion of an obstacle-type problem, and to the structure of its free boundary
and the characterization of free boundary points remain open. The main
objective of this article is to give a brief survey of the related results avail-
able in the literature, with some focus on our recent contribution to this
area of research.

2 Obstacle problems for plates

In the two dimensional case, problems associated with the bi-Laplace
operator naturally arise in elastic, homogenous and isotropic plate dis-
placement phenomena in the event of relatively small displacements. In
such cases, a three dimensional plate with given volume V and with small
thickness h is under a normal load force f , which is sufficiently weak so that
induced displacements (u1, u2, u3) satisfy u1(x1, x2, 0) = u2(x1, x2, 0) = 0.
In this approximate theory, we assume that our plate is two dimensional
occupying a region Ω in the plane {x3 = 0}. Hence, we can now sim-
plify the notation and write u(x1, x2) for u3(x1, x2, 0). In the case of small
deformations, the displacement u is governed by the equation

D∆2u = f.

Here, D = Eh3

12(1−δ2)
is known as the stiffness coefficient of the plate or

modulus of flexural rigidity, where E is the Young’s modulus, and δ is the
Poisson’s ratio.

Next, we describe some possible boundary conditions, along with their
physical interpretations. Our writing is based on Chapter 4 of the book [17]
by Duvaut and Lions (see also Chapter 2 of the book [25] by Landau and
Lifshitz). The boundary conditions will involve either the displacement u
itself, or the given forces. For a point (x1, x2) on the boundary ∂Ω of our
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flat plate, we denote by ν = (ν1, ν2) the exterior unit normal to ∂Ω, and
by τ the unit tangent obtained from ν through a rotation by π/2. There
are two components of the line density of moments acting on ∂Ω:

M1 = Mx1x2 ν1 +Mx2 ν2 (2.1)

and
M2 = −Mx1 ν1 −Mx1x2 ν2. (2.2)

Here

Mx1 := D

(
∂2u

∂x2
1

+ δ
∂2u

∂x2
2

)
and Mx2 := D

(
∂2u

∂x2
2

+ δ
∂2u

∂x2
1

)
are the bending moments, and

Mx1x2 := D(1− δ) ∂2u

∂x1∂x2
is the twisting moment.

One can naturally form the following normal and tangential components
of this density of moments:

Mν := M1ν1 +M2ν2, (2.3)

Mτ := M2ν1 −M2ν2, (2.4)

Moreover, suppose Ω1 is a portion of Ω with boundary Γ1, and let V1 :=

Ω1 × (−h/2, h/2) be the volume corresponding to Ω1. The portion V \ V1

exerts a system of forces on V which, in equilibrium, together with the
density f of forces on Γ1, form a system statically equivalent to zero. On
the other hand, the forces exerted by V \ V1 on V1 act across the interface
S1 = Γ1 × (−h/2, h/2).

The formulation of equations in [17] suggests that certain well posed
problems would have boundary conditions on ∂Ω involving either F or u,
and either Mτ or ∂u

∂ν . Here,

F = R− ∂Mν

∂τ
, (2.5)
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where R depends on the restriction to Γ1 of the forces acting across the
interface S1 as described above. For example, in the case of a clamped
plate, we prescribe

u =
∂u

∂ν
= 0 on ∂Ω. (2.6)

This says that the plate is clamped on its boundary, and it remains hori-
zontal there. In another setting, we would have a plate with unrestricted
boundary on a portion Γ1 ⊂ ∂Ω of its edge, and with fixed boundary on
the remaining of ∂Ω. One then has

F = Mτ = 0 on Γ1, and u = Mτ = 0 on ∂Ω \ Γ1. (2.7)

2.1 Unilateral displacements

2.1.1 Unilateral displacements of the points of Ω

This is a global obstacle problem, which can be stated as

u ≥ 0, ∆2u ≥ f in Ω, and ∆2u = f in {u > 0}, (2.8)

with classical boundary conditions on ∂Ω of the form (2.6) or (2.7). Here
f is the load force exerted on the plate.

2.1.2 Unilateral displacements of the points of ∂Ω

This is the thin obstacle-type problem

∆2u = f in Ω, F ≥ 0, u ≥ 0, and u F = 0 on Γ1, (2.9)

where Γ1 is a part of the boundary ∂Ω. The conditions on Mτ or ∂u
∂ν on

both of Γ1 and ∂Ω \ Γ1 are of classical type as in (2.6) or (2.7). Here f is
the load force, andMτ and F are as defined in (2.4) and (2.5) respectively.

3 The classical obstacle problem for the bi-Laplacian

For a smooth bounded domain Ω ⊂ Rn, and given functions g, ψ ∈
C2(Ω) satisfying the compatibility condition ψ ≤ g on ∂Ω in some trace
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sense, consider the problem of minimizing the energy∫
Ω

(∆w)2dx (3.1)

over the set

K := {w ∈ H2(Ω) : w − g ∈ H2
0 (Ω), and w ≥ ψ a.e. in Ω}. (3.2)

Following a variational approach, one can show that the minimizer of (3.1)
over the set (3.2) satisfies

u ≥ ψ in Ω

∆2u = 0 in {u > ψ}
∆2u ≥ 0 in Ω.

(3.3)

In other words, the solution u stays above the obstacle ψ, it is biharmonic
whenever it does not touch the obstacle, and it is super-biharmonic in
the whole domain. This splits the domain Ω into two regions: the non-
contact set {u > ψ} in which the solution u is biharmonic, and the contact
set {u = ψ}. The interface in between the two regions is called the free
boundary which depends on the solution, and hence it is a priori unknown.

3.1 Regularity of solutions

In [20], Frehse established the H3
loc-regularity of the solution u to prob-

lem (3.3). Then, in [22], he proved that the solution is in C1,1
loc (Ω).

In [7], Caffarelli and Friedman took a different approach, which hinges
on techniques from potential theory, to prove the C1,1

loc -regularity of a so-
lution. Using a variational argument, the authors showed that µ := ∆2u

defines a measure which is finite on compact subsets of the domain Ω.
Also, assuming that φ < 0 on ∂Ω, the authors proved that the total mass
µ(Ω) is finite. To reach this result, the authors constructed some approxi-
mating problems with solutions uε converging, up to a subsequence, to the
solution u, and then they proved that the finite measures induced by uε

converge to µ in some weak sense. Moreover, in the case where n ≤ 4, and
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still under the hypothesis φ < 0 on ∂Ω, the authors proved that a solu-
tion is smooth up to the boundary. In addition, they showed that, in the
two-dimensional case, u ∈ C2(Ω). Finally, a counter-example is produced
to show that an a-priori estimate on the modulus of continuity of D2u in
a compact subset of Ω cannot hold.

