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Abstract. This work deals with border inspection for the Bresse
system whose control is in {L}. The control is obtained through the
inequality of Carleman and the HUM (Hilbert Uniqueness Method)
due to Lions [18] e [17].

This paper is concerned with the exact controllability at the frontier
for the Bresse system, where the control functions act on {L}. The
inequality of observability is an important result to obtain the con-
trols. In order to obtain such an inequality of observability we will
make use of a Carleman inequality.

The main result is obtained by applying the Hilbert Uniqueness
Method proposed by Lions, without using the Hoélmgren’s unique-

ness theorem or the hypothesis of equal-speed waves of propagation.
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1 Introduction

Consider the Bresse system given by

prow — k(g + 0 + lw)y — kollwy — L] = fi
p2¢tt_b¢zx+k(@x+w+lw) :f2 (11)
P1Wit — kO[w:c - l‘/o]x + kl((px +¢+ lw) =f3

in @ = (0,L) x (0,7). Assume Dirichlet boundary conditions that is,

(P(O?t) = T/J(Oat) = w(ovt) =0,
o(L,t) = g1(t) P(L,t) = ga(t) w(L,t) = gs(t)

for t € (0,7), and initial conditions given by

(1.2)

©(-,0) = o, @i(-,0) = 1,
Y(-,0) = o, Pi(-,0) =Y, (1.3)
w(+,0) =wo, w(+,0)

w1.

The problem of exact controllability of (1.1)-(1.3) is to find controls g1, g2, g3
such that at time 7" > 0 we have

o, 1) =p(2,T) = (2, T) = (2, T) = w(@,T) = wi(2,T) =0
In the usual case, the positive constants pi, p2, k, kg,l and b are related
to composition of the material, w,¢ and 9 are denoted the longitudinal,
vertical, and shear angle displacements, respectively.

The equality of the propagation velocity of waves

PL_k ond k= ke,

p2 b

is not considered here. This relation was used in several works, as in
[2, 10, 11, 23] and recently this hypothesis was withdrawn in 8, 9].

The key point to obtain the control is the inequality of observability given
by theorem4.1. In order to obtain the inequality of observability in the
theorem4.1, one makes used of the inequality of Carleman given by the the-
orem3.1. Finally having the inequality of observability applies the Hilbert
Uniqueness Method to obtain the desired.

This is paper is organized as follows in section 2 definitions and some re-

sults, see [5, 7, 12, 13, 20] in section 3 Carleman’s inequality and inequality
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of observability |14, 16, 17, 19, 21| in section 4 border control for the Bresse
system using the Hilbert Uniqueness Method [17, 18, 22].

2 Definitions:

Let

prew — k(pe + ¢ +1w)y — kollws — 1] =0, in (0,L) x (0,T)
P2ty — bbgy + k(pp + ¢ +1lw) =0, in (0,L) x (0,7)

P1Wet — kO[w:L‘ - l‘ﬂ]x + kl(gox + ¢ + lw) = 0) mn (07 L) X (O’ T)
©(0,t) =(0,t) =w(0,t) =0, te(0,T)

o(L,t) =q1(t), o(L,t) = g2(1), w(L,t)=gs(t), t€(0,T)
¢(,0) =90, @i(.,0)=¢1, in (0,L)
¥(.,0) =vo, ¥(.,0) =11, in (0,L)

\ w(.,0) =wy, wi(.,0)=wy, in (0,L)

(2.1)

Definition 2.1. We say that {¢,,w} is an ultraweak solution of (2.1) if

it satifies

| @1+ 6 Py d e+ i m(0) — 1 (o1, 0O 1
+p2(%0, v:(0)) = pa (1,v(0)) -1 gy + p1(wo, 2(0))

1 (w1, 2(0)) g gy + /Q g1 (Bua(L)dt +b /Q go()v, (L)t

ko /Q g5(1) 2 (L)dt = 0

where {u, v, z} is the solution of

,

prug — k(ug + v + 12)g — kol[zg — lu] = 7,

P2V — bugy + k(ug + v +12) = Fy,

p124t — kolze — lule + kl(ug +v + 12) = F3,

u(w, T) = u(z,T) = v(z,T) = vy(w, T) = (2, T) = 2(2,T) =0,
u(0,t) = u(L,t) = v(0,t) = v(L,t) = 2(0,t) = 2(L,t) = 0,

(2.2)
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in the class C([0,T]; H*(0, L)) n C([0,T); L*(0, L))
with Fy, Fp, F3 € L'(0,T; L?(0, L)).