We now present a few salient details on the proof in [7] of the C1,1
loc -

regularity of a solution u, since we will return to this circle of ideas later on.
By considering the mollifiers of u as smooth approximation, and applying
Green’s formula to these mollifiers, the authors show that ∆u is equal a.e.
to an upper semi-continuous function w, and they derive an estimate for
w on the contact set of the solution u. More precisely, they reach the
following results.

Lemma 3.1. ([7, Lemma 2.1]) There exists an upper semicontinuous func-
tion w such that w = ∆u a.e. in Ω. Moreover, for every x0 ∈ Ω, and for
any sequence of balls Bρ(x0)

1

|Bρ(x0)|

∫
Bρ(x0)

wdx↘ w(x0) as ρ↘ 0.

Theorem 3.2. ([7, Theorem 2.2]) For any point x0 on the support of the
measure µ, we have

w(x0) ≥ ∆φ(x0). (3.4)

In order to apply techniques from potential theory, the authors consider
the fundamental solution of the Laplace equation for n ≥ 3

V (x) := γ|x|2−n, (γ > 0), (3.5)

and they derive the following relation (see the proof of Theorem 3.1 in [7]),
which expresses the function w in terms of the convolution V with µρ, the
restriction of the measure µ to Bρ(x0),

w = −V ∗ µρ + δρ(x), for all x ∈ B ρ
2
(x0). (3.6)

Here, δρ(x) is a bounded function on B ρ
2
(x0). With the equation (3.6) in

hand, to obtain a bound for w (and hence for ∆u), it suffices to obtain a
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bound for the convolution V̂ := V ∗µρ. The authors observed that V̂ ≥ 0,
and combined the results of Lemma 3.2 and (3.6) to reach an upper bound
for V̂ on the support of the measure µ ρ

2
. At this point, the authors point

out that V̂ superharmonic, so that they apply the following maximum
principle to reach an upper bound for V̂ in the whole domain Ω.

Theorem 3.3. ([10] and [26]) Let Z be a superharmonic function in Rn

for which the measure ν = −∆Z is supported on a bounded set S. If
Z ≤M on S, then Z ≤M in all of Rn.

3.2 Regularity of the free boundary

In [7], the authors carry some analysis of the regularity of the free
boundary. Under the assumption ∆2φ > 0, the authors prove that the
non-contact set is connected. Moreover, in the two-dimensional case and
under the assumption ∆u(x0) > ∆φ(x0), the authors show that the free
boundary in a neighborhood of x0 is contained in a continuously differen-
tiable curve.

In [1], Aleksanyan studied the regularity of the free boundary for the
biharmonic obstacle problem under the assumptions that the obstacle is
zero, the solution is almost one-dimensional, and the non-coincidence set
is a non-tangentially accessible domain (NTA). The author derives the
C1,α-regularity of the free boundary following a linearization argument
introduced by Andersson in [2].

Given a free boundary point, which without loss of generality we sup-
pose is the origin, and for a ball B around the origin, the author de-
fines the class B(ε) as, among other requirements, the set of almost one-
dimensional functions in the sense ‖∇′u‖H2(B) ≤ ε where x′ = x − xnen
and ∇′ = ∇x − uxnen. The author shows that, for ε small enough, there
exists a rescaling function

ur(x) =
u(rx)

r3
(x ∈ B),
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and a constant 0 < γ < 1 such that

‖∇′ur‖H2(B) ≤ γ‖∇
′
u‖H2(B) ≤ γ ε.

in a special coordinate system depending on u. Iterating the above inequal-
ity and changing the coordinate system accordingly, the author establishes
the existence of a measure theoretic normal η0 to the free boundary Γu of
the solution at the origin. For a general free boundary point x, letting ηx
be the measure theoretic normal to Γu at x, the author shows that ηx is a
Hölder-continuous function on Γu.

Moreover, the author uses the above regularity of the free boundary
result to improve the regularity of the solution to C3,α

loc , and therefore
C2,1. The proof is based on applications of the boundary regularity the-
ory for harmonic functions, Calderon-Zygmund estimates, and a Sobolev
embedding theorem. Finally, the author gives an example to show that,
in general - that is, without the assumptions that the solution is almost
one-dimensional and the non-coincidence set is an NTA domain - C2,1/2 is
the best regularity a solution may achieve in dimension n ≥ 2.

4 The thin obstacle problem for the poly-Laplacian

Let m ≥ 2 be an integer, and suppose Ω is a smooth domain in Rn+1

(n ≥ 1, 2m ≤ n+ 3). Also, let f ∈ Lp(Ω), with p > n+1
2m−1 , and g ∈ C

2(Ω).
Given an obstacle function Ψ ∈ C2(Ω), the classical obstacle problem for
the Laplacian of order m consists in finding a function u solution of the
variational inequality

< (−∆)mu− f, w − u >≥ 0 (4.1)

for all w satisfying w − g ∈ Hm
0 (Ω) and w ≥ Ψ on Ω.

If Ω
′ ⊂ Ω is a k-dimensional C2-surface (k ≥ n − 2m + 4) such that

∂Ω
′ ⊂ ∂Ω, given a thin obstacle function ψ ∈ C2(Ω′), the thin obsta-

cle problem for the Laplacian of order m is governed by the variational
inequality

< (−∆)mu− f, w − u >≥ 0 (4.2)
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for all w satisfying w − g ∈ Hm
0 (Ω) and w ≥ ψ on Ω′. For m = 2 and

f = 0, problem 4.1 reduces to the classical problem for the bi-Laplacian
presented in Section 3.

In [31], Schild considered both problems (4.1) and (4.2) for a general
dimension n ≥ 1, and a general order m ≥ 2 satisfying 2m ≤ n + 3. His
approach hinges on techniques from potential theory. First, he established
the C1,1

loc -regularity of a solution u of the problem under consideration.
Observing that µ := (−∆)mu − f defines a non-negative measure on the
domain, the author considered the restrictions µρ of the measure µ on balls
Bρ, and wrote both the solution and its Laplacian as a sum of a poten-
tial and a regular function. Then, to obtain estimates for the potential
(and therefore for the solution and its Laplacian), Schild used tools from
potential theory such as a continuity principle and a maximum principle,
in addition to some arguments involving smooth approximations of func-
tions and Green’s formula. Moreover, a crucial step was observing that
the mixed second order partial derivatives of the fundamental solution of
the bi-Laplace equation are controlled by the Laplacian of such solution.
This opens the way for deriving estimates on the mixed second order par-
tial derivatives of the solution to the problem in consideration. Moreover,
adapting a classical result from potential theory which provides a relation
between the L2-norm of a Riesz potential of a measure and a Riesz en-
ergy of the same measure, the author was able to use the C1,1

loc -regularity
of a solution to establish its W 3,2

loc -regularity. Finally, the author gave a
counter-example for higher regularity for the two dimensional case to show
that, in general, one cannot expect the solution to be in W 3,∞

loc (Ω). More
details on this potential theory based approach will appear in Section 7,
where we present our work in [13].

5 The fractional Laplacian of order 1 < s < 2

In this section, we aim to present the connection between some fourth
order linear operators, and the fractional Laplacian (−∆)s for 1 < s < 2.
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We start with recalling definitions of the related function spaces and the
associated norms.

On the Schwartz space of smooth functions which rapidly decay at ∞,

S :=

{
v ∈ C∞(Rn) s.t. sup

Rn
|x|mv(k)(x) < +∞ for all m ≥ 0, k ≥ 0

}
,

(5.1)
one can define the fractional Laplacian (−∆)s as a singular integral

(−∆)sv(x) = C(n, s) P.V.
∫
Rn

∇v(x)−∇v(z)

|x− z|n−2+2s dz

:= C(n, s) lim
r→0

∫
Rn\Br(x)

∇v(x)−∇v(z)

|x− z|n−2+2s dz

(5.2)

for all x ∈ Rn. Here, P.V. is an abbreviation of “principal value” as defined
in the latter equation. The definition (5.2) is equivalent to the following
one in terms of a Fourier multiplier

̂(−∆)sv = |ξ|2sv̂(ξ) for all v ∈ S, (5.3)

where f̂ denotes the Fourier transform of f . We introduce the Gagliardo-
Slobodeckii semi-norm as

[v]Ḣs :=

(∫
Rn

∫
Rn

|∇v(x)−∇v(z)|2

|x− z|n−2+2s
dxdz

)1/2

=

(
k(n, s)

∫
Rn
|ξ|2s|v̂(ξ)|2dξ

)1/2

,

(5.4)

where k(n, s) is a positive constant depending on the dimension n and the
exponent s only.

We define the space Ḣs(Rn) as the completion of the C∞0 (Rn) with
respect to the semi-norm (5.4). We observe that

< u, v >Ḣs(Rn) =

∫
Rn

∫
Rn

(∇u(x)−∇u(z)) · (∇v(x)−∇v(z))

|x− z|n−2+2s dxdz,

= k(n, s)

∫
Rn
|ξ|2sû(ξ)v̂(ξ)dξ

(5.5)
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is an inner product on Ḣs(Rn). Next, we introduce the notion of weak
solution in Ḣs(Rn) of the fractional Laplace equation.

Definition 5.1. For 1 < s < 2 and u ∈ Ḣs(Rn), we introduce the weak
formulation of (−∆)su as

〈(−∆)sv, φ〉 =
1

k(n, s)
〈v, φ〉Ḣs(Rn) for any φ ∈ C∞0 (Rn). (5.6)

Here, k(n, s) is as in (5.5).

6 The extension problem for the higher order frac-
tional Laplacian

The well-known Caffarelli-Silvestre characterization of the fractional
Laplacian (−∆)s for 0 < s < 1 as a Dirichlet-to-Neumann map (estab-
lished in [9]) was generalized in [34], and more recently in [11], to all pos-
itive, non-integer orders of the fractional Laplace operator. More specifi-
cally, for 1 < s < 2, let b = 3 − 2s and let ∆b be the b-Laplace operator
defined by

∆bU = y−b∇ · (yb∇U). (6.1)

For Ω an open domain in Rn+1, let H2(Ω, yb) be the weighted Sobolev
space equipped with the norm

‖U‖2H2(Ω,yb) = ‖y
b
2 ∆bU‖2L2(Ω) + ‖y

b
2∇U‖2L2(Ω) + ‖y

b
2U‖2L2(Ω). (6.2)

Yang proves in [34] the following result.

Theorem 6.1. ([34, Theorem 3.1], see also [11, Theorem 1.2]) Let 1 < s <

2 and let b = 3− 2s. Suppose U is a function in H2(Rn+1
+ , yb) satisfying

∆2
bU(x, y) = 0 in Rn × R+

U(x, 0) = u(x) for all x ∈ Rn

limy→0 y
bUy(x, y) = 0 for all x ∈ Rn
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for some u ∈ Ḣs(Rn). Here the operator ∆b is as defined in (6.1), the
PDE is satisfied in some weak sense, and the Dirichlet boundary condition
is satisfied in the sense of traces. Then,

(−∆)su(x) = Cn,s lim
y→0

yb
∂

∂y
∆bU(x, y). (6.3)

Thanks to the Extension Theorem 6.1, we infer that boundary obstacle
problems in Rn×{y ≥ 0} associated with the weighted bi-Laplace operator
∆2
b and with an obstacle living on Rn × {0} are equivalent to obstacle

problems for the fractional Laplacian (−∆)s for 1 < s < 2.