From this definition comes the following:

Theorem 2.2. GivenT > 0, g, 0,wo € L2(0, L), 01,11, w1 € H71(0, L),
F,Fy, F5 € LY0,T; H71(0,L)) and g1, g2, g3 € L?(0,T) there is an unique

ultraweak solution
{p. 4w} € C([0,T);L*(0, L)) N ([0, T]; H(0, L)),
of 2.1. Moreover exists a constant, C > 0, such that

pilletllcora-10,0)) + P2l cora-10,0)) + Prllwtlloo,rmz-10.1)
+p1llellcoreeo.n) + P20¥llcore20.0) + Prllwllcor;L2o,0)
< Clk[po| + blbo| + kolwol + +p1ller|l + palltbr]l + p1llwr ]

+g1] + |g2| + |g3]]
(2.3)

Demonstrated in [15]

For the ultraweak solution of (2.1) we have the inequalities

¢l Lo (0,752200,)) + 1Pl Loo0,1:22(0,)) + Wl Loo (0,7:22(0, 1)
< C{klpol + bltbo| + kolwo| + p1lle1llz-10,L) + p2ll¥1llE-10,)  (2-4)
+pillwillm-10,0) + lg1| + lg2| + lgs|}

H(‘Pn1/1t,wt)H(Loo(o,T,Hfl(o,L)))S =
el oo 0,7, 51 0,L)) + 1%tl oo (0,0,5-10,1)) + [lwtll oo 0,7, 51 (0,1))
< C{klwo| + bltho| + kolwo| + p1lle1ll + p2llthrl] + p1flewn |

+g1] + |g2| + 1g3l}-
(2.5)



3 Carleman’s inequality

We consider the functions u,v, z € L?(=T,T; H*(0, L)), such that

LI(U,U,Z) = p1ust — kuzx € LQ(_TaT; L2(07L))
Lo(u,v,2) = pavyy — bug, € L*(=T,T;L*(0,L)) (3.1)
Ls(u,v,2) = p1zes — kozze € L2(—T, T; LQ(O, L)).

be
Lii(u,v,2) = Li(u,v,2) — k(v + 12), — kol[zy — lu]
Lis(u,v, z) = La(u, v, 2) + k(ug + v+ 12) (3.2)
Ly 3(u, v, z) = L3(u,v, 2) + kolug + kl(ug + v+ 12);

we have to

Li1(u,v,2), L1 2(u, v, 2), L1 3(u, v, 2) € L*(=T,T, L*(0, L)).

We consider the functions u,v, z € L*(=T,T; H*(0, L)), such that
Li(u,v,2), Ly(u,v, 2), L3(u,v, 2) € L*(=T,T; L*(0, L)),

u(0,t) = u(L,t) =v(0,t) = v(L,t) = 2(0,t) = z(L,t) =0 in (-T,T)

u(z,-T) = u(z,T) = v(z,-T) = v(z,T) = 2z(z,-T) = z(z,T) =

0 in (0,L)

u(z, =T) = w(z,T) = v(z,-T) = v(z,T) = z(x,-T) = z(x,T) =

0 in (0,L).