7 The obstacle problem for a higher order frac-
tional Laplacian

In this section, we present an outline of our paper [13], joint with A.
Petrosyan, where we study the regularity of solutions to obstacle problems
associated with the fractional Laplacian (−∆)s for 1 < s < 2, in the Eu-
clidean space Rn with n ≥ 2. The problem consists in finding a function u
constrained to stay above a given obstacle ψ, and satisfying (−∆)su = 0

in the region where it is above the obstacle. We assume that the obstacle
ψ is a C1,1- function with compact support in the region under considera-
tion. In [13], we consider two versions of this problem. In both cases, our
solutions will live in the space Ḣs(Rn) introduced in Section 6. For the
first version, we seek a function u, solution of the problem

u ≥ ψ in Rn

(−∆)su ≥ 0 in Rn

(−∆)su = 0 in {u > ψ}.
(7.1)

To analyze this problem, we follow a variational approach by minimizing
the functional

I0[v] :=

∫
Rn

∫
Rn

|∇v(x)−∇v(z)|2

|x− z|n−2+2s dxdz (7.2)
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over the space of functions

B0 := {v ∈ Ḣs(Rn), v ≥ ψ}. (7.3)

We prove the existence and uniqueness of a minimizer u0 of (7.2), then we
show that u0 satisfies the variational inequality

(−∆)su0 ≥ 0 in Rn

in the weak sense

〈(−∆)su0, v − u0〉 =
1

k(n, s)
〈u0, v − u0〉Ḣs ≥ 0 for all v ∈ B0. (7.4)

The second version is a problem with boundary values imposed on the
complement of the unit ball in Rn:

w ≥ Ψ in Rn

(−∆)sw ≥ 0 in Rn

(−∆)sw = 0 in B′1 ∩ {w > Ψ}
w(x) = g(x),∇w = ∇g on Rn \B′1.

(7.5)

Here B′1 is the unit ball in Rn, Ψ denotes the obstacle, and g ∈ Ḣ1+s(Rn)

is a function satisfying (−∆)sg ≥ 0 and g ≥ Ψ in Rn. Letting u = w − g,
f = −(−∆)sg, and ψ = Ψ− g, we see that (7.5) is equivalent to

u ≥ ψ in Rn

(−∆)su ≥ f(x) in B′1
(−∆)su = f(x) in B′1 ∩ {u > ψ}
u = 0,∇u = 0 on Rn \B′1.

(7.6)

To construct a solution of (7.6) we prove the existence and uniqueness of
a minimizer u of the functional

I[v] :=
1

2k(n, s)

∫
Rn

∫
Rn

|∇v(x)−∇v(z)|2

|x− z|n−2+2s dxdz−
∫
Rn
f(x) (v(x)−ψ(x))dx

(7.7)
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over the set

B := {v ∈ Ḣs(Rn), v = 0,∇v = 0 on Rn \B′1, and v ≥ ψ}. (7.8)

Here, the constant k(n, s) is the same as in (5.5). Next, we show that the
minimizer u satisfies

(−∆)su− f ≥ 0 in Rn

in the weak sense

〈(−∆)su−f, v−u〉 =
1

k(n, s)
〈u, v−u〉Ḣs−〈f, v−u〉L2 ≥ 0 for all v ∈ B.

(7.9)
In particular, µ := (−∆)su−f is a measure on B′1. To prove the regularity
of our minimizer, we follow an approach from potential theory inspired
by the one of Schild in [31] and [32], as described in Section 4. More
specifically, we represent our minimizer and its Laplacian in terms of Riesz
potentials of some measures. Then, some of the main tools to reach the
regularity results will be a continuity principle and a maximum principle.

Applying the Extension Theorem 6.1, we see that problems (7.1) and
(7.6) are equivalent to boundary obstacle problems in Rn × {y ≥ 0}, with
an obstacle living on Rn × {0}. In the case where b = 0, the operator
∆2
b reduces the bi-Laplacian, and the resulting problem is the object of

Schild’s work. Therefore, our paper can also be seen as a generalization of
Schild’s results to the case of the operator ∆2

b for b ∈ (0, 1). For problem
(7.1), however, we are able to obtain an a.e. representation of u0 as the
Riesz potential of order 2s of the measure µ0 on the whole space without
resorting to the extension procedure. To illustrate our arguments, we start
by introducing the fundamental solution φs of the fractional Laplacian
(−∆)s given by (for x ∈ Rn \ {0})

φs(x) = 1
|x|n−2s , when n 6= 1, 2, 3 or s 6= 3

2 ,

φ 3
2
(x) = − log |x|, when n = 3,

φ 3
2
(x) = −|x|, when n = 2,

φ 3
2
(x) = |x|2

(
log |x| − 3+n

2n+2

)
, when n = 1.

(7.10)
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Lemma 7.1. ([13, Lemma 4.1]) The identity

u0 = φs ∗ µ0 (7.11)

holds true for a.e. x in Rn.

For problem (7.6), instead, our representations in terms of Riesz poten-
tials of measures will be local. As a starting point, we extend our minimizer
u to the upper half space with a function U ∈ H2(Rn, yb) satisfying

∆2
bU = 0 for (x, y) ∈ Rn+1

+

limy→0+ y
bUy(x, y) = 0 for (x, y) ∈ Rn+1

+

U(x, 0) = u(x) for x ∈ Rn,
(7.12)

for b = 3 − 2s. Given the extension result of Theorem 6.1, we know that
the extension function U(x, y) of u(x) solves

∆2
bU = 0 for (x, y) ∈ B+

1

U = 0, Uν = 0 for (x, y) ∈ (∂B1)+

limy→0 y
bUy(x, y) = 0 for all x ∈ B′1

U(x, 0) ≥ ψ(x) in B′1
limy→0+ y

b ∂
∂y∆bU(x, y) ≥ f(x) in B′1

limy→0+ y
b ∂
∂y∆bU(x, y) = f(x) in B′1 ∩ {u > ψ},

(7.13)

Here B1 is the unit ball in Rn+1, B+
1 = B1∩{y > 0}, (∂B1)+ = ∂B1∩{y >

0}, and ν is the outer unit normal to the ball B1. For fixed 0 < ρ ≤ 1/2,
let η ∈ C∞0 (B′2ρ) be such that η ≡ 1 on B′ρ and |∇η| ≤ 1

ρ on B′2ρ. We will
denote by µρ the restriction of the measure µ on B′2ρ, that is

µρ := η · µ. (7.14)

We first obtain the following local representation of u and ∆u.

Lemma 7.2. ([13, Lemma 6.2]) For a ball B′ρ in Rn, there exists a weak
solution Rρ(x) of (−∆)sRρ(x) = f in B′ρ such that

• u(x) = φs ∗ µρ(x) +Rρ(x) for a.e. x ∈ B′ρ. (7.15)

• ∆u(x) = ∆φs ∗ µρ(x) + ∆Rρ(x) for a.e. x ∈ B′ρ. (7.16)
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Moreover, Rρ(x) satisfies the estimate

‖Rρ‖W 2,∞(B′ρ) ≤ C(n, s, ρ)
(
‖yb/2U‖L2(B2ρ) + ‖yb/2∇U‖L2(B2ρ)

+‖f‖L2(B2ρ)

)
.

(7.17)

Denoting by Es the fundamental solution for the b-bi-Laplace equation
defined by

Es(x, y) = 1

(|x|2+|y|2)
n−2s

2
, when n 6= 1, 2, 3, or s 6= 3/2,

E3/2(x, y) = − log
(
|x|2 + |y|2

) 1
2 , when n = 3,

E3/2(x, y) = −
(
|x|2 + |y|2

) 1
2 , when n = 2,

E3/2(x, y) =
(
|x|2 + |y|2

) (
log
(
|x|2 + |y|2

) 1
2 − 3+n

2n+2

)
, when n = 1.

(7.18)
for (x, y) ∈ Rn \ {(0, 0)}. The representations obtained in Lemma 7.2 can
be extended to the upper half space as follows.

Lemma 7.3. ([13, Lemma 9.1]) For every y > 0, and every ball B′ρ in
Rn, the harmonic extension U of u and its Laplacian admit the following
representations:

• For every y > 0 and almost every x ∈ B′ρ

U(x, y) =

∫
Rn
Es(x− ξ, y) dµρ(ξ) + Lρ(x, y), (7.19)

where Lρ(x, y) is the b-biharmonic extension of Rρ(x) to the upper
half-space.

• For every y > 0 and almost every x ∈ B′ρ

∆U(x, y) =

∫
Rn

∆Es(x− ξ, y) dµρ(ξ) + ∆Lρ(x, y). (7.20)

• For almost every x ∈ B′ρ

Uyy(x, 0) = C(n, s, ρ)∆φs ∗ µρ(x) + (Lρ)yy(x, 0). (7.21)
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• Lρ satisfies the estimate

‖Lρ‖W 2,∞(Bρ) ≤ C(n, s, ρ)
(
‖yb/2U‖L2(B2ρ)

+‖yb/2∇U‖L2(B2ρ) + ‖f‖L∞(B2ρ)

)
.

(7.22)

One of the main regularity results in our paper is the following C1,1
loc -

estimate of the extension function U of the solution u.

Theorem 7.4. ([13, Corollary 7.9 & Theorem 9.2]) The extension function
U is in C1,1

loc (Rn+1). In particular,

‖U‖C1,1(B+
ρ/4
∪B′

ρ/4
) ≤ C(n, s, ρ)

(
‖∆ψ‖L∞(Rn) + ‖yb/2U‖L2(B2ρ)

+‖yb/2∇U‖L2(B2ρ) + ‖f‖L∞(B2ρ)

)
.

(7.23)

The proof is based on several applications of a continuity principle and
a maximum principle from potential theory. More specifically, since u is
bounded on the support of the measure µ, with the representation (7.15)
in hand we are able to apply a continuity result from potential theory to
get a bound for u on every ball B′ρ ⊂ B′1. Next, we aim to prove the local
boundedness of ∆xu. To this end, we first show its local boundedness on
the support of the measure µ using lower semi-continuity properties and
an application of Green’s formula. Then, we adapt a maximum principle
from potential theory to obtain local bounds for ∆xu in the entire ball
B′1. Moreover, using some crucial properties of the mixed second order
partial derivative of φs, we are able to obtain some local representations
of the ones of u, from which we infer the relevant local bounds. Finally,
using the representations in Lemma 7.3, we are able to deduce the same
C1,1
loc -regularity estimate for the extension function U .
The second main regularity result in our paper is the following.
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Theorem 7.5. ([13, Theorem 8.1]) Let u be the minimizer of I[·]. Then,
u ∈ H1+s

loc (Rn). In particular,

‖u‖H1+s(B′
ρ/8

) ≤ C(n, s, ρ)
(
‖∆ψ‖L∞(Rn) + ‖yb/2U‖L2(B2ρ)

+‖yb/2∇U‖L2(B2ρ) + ‖f‖L∞(B2ρ)

)
.

(7.24)

The proof hinges on the regularity result of Theorem 7.4, and a classical
result from potential theory which gives a relation between the L2-norm
of the Riesz potential of order β/2 of a compactly supported measure ν
and the Riesz energy of order β of the same measure. From Theorem 7.5,
Theorem 7.4, and the representations of Lemma 7.3, we infer the following
H3
loc(Rn+1, yb) regularity of the extension function U .

Corollary 7.6. ([13, Corollary 9.4]) Let u be the minimizer of I[·] and
let U be the extension of u to the upper half space Rn+1

+ . Then, U ∈
H3

loc(Rn+1, yb). Moreover,

‖U‖H3(Bρ/2,y
b) ≤C(n, s, ρ))

(
‖∆ψ‖L∞(Rn) + ‖yb/2U‖L2(B16ρ)

+‖yb/2∇U‖L2(B16ρ) + ‖yb/2∆bU‖L2(Bρ/2) + ‖f‖L∞(B16ρ)

)
.

(7.25)

8 A two-phase boundary obstacle-type problem
for the bi-Laplacian

In this section, we present an outline of our recent work [12], where we
consider the following two-phase boundary obstacle problem

∆2u = 0 in B+
1

u = g on (∂B1)+

uy = 0 on B′1
(∆u)y = λ−(u−)p−1 − λ+(u+)p−1 on B′1.

(8.1)

Here B+
1 = {z = (x, y) ∈ B1; y > 0}, with B1 being the unit ball in

Rn+1 centered at the origin, (∂B1)+ = ∂B1 ∩{y > 0}, B′1 = B1 ∩{y = 0},
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λ−, λ+ are positive constants, and p > 1. For q := max{2, p}, we let
g ∈W 2,q(B+

1 ), with gy = 0 on B′1.
The problem (8.1) has been considered in [34] and [18] in the case

where the non-homogeneous boundary condition is given by (∆u)y = 0 in
[34] and (∆u)y = h(x)u(·, 0) in [18], with h(x) being a C1-function on B′1.
In both papers, the authors prove a monotonicity formula of Almgren’s
type and classify the possible blow-up limit profiles. Then, they use their
results to establish the strong unique continuation property for a solution.