Let us now define, for zog < 0
bz, t) = |z — z0|? — Bt? + My (3.3)
where 5 > 0 will be chosen later and Mj is chosen in such that a way that
Y(x,t) € (0,L) x (=T,T), ¢(x,t)>1, (3.4)

to A > 0 we now define
or(x,t) = @), (3.5)

Now how u, v, z are defined in (0, L) x (=T, T) be s > 0 define

wy = e*PrAu, we = e3Py, wy = e¥FA 2.
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e (doing the calculations formally)

%(e_swwi) = e_sw(aalt - 5)\863? Prw;)
g;(e—swwi) - €_8<p>‘(a;:2)2 )\2| |2g0 w; — 8)\(;2;5@)\“11
- 25)\@,\85?8@? s°A\? 2| d)‘Q i)
aax(ew*wi) = esw(%; — Ag¢¢sz)
;;(e—mwi) = e_m(%?; - SAQ%I%M - sAg%wwx
2ok S+ M

Therefore we can write
Pi (w1, w2, w3) = P} (w, wa, w3) + PE(wr, wa, ws) + RY(wr, wa, w3), (3.6)

where (the operators V and A will represent the first and second deriva-

tives with respect to x.)
. 82201
P12('LU1,1U2,'UJ3) = (Ml - I)SASOA(pl

99
ot

— kAg)wr

— kAw; + 32)\2tp§\(p1’ \2 - k\V¢]2)w1

2
otz
0¢ dun
ot ot
— kA¢)w; >

P} (wy, w2, w3)

—s\? %OA(P1| |2 kIV o wi — 25 px(p1— — kEV¢Vuwy),

2

R (w1, wa,w3) = —Mls)\%\(mw

Py(wy,wy, ws) = Py (wy, ws, w3) + P2 (wy, wy, ws) + RY(w1, wa, ws), (3.7)

where
GQQUQ

P2 g2 — bAwy + s* N3 (P2| |2—b|V¢>| Jwa,

P) (w1, w2, w3) =
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2

0
P22(w1,’11}2, w3) = (MQ — 1)8)\(,0,\ pQg bA¢)w2
ow
*SAZ%(P2| |2 — bV )wa — 25 px(p2 6?67152 — bVoVuy),

2

RY (w1, we, w3) = —M25)\<P>\(/)2w

— bA(Z))wg,

Pg(wl, wa, w;g) = Pgl (wl, wa, wg) —l—P32(w1, w2, w3) +R(3)(w1, w2, wg), (3.8)

where
Puws 1A 2)2,2 2 _ kolVel?
PLgz — kolws + s"ATx(p | \ 0| Vo[ )ws
2

0
P3(wy, wa, ws) = (M3 — 1)sApx(p1 5 0

Py (w1, w2, w3) =

92 k0A¢)w3
0¢ Ow
—sXx(1] 92 — kol V0P s — 25Xpa (01 o0 T2 oV V),

82
R3(w1, wg,w3) = —M3S)\(p,\(p187tq2b — koA(b)’lUg,

where My, Mo, M3 are chosen in the estimation of Carleman.

Theorem 3.1. (Carleman estimate) Be ¢ < 0 fized and

0 < B8 < mi {15k 156  15kg
min

16p1” 16p2”" 16p1

there exists a constant C' = C(sg, N, L, 8, x0) such that for each u,v,z €

L3(=T,T,L*(0, L)) with ug, vy, 2z, € L*(=T,T; L*(0, L)),

Li(u,v, 2), La(u,v, 2), L3(u,v, 2) € L*(—=T,T; L*>(0, L)) and u(0) = u(L) =

} there exists \g > 0 and sp > 0 and

O 3 L -
D) =21 =0 == == = oy T e T ot

82( T)

= 0, implies that

ﬂ/ / e pn V+pﬂ F+p| ZP o Kfuaf? + bluaf? +

ko |z |2dadt + 33)\3/ / 25223 (|ul? + |v|* + |2|?)dxdt
-7 J0

T L T /L

—1—/ / |P11(w1,w2,w3)|2d;vdt—|—/ / | P2 (w1, wa, w3) |*dxdt
-7J0 -7J0
T (L T L

+/ / ]le(wl,wg,wg,)\?dmdt—i—/ / | P2 (w1, wa, w3)|*dxdt
-7J0 -7J0
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T (L T (L
+/ / |P31(w1,w2,w3)|2d:vdt—|—/ / | P2 (w1, wa, w3) |*dxdt
—-TJo -TJ0o
T /L T L
SC’/ / 62S¢A\L1,1(u,v,z)]2dacdt+C/ / ¥ | Ly o(u, v, 2)Pdxdt
—1Jo -TJ0
T /L T
C / / €Ly 3(u, v, 2)2dadt + CsA / 25 L) |y, (L) [Pdt
-1 Jo -T