In [12], both the formulation of problem (8.1) and our objectives are dif-
ferent. The non-homogeneous thin boundary condition (∆u)y = λ−(u−)p−1

−λ+(u+)p−1 on B′1 has a right-hand-side which is non-differentiable in u
when 1 < p ≤ 2 and non-linear in u when p > 2. We establish the optimal
regularity of the solution of (8.1) for all p > 1. Moreover, in the cases when
p = 2 and p ≥ 3, we study the structural properties of the free boundary
(∂{u > 0} ∪ ∂{u < 0}) ∩B′1.

To construct our solution, we minimize the functional

J [w] :=

∫
B+

1

(∆w)2dxdy +
2

p

∫
B′1

λ−(w−)p + λ+(w+)pdx (8.2)

over the admissible set

A :=
{
w ∈W 2,q(B+

1 ), w = g on (∂B1)+, and wy = 0 on B′1
}
. (8.3)

We show that the unique minimizer u of (8.2) over (8.3) is a weak solution
of (8.1) in the sense∫

B+
1

∆u∆φdxdy =

∫
B′1

(
λ−(u−)p−1 − λ+(u+)p−1

)
φ dx (8.4)

for all functions φ ∈ C∞(B+
1 ) such that φ = 0 on (∂B1)+ and φy =

0 on B′1.

8.1 Regularity of the minimizer

The first step in studying the regularity of the minimizer u is to estab-
lish the weak differentiability of ∆u. The proof is based on an application
of the Lax-Milgram Theorem.
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Theorem 8.1. ([12, Theorem 2.5]) Let u be the minimizer of (8.2). Then
∆u is weakly differentiable, and its weak derivatives are in L(B+

ρ ) for all
balls Bρ ⊂⊂ B1.

We then establish the following optimal regularity result.

Theorem 8.2. ([12, Lemma 3.3 & Theorem 3.4]) Let u be the minimizer
of (8.2). When p is an integer, u ∈ Cp+1,α

loc (B+
1 ∪ B′1) for all α < 1.

Moreover,

‖u‖Cp+1,α(B+
ρ ∪B′ρ) ≤ C(α, ρ)

(
‖u‖L∞(Bρ) + ‖∆u‖L∞(Bρ)

)
. (8.5)

When p is not an integer, u ∈ Cbp+1c,α
loc (B+

1 )∪B′1 for all α < p−1−bp−1c
and

‖u‖Cp+1,α(B+
ρ ∪B′ρ) ≤ C(α, ρ)

(
‖u‖L∞(Bρ) + ‖∆u‖L∞(Bρ)

)
. (8.6)

Furthermore, in the case where p is an integer, if z0 is a free boundary
point such that ∇xu(z0) 6= 0, then u is not Cp+1,1 at z0.

To prove Theorem 8.2, we start with proving the local boundedness of
the solution and its Laplacian using the subharmonicity of their positive
and negative parts. Then, we achieve the C1,α

loc -regularity of the solution
(0 < α < 1) using Morrey’s method. In particular, u is locally Lipschitz
in B1, and hence

• For 1 < p < 2, the function λ−(u−)p−1 − λ+(u+)p−1 is Holder con-
tinous of order α for all α < p− 1,

• For p ≥ 2, and p is an integer, the function λ−(u−)p−1 − λ+(u+)p−1

is in Cp−2,α
loc (B1) for all 0 < α < 1,

• For p ≥ 2, and p is not an integer, u ∈ C
bp−2c,α
loc (B1) for all α <

p− 1− bp− 1c.
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At this point, we apply the regularity theory of oblique derivative problems
to the Laplacian ∆u of our solution to conclude that ∆u ∈ Cp−1,α

loc (B1)

for all α < 1 when p an integer, and ∆u ∈ C
bp−1c,α
loc (B+

1 ) for all α <

p − 1 − bp − 1c when p is not an integer. Applying the same regularity
theory, but this time to the solution u, we reach the desired regularity.
Finally, we prove that the regularity achieved in (8.2) is optimal by arguing
by contradiction.

8.2 Regularity of the free boundary

Here and in the sequel, v will denote the Laplacian of the solution u,
that is, v := ∆u. To study the regularity of the free boundary

Γ(u) := Γ−(u) ∪ Γ+(u),

with Γ−(u) = ∂x({u < 0} ∩B′1) and Γ+(u) = ∂x({u > 0} ∩B′1)
(8.7)

we define the regular set of the free boundary as

R(u) = {z = (x, 0) ∈ Γ(u) | u(x, 0) = 0,∇xu(x, 0) 6= 0,∇xv(x, 0) 6= 0},
(8.8)

and the singular set Σ(u) := Γ(u) \ R(u). The following regularity of the
free boundary around regular points is a straightforward consequence of
the regularity of the solution and of the implicit function theorem.

Theorem 8.3. ([12, Theorem 6.1]) If (x, 0) ∈ R(u), then the free boundary
is a C3,α− graph in a neighborhood of (x, 0) for all 0 < α < 1.

To study the behavior of the free boundary at singular points, we need
to carry out blow-up analysis adapting approaches developed in analyzing
the free boundary in the Signorini problem (see for instance [4], [8], [9]
[23], the book [29]), and the survey [14].
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8.3 Almgren’s monotonicity, growth estimate and blow-up
analysis at singular free boundary points

We start with introducing Almgren’s Frequency Functional for func-
tions u, v ∈W 1,2

loc (B1):

N0(r, u, v) := r

∫
B+
r

(|∇u|2 + |∇v|2)dxdy∫
(∂Br)+

(u2 + v2)dS

. (8.9)

Then, for u the solution of our problem (8.1), we aim to show thatN0(r) :=

N0(r, u,∆u) has a non-negative limit as r → 0+. To this end, we first prove
that a suitable perturbation of N0(r) has a limit as r → 0+. Then we are
able to show that N0(r) also has a limit as r → 0+, which coincides with
limr→0+ N(r). More precisely, we prove the following result.