T
+C's)\/ 25 (Lit)
-T

T
ve(L)|2dt 4+ Csh / 25 |2 (L) Pdt.

for all s > sg, and A > Xg.

Proof. 1t is sufficient to show the inequality of theorem with Lq, Ls, L3,
rather than Ly 1, L1 2, L1 3 since

|L1(u, v, 2)|? < |Lya(u, 0, 2) P+C(Jul? 4 o + 22+ |ug)? + [vg |2+ 22]?)
|La(u, v, 2) |2 < |Lya(u, v, 2) 24+ C([ul?+ v+ |22 + [uz ]| + [vz] 2 + |22]?)
|L3(u, v, 2)[* < |L13(u, v, 2) 2+ C([u* + o + |22 + |[ue >+ vz | +|22]?)
and the terms

T L
/ / 2525 ([u? + 0] + |2[2 + |a? + [va]? + |2a]?) da dt,

0 0

can be absorved by the terms

T L
s/\/ / 292 oy (klug | + blog|* + kol2e|?) da dt
o Jo

eI /T /L €293 o0 (ul? + [v]? + |2/?) da dt
Chooging Oso large enough.
Now note that
Pl (w1, wy, w3) + P2 (wy, we, ws) = [e*P Ly (u, v, z) — R} (w1, wa, w3)]

P21(w1, wa, w3) + P;(wl,wg,wg) = [e*P* La(u,v,2) — Rg(wl,wg,wg)]
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P3 (w1, wa, w3) + Pi(wy,we,w3) = [e* Ly(u, v, z) — R (w1, wa, w3)].

Throughout or demonstration the operators V and A will represent
the first and second derivatives with respect to x respectively.
To

T L
/ / (1P (wr, wa, ws)|* + | P(wy, we, wy)[2) dadt
oL
+2/ Pll(wl,wg,wg)Pf(wl,wg,wg)da:dt
/ |es“’*L1(u,v,z)—R?(wl,wg,w3)|2dazdt (3.9)
T OL
§/ / 265%|L1(u,v,z)|2 dx dt
0

T L
—I-/ / 2|R(1)(w1,w2,w;3)|2 dx dt
0

T L
/ / (1P} (wn w, w3)? + [P2(wn, wy, ws) ) dadt
0

T L
+2 / P21(w1,w2, wg)PQZ(wl,wg,wg)dxdt
0

T L
= / / €52 Lo (u, v, 2) — RY (w1, wo, w3)|*dadt (3.10)
170
< / / 265N | Lo(u, v, 2)|* dz dt
-1 Jo
T /L
—l—/ / 2| RS (w1, wa, w3)|* da dt
-1 Jo

T L
[ [ 0P s wn)P o+ PR, wn, ) Py dde
oL
+2 / P31(wl,w2,W3)P32(w1,w2,’w3)dl'dt
T
:/ / |2 L3 (u, v, 2) — RY(wq, wo, w3)|2dadt (3.11)
770
S/ / 2@590*]L3(w1,w2,w3)]2 dx dt
0

7 L
—|—/ / 2]Rg(w1,w2,w3)\2 dx dt,
~7Jo
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to obtain Carleman’s estimate we will use (3.9), (3.10) and (3.11), for

this we must estimate

T L

+/ /2!R9(w1,w27w3)\2dazdt
—rJo

T L

+/ /Qng(wl,wg,wg)P dz dt
-1 Jo
T oL

+/ / 2]Rg(w1,w2,w3)|2 dz dt
-1 Jo

and

T L
/ / Pll(wlaw%w3)P12(w1,w2,w3)d:ndt
/ / P21(’U)1,QU2,’LU3)P22(1U1,'LUQ,wg)dl'dt
—r.Jo