Theorem 8.4. ([12, Theorem 4.1 & Corollary 4.4]) For u, v ∈W 1,2
loc (B1),

define the perturbed Almgren’s Frequency Functional

N(r, u, v) :=r

∫
B+
r

(|∇u|2 + |∇v|2 + uv)dxdy∫
(∂Br)+

(u2 + v2)dS

+

∫
Br ′

(
λ−(u−)p−1 − λ+(u+)p−1

)
vdx∫

(∂Br)+
(u2 + v2)dS

.

(8.10)

Also, for u solution to (8.1) with p = 2 or p ≥ 3, let N(r) := N(r, u,∆u).
Then,

µ := lim
r→0+

N(r) is finite and µ ≥ 0.

Moreover, the limit of N0(r) also exists and coincides with limr→0+ N(r).

Next, we introduce the quantity

φ(r) =
1

rn

∫
(∂Br)+

(
u2 + v2

)
dS, (8.11)

and we obtain the following estimates for it.
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Lemma 8.5. ([12, Lemma 4.5]) Let µ := limr→0+ N(r). Then, the fol-
lowing hold:

1. There exists a constant α > 0, and r0 > 0 such that

r−2µφ(r) ≤ R−2µφ(R)e
2C(Rα−rα)

α (8.12)

for all 0 < r < R < r0.

2. For any δ > 0, there exists r0(δ) such that

r−2µφ(r) ≥ R−2µφ(R)
( r
R

)2δ
(8.13)

for all 0 < r < R < r0(δ).

As a corollary of Lemma 8.5, we obtain the following growth estimate.

Corollary 8.6. ([12, Corollary 4.6] ) Let u be the minimizer of (8.2).
Then, for all z ∈ B+

r ∪B
′
r, 0 < r < 1

2 , we have

u(z) ≤ Crµ and v(z) ≤ Crµ,

where C depends on the dimension and the local L∞-norms of u and v.

The next step is to study blow-up sequences around a free boundary
point z0 = (x0, 0). Without loss of generality, we assume z0 = 0 and let
µ := limr→0+ N(r). For 0 < r < 1 and z = (x, y) ∈ B+

1 ∪ B
′
1, we define

the Almgren’s rescalings

ur(z) :=
u(rz)√
φ(r)

and vr(z) :=
v(rz)√
φ(r)

. (8.14)

Using the monotonicity result Theorem 8.4 and the estimates of the func-
tion φ established in Lemma 8.5, we prove the convergence, up to a sub-
sequence, of Almgren’s rescalings ur and vr around singular points to ho-
mogenous harmonic polynomials pµ and qµ, respectively, of degree µ ≥ 2.
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Theorem 8.7. ([12, Theorem 5.1]) Let u be the solution to (8.1) with
p = 2 or p ≥ 3, and v = ∆u. There exists subsequences uj := urj and
vj := vrj such that uj → u∗, ∇uj → ∇u∗, vj → v∗ and ∇vj → ∇v∗ as
j → ∞, uniformly on every compact subset of Rn+1

+ . Moreover, u∗ and
v∗ are homogenous harmonic polynomials of degree µ. If, in addition, we
have ∇xu(0) = 0 or ∇xv(0) = 0, then we must have µ ≥ 2.

8.4 Monneau-type monotonicity formula and non-degeneracy
of the solution at singular free boundary points

To continue our analysis of the structure of the singular set, we need to
derive some crucial proporties such as non-degeneracy, uniqueness of blow-
ups, and continuous dependence of blow-ups on the singular set. A crucial
tool in this endeavor is the monotonicity of a Monneau-type functional.
We define the Monneau-type functional

Mµ(r, u, v, pµ, qµ) =
1

rn+2µ

∫
(∂Br)+

(
(u− pµ)2 + (v − qµ)2

)
dS, (8.15)

where pµ and qµ are two homogeneous harmonic polynomials of degree µ.
To prove the monotonicity of Mµ, we introduce the Weiss-type functional

Wµ(r, u, v) =
H(r, u, v)

rn+2µ
(N0(r, u, v)− µ). (8.16)

We have the following result.

Theorem 8.8. ([12, Theorem 6.2 & Corollary 6.3]) Let u be the solution
to (8.1), and let pµ and qµ be two homogenous harmonic polynomials of
degree µ, symmetric with respect to the thin space {y = 0}. Then, there
exists positive constants C1 and C2 such that

d

dr
Mµ(r, u, v, pµ, qµ) ≥ 2

r
Wµ(r, u, v)− C1 ≥ −C2 (8.17)

In particular, Mµ(r, u, v, pµ, qµ) has a limit as r → 0+.

Next, we use the monotonicity result of Theorem 8.8 to prove the non-
degeneracy of the solution at singular free boundary points.
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Lemma 8.9. ([12, Lemma 6.4]) Let u be the solution to (8.1) with u(0) = 0

and either ∇xu(0) = 0 or ∇xv(0) = 0. There exists C > 0 and 0 < R0 < 1,
depending possibly on u, such that

sup
(∂Br)+

|u| ≥ Crµ or sup
(∂Br)+

|v| ≥ Crµ (8.18)

for all 0 < r < R0.

At this point, we are ready to study the dimension of the singular set.

8.5 The structure of the singular set

Let z0 be a point on the free boundary of u, the solution of (8.1). For
R ≥ 1, we introduce the homogenous rescalings

uµr (z) :=
u(z0 + rz)

rµ
and vµr (z) :=

v(z0 + rz)

rµ
, (8.19)

for z ∈ B+
R ∪ B

′
R and 0 < r < 1

R . Using the growth estimate of Corollary
8.6 and the non-degeneracy result of Lemma 8.9, we prove the convergence
of these rescalings to two harmonic polynomials homogenous of degree µ.
Moreover, we prove the uniqueness of the blow-up polynomials using the
monotonicity of Monneau’s functional (Theorem 8.8). More precisely, we
have the following.

Theorem 8.10. ([12, Theorem 7.1]) Let u be the solution of (8.1) and
suppose that z0 is a free boundary point such that ∇xu(z0) = 0 or
∇xv(z0) = 0. Then, there exist two unique harmonic polynomials pµ and
qµ, homogenous of degree µ and such that uµr → pµ in W 3,2

loc (B+
R ∪B

′
R) and

in C3,α(B+
R ∪ B

′
R), and vµr → qµ in W 1,2

loc (B+
R) and in C1,α(B+

R ∪ B
′
R) for

all R ≥ 1.