T (L
/ / P:sl(whw2aw3>P32(w1,w2,w3)dxdt.
-t Jo

We will first estimate the terms

T /L
/ / P} (w1, w, w3) PE (w1, wa, w3 )dzdt
0

/ / P21(w17w27w3)P22(w1,wz,wg)dxdt

~7Jo

T L
/ / P:sl(wlyw%wg)Pg?(wl, wg,wg)dq:dt,
-7 J0

We will call I}], i,j = 1,2, 3, the product of the terms of P} and P2, i
is the order of the terms in the sum in P} and j the order of the terms in
the sum in P}.

Doing the calculations,

L 92w 0?
Ify = p1(My — 1)8>\/ ZIQDA(pl—f — kA¢)wdxdt
vJo Ot ot

2
(1 — My)sA / / \awl N 8t(§ kAG)dwdt
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— M) 9 0?
M [ [ ponG2 + N2 G - hadyaa,

O%w
112—_/)15)\2// at;w pl\ |2 |V ¢|?)wi dadt
ow
— a2 / /r LR, ml 2 — KV drdt
~ prsN / / \wllzw(m! 2 )

-2+ pls)\g/ / \w1\24p,\| \ P1 8t2d xdt
s/\3
v / / wrPox S (K162

3/\4
s lemlatl(ml 21— kIVoP)dad,

at2 e\ Gk

81[)1
— prsh / / 2 20, 22 o Dzt

3w
+plsk2//\ 190p1! [t

)
+p13)\/ / | “’1| ox(kAG + M|V |?)ddt
T J0

T L
—2p18)\2/T/0 %@A%(szgﬁle)dfcdt,

2
Ify = —2P15)\/ / i 6¢% — kEVoVw;)dxdt

. T L 82¢
Iy, = —k(M; — 1)5)\/ / Awlcp)\(plﬁ — kA@)widxdt
o 826
=k(M; —1) s)\/ / |Vw1|2<p>\(p1ﬁ — kA@)dxdt

Ml e / / [wrlor(A6 + AVOP) (1 52 ¢

ANl — kA@)dudt,

I = k:s)\Q/ / Awipy P1| |2 kN o> )wy dzdt

ks [ / [V Por(pal 52— KV 6P dad



Border control for the Bresse system by Carleman estimation 343

ks\3
2

— 2ks\3 / / lwi|? x|V |2k Apdadt
LA

—k:s/\Q/ / w1 > rk|Ag|2dxdt,
T

_l’_

/ / wrPorNTP + A6)(pa| 222 — Vo) dads

123 = ka)\/ / Awipx(p1 ?9? 8(;121 EV ¢V wy )dxdt

:ks)\/ / ]Vw1]2goA(kA¢)dxdt+ks)\2/ / (Vw2 ox (k| V¢|?)dxdt
—TJo -7 JO0

T L
—2ks)\2/ / levqsm(pl%@)d dt

815 ot
—l—k:s>\2/ / |V |2 ¢Ap1| | dxdt
—I-krs)\/ / |V |2 @Apl—dmdt

—ks/\/ Vw2 (EV ) |& dt.
=T

T L o 62
SN (M — 1) / / o3 ( p1|—¢ — k|Vo|*)wi (p1 315(3 kEA@)wiprdxdt

62
= (M — )N / / 1P (01| 92— MY (01 Gy — hAG)

I = M / / 01| 22 kT un (1] 22 k[ 0P o

o [ [ P 22 - Ko P,

I§3 = oL
0 ow
253)\3/ / o3 ( p1|—¢ — k|VoHwipa(pr Ogtb 8751 kEV ¢V wy )dzdt

— 5 / / jwn 2 (o1 22 W KA1 227 — ko[

o)
—1—233/\3/ / lw1 203 (p1 tQply 12+/<:yv¢\ kA®)dxdt
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T 38008 / / wrPe(or| 22— VPt

Of the previous calculations we have
T L
/ / Pll wl,wg,wg)Pf(wl,wg,wg)dxdt:
(1—M1 SA/ / ‘8w1| ox(p1 8tf kAG)dadt
Ml 2/ / ¢ 00 09
p LM wrPor(Sg + A2 (52
ow
+prs’ / [ 1¢Ap1\ 21— KVoP)drdr
— prsA? / / n P (r [ 22 s
02
-2+ = pls)\?’/ / \wl\Qgp,\| \ P1 at;bd dt
s/\3 0%¢
N TR = TR

82
3/\4
-2 / / Pl 52 <p1\ 2~ K0P dade

ow
+ p18/\/ / ‘ 1 )\,01 912 d(L’dt

T 8w1
+ p15A \—| ox (kAP + Nk|V¢|?)dadt

=T

T 8w1 8(25
—9 2 e P
P1SA /_T Ny PA Y, (kVoVwy)dzdt
L 62(;5

+ k(M —1) S)\/ / yvu)ly?m(pl@ — kAg)dwdt
My —

Joxe / / [wrler(A6 + AIVOP) (o1 52

—ks/\Q/ / Va2 p1| |2 KV 6|2)dadt

ks\3
2

-1 ¢>

_'_

— kA¢)dwdt

— kA¢)dudt

/ / w1 PeAOIVO + A0) (1| 22 — K|V )dds
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=T L
— 2ksA\® / / lw1|?px| Vo2 kApdxdt
Tr 2
—k:sA2/ / lwr |*oxk|Ag|*dxdt
77: LO T L
+k:s)\/ / |Vw1|2go,\(kA¢)dxdt+k:s)\2/ / (Vs [*ox (k| V¢|?)dxdt
—1Jo =T J0
T L
8¢ w1
— 2ks\? Vu V dzdt
s /—T/O w1 Voor(p1 4 ot —)
T L
+k3/\2/ / |Vw1|2g0>\p1|—|2d:ndt
=T J0

o2
T
— k:s/\/ |Vw1|2¢A(kv¢) & dt

T L
—i—ks/\/ / \le\ng,\pl@da:dt
-1 J0
3,3 2 9, 0%
+ (M1 —1)s°A |w1| o P1| | — kIVoP) (o155 — kA)drdt
N / / |wlr P p1| P KV /) ddt
X / / jun 20 (o1 22 mz 20192 ~ KV )drdi
+2s3)\3/ / lwi |23 ( p1 8t2 ply |2+k:|v¢\ kAg)dxdt

13500 / / wrPe}(or| 22— VP,

T /L
/ / Pl (w1, wa, w3) P? (wy, wy, ws)drdt =
8w1
2p13)\/ / |— ,\plﬁdxdt
ow
—lels)\/ / \ 1| ox(p1 8;3 kAG)dxdt
2502 / / 6“’1 9012 5, 29100, Gy V42| Vun 2|V Pl
ot ot ot
+2$)\k/ / |Vw: [2ox(kAp)dzdt
-7 Jo

T L 82(;5
- les)\/ / ‘lefztp)\(plﬁ — kAp)dxdt
-TJ0
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T
— ko [ [TunPea(kvo) I de
Tr oL
wait [ /\wﬁwﬂmr 2 — k| VoP)2dudt
06
+2s3)\3/ / lwi|?03 (o1 t2p1] |2+k:|v¢\ kAg)dxdt

62
+M@ﬁ/’/mummmfk:@mr|2kWMMMHXL

where

- 2 06 1922y, %6 _
P A/ / !wl\sa iz g gz — kAg)dadt

— prsw’ / / n o (n [ 22 e
a2¢

3 2
3 [ [ P Gor v

sA3 0%

p1 //|w1| @AatQ(kIng! Ydxdt

3/\4

pl //\w |2<PA! p1! |2 k|Vo|?)dxdt

_ kAL 1) s / / \wlm A+ V) (1 o
ksAS

9%¢
ot?