For a free boundary point z0, let N z0
0 denote Almgren’s frequency

formula at the free boundary point z0, µz0 = limr→0N
z0
0 , and pz0µ and qz0µ

the µ−homogenous blow-up polynomials at z0 as in Theorem 8.10. For
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µ ∈ N, we define

Σµ{(x, 0) ∈ Γ(u) |

u(x, 0) = 0,∇xu(x, 0) = 0 or ∇xv(x, 0) = 0, and N z0
0 (0+, u, v) = µ}.

(8.20)

We denote by P(u) the class of homogenous harmonic polynomials of de-
gree µ and even in y. We note that P(u) is a convex subset of the finite
dimensional vector space of all polynomials homogenous of degree µ. We
endow P(u) with the norm of L2((∂B1)+).

The monotonicity of Monneau functional yields the continuous depen-
dence of the blow-ups on the singular points as in Theorem 8.10.

Theorem 8.11. ([12, Theorem 7.2]) Let u be the solution to (8.1). The
mapping z0 7→ (pz0µ , q

z0
µ ) from Σµ to P(u)×P(u) is continuous. Moreover,

for any compact set K ⊂⊂ Σµ, there exists a modulus of continuity ωµ
such that

|u(z)− pz0µ (z − z0)| ≤ ωµ(|z − z0|)|z − z0|µ

for any z0 ∈ K.

To understand the dimension of the singular set, we first establish the
following result. The proof is based on the growth estimate Corollary 8.6
and the non-degeneracy result Lemma 8.9.

Lemma 8.12. ([12, Theorem 7.3]) Let u be the solution to (8.1). Then
Σµ is of type Fσ, that is, it is a union of countably many closed sets.

At this point, we are ready to establish the rectifiability of the singular
set. We denote by dz0µ the dimension of Σµ at a point z0 ∈ Σµ. That is,

dz0µ = max{du,z0µ , dv,z0µ }, (8.21)

where

du,z0µ = dim{ζ ∈ Rn | ζ · ∇xpz0µ (x, 0) = 0 for all x ∈ Rn}
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and

dv,z0µ = dim{ζ ∈ Rn | ζ · ∇xqz0µ (x, 0) = 0 for all x ∈ Rn}.

We also let Σd
µ := {z0 ∈ Σµ(u)|dz0µ = d}. The proof of the following

rectifiability result is based on the continuous dependence on blow-ups,
Whitney’s extension theorem, and the implicit function theorem as in [23,
Theorem 1.3.8].

Theorem 8.13. ([12, Theorem 7.4]) Let u be the solution to (8.1). Then
for every µ ∈ N and d = 0, 1, 2, .., n − 2, the set Σd

µ is contained in a
countable union of d-dimensional C1-manifold.
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gleichungen höherer Ordnung, Abh. Math. Sem. Univ. Hamburg,
36 (1971), 140-149.

[21] J. Frehse, On the regularity of the solution of a second order
variational inequality, Boll. Un. Mat. Ital., (4) 6 (1972), 312-315.

[22] J. Frehse, On the regularity of the solution of the biharmonic
variational inequality, Manuscripta Math., 9 (1973), 91-103.

[23] N.Garofalo and A.Petrosyan, Some new monotonicity for-
mulas and the singular set in the lower dimensional obstacle prob-
lem, Invent. Math., 177 (2009), 415-461.

[24] D.Kinderlehrer and L.Nirenberg, Regularity in free
boundary problems, Ann. Scuola Norm. Sup. Pisa Cl. Sci., (4)
4, no.2 (1977), 373-391.



118 D. Danielli and A. Haj Ali

[25] L.D. Landau and E.M. Lifshitz, Theory of Elasticity,
Course of Theoretical Physics, Vol. 7. Translated by J. B.
Sykes and W. H. Reid, Pergamon Press, London-Paris-Frankfurt;
Addison-Wesley Publishing Co., Inc., Reading, Mass (1959).

[26] N.S. Landkof, Foundations of modern potential theory,
Springer-Verlag, Berlin (1972).

[27] G.M.Lieberman, Oblique derivative problems for elliptic equa-
tions, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ
(2013).

[28] R.Monneau, On the number of singularities for the obstacle
problem in two dimensions, J. Geom. Anal., 13 (2003), no. 2,
359-389.

[29] A.Petrosyan, H. Shahgholian and N.Uraltseva, Regu-
larity of free boundaries in obstacle-type problems, Graduate
Studies in Mathematics, 136, AMS Providence, RI (2012).

[30] A. Signorini, Questioni di elasticità non linearizzata e semilin-
earizzata, Rend. Mat. e Appl., (5) 18 (1959), 95-139.

[31] B. Schild, A regularity result for polyharmonic variational in-
equalities with thin obstacles, Ann. Scuola Norm. Sup. Pisa, Cl.
Sci., (4) 11, no. 1 (1984), 87-122.

[32] B. Schild, On the coincidence set in biharmonic variational in-
equalities with thin obstacles, Ann. Scuola Norm. Sup. Pisa, Cl.
Sci., (4) 13 (1986), no. 4, 559-616.

[33] G. S.Weiss, A homogeneity improvement approach to the ob-
stacle problem, Invent. Math., 138 (1999), no. 1, 23-50.

[34] R.Yang, On higher order extensions for the fractional Laplacian,
arXiv:1302.4413 (2013).


	Introduction
	Obstacle problems for plates
	Unilateral displacements
	Unilateral displacements of the points of 
	Unilateral displacements of the points of 


	The classical obstacle problem for the bi-Laplacian
	Regularity of solutions
	Regularity of the free boundary

	The thin obstacle problem for the poly-Laplacian
	The fractional Laplacian of order 1<s<2
	The extension problem for the higher order fractional Laplacian
	The obstacle problem for a higher order fractional Laplacian
	A two-phase boundary obstacle-type problem for the bi-Laplacian
	Regularity of the minimizer
	Regularity of the free boundary
	Almgren's monotonicity, growth estimate and blow-up analysis at singular free boundary points
	Monneau-type monotonicity formula and non-degeneracy of the solution at singular free boundary points
	The structure of the singular set