//Iwﬂw A¢+ AV )(ml |2 k|V¢|?)dzdt

— kA¢)dudt

—ksA?’/ / lw1|>@A| Vo2 kApdadt
)

—ks)\z/ / lw1 2oxk|V |2 dadt.
=T J0

The terms grouped in X; are the terms that can be estimated by

T L
s)\3/ / lwi|?p3 dx dt, and we will do so later.
-7J0

Note that
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. ow; 0
26 [ [ erlt GG~ G SO ¥k T T

and, from (3.3)

d(z,t) = |z — x0]2 — Bt + M,

O B

gg;x,t) —20t
ﬁ(:vat) = _2/8
Vo(z,t) =2(z — xp)
Agp(x,t) =2

/ / P1 w17w27w3)P1 (UJl,wQ, ’UJ3)d$dt
> 4p163)\/ / pl\ ]@Adxdt
+2M;(p18 + k) 8)\/ / Pl\ | oxdxdt
—|-4k:s)\/ / E|Vw: |*padzdt
-1 Jo
T /L
- 2M15>\(,01ﬁ+k)/ / kN w:|?padzdt
-
(L —mo)s/\/ Vs [Box (L) dt
+3283/\4/ / lwi|?03 (0182 — k(2 — 20)%)*dadt
+ 1653)\3/ / lwi|?p3 (—p3 B3t + k*(x — 20)?)dadt

- 8M153)\3/ / lwi|?03 (018 + k) (p1 B2 — k(x — 20)?)dadt + X.

Using the definition of A and ¢y and |a + b| < |a| + |b] we have to:
| X1] < Cs/\?’/ / lw1|?p3dxdt for some C > 0.
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28p1

Doing —4 oM k) > 0, then M; > ——"1
oing —4p18 + 2M1(p18 + k) en M; (B + k)

2k
(pB+k)

and from

4k — 2Mi(p18 + k) > 0, then M; <

Thus

28p1 2k
Btk M R

if and only if, 5 < E
P1

Thus oL
ow
—4p1ﬂ5)\/ / p1|—1\2g0>\dajdt

20 (91 + F)sA / / 1| P R
—|—4ks)\/ / kN w:|?padzdt
-1Jo
T L
—2M18)\(p15+k)/ / k|Vw [2ordzdt
-7J0

T L ouy T /L
> cs/\/ / p1]|2cp,\dxdt+cs)\/ / k|Vw:|*padzdt,
~1Jo ot ~1rJo

for some ¢ > 0.

Taking 8 < 295 we have that (16k) = (k 4 15k) > (k + 16p13), we

16p1
can estimate

T /L
3233/\4/ / lwi|?p3 (p1 832 — k(z — 20)?)?dadt
7' L
+ 1653/\3/ / lwi|?p3 (—p3 B3t — k*(x — 20)?)dadt
- 8Mls3>\3/ / lwi|?03 (018 + k) (p1 822 — k(x — x0)?)dadt
= 3283)\4/ / lw1 |25 (p1 8% — k(x — x0)?) dadt
- 16p1633/\3/ / lwi|?p3 (p1 B2 dxdt
-7.J0o
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+ 16ks3\3 /T /L lwi|?p3 (k(z — 20)?)dzdt
- 8M1p1653)\3/ / lwi |25 (p1 B2? — k(x — x0)?)dadt
= 8M1k753)\3/ / lwi|?p3 (018t — k(2 — 20)?)dxdt
= 3283)\4/ / lwi |23 (p1 8% — k(2 — x0)?)dadt

— (16 4 8MMy) ,01653)\3/ / lwi|?03 (1 B2t2)dxdt
+ (16k + 8M1p15) 33)\3/ / lw1 |25 (k(z — 20)?)dxdt
= 8M1k753)\3/ / lwi|?p3 (0182t — k(2 — 20)?)dxdt
> 3283)\4/ / lwi |23 (p1 8% — k(x — x0)?)dadt

— (16 4 8MM) ,01633)\3/ / lw1|?03 (01822 — k(x — 20)%)dadt
- 8M1k83/\3/ / lwi|?p3 (p1 822 — k(z — 20)?)dxdt
+ k:sg)\?’/ / lwi |25 k(x — z0)*dadt

—53)\3/ / lwi|?p3 F(X)dzdt,

with

F(X) =32AX2% — [(16 + 8M1)p13 + 8kM1] X + k*(z — x0)?
and

X = (p1 B2t — k(x — 20)?).

There is a sufficiently large A1 > 0 such that

ANX? = [(2+ My)p1 S+ kM) X > 0 VA > A,

and as k(x — x9)? > C > 0 for fixed 29 < 0 and some C > 0,
soon

F(X) > C for A > A;.

Thus
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T L
53)\3/ / lw1|? 03 F(X)dxdt
-7J0
T L
> 033)\3/ / lw1|? o3 dadt.
-7J0

Therefore

T L
/ /Pll(wl,wg,wg)Pf(wl,wg,wg)dxdt
) O, T L
ZC'S)\/ /p1]|2ap,\dxdt+08)\/ /k\vw?wdxdt
-7J0
T
+C’s3)\3/ / lwi|?p3 dadt — (Lmo)s)\/ |V 2o (L)dt + X3
-T

Like | X1| < Cs/\s/ / lw1|?p3dadt for some C' > 0, your terms can
-1 Jo
be absorved for s large enough, and the term

T L
/ / 2| R} (w1, wa, w3)|? dx dt can be absorved by

3)\3/ / ]w1]2g0 dxdt for s and X large enough, so there is a con-
stant C' > 0 such that

T L
/ /Pll(wlvw2aw3)P12(w1,w2,’w3)dl‘dt
7L
—/ /2!1%(1)(101,wz,w3)|2 dx dt
-rJo_ - .
ZCS/\/ /Pl!\zw,\dxdt—i—(?s)\/ /k\Vw1\2cpAda:dt
_1Jo ot +Jo

T L T
+ 083)\3/ / lwi|?p3dadt — (L — :CQ)S)\/ |V 2o (L)dzdt.
—-TJo -T
For wy e ws is done in the same way as for wi, since the equations

similar and so we get

/ /Pg (w1, wo, w3) P (w1, w, ws)dzdt

/ / 2]R2 wl,wg,wg)\2 dx dt
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T L Buy ., T L )
> Cs\ p2|—| pxadxdt + C'sA b|Vwa|“prdxdt
T
—i—Csd)\?’/ / lwo 23 dadt — (L —acg)s)\/ |Vws|?px(L)dxdt
/ / Py (w1, wa, w3) P (w1, wa, ws)dadt
7L
—/ / 2| R3 (w1, wa, w3)|* da dt
-1 Jo
T L (911}3 9 r L 2
> CsA pll—\ pxdxdt + CsA ko|Vws|“prdxdt
-1 Jo

T
+Cs?’)\3/ / |ws|?p3dedt — (L —sco)s)\/ |Vws|?px(L)dxdt.
-T

Making the change u = e *?wy, v = e *Pwy, 2 = ¢ *Pws we get

[ [ el e+

+k|ux]2+b|vx]2+k0|zx] )dxdt
T L T L

+83A3/ /62%¢§(\u|2+yv|2+yz\2)dxdt+/ / P (w1, ws, ws) 2ddt
-1 Jo -7 J0

T L T L

—|—/ / |P12(w1,w2,w3)|2dmdt—i—/ / | P} (wy, w, ws) |*dzdt
—-TJo -TJ0
T L T L

+/ / |P22(w1,w2,w3)|2d:vdt—|—/ / | P (wy, wa, w3) |*dxdt
-1 Jo -1 Jo
T L

+/ / | P2 (wy, wa, ws)|*dxdt

< C’/ / e* PN Ly 1 (u, v, 2)| dxdt—i—C/ / XM Ly o (u, v, 2)|*dadt
+C’/ / 5P| Ly 3(u, v, 2)| dmdt+Cs)\/ 25D |y (L) Pdt
-7

—i—Cs)\/ 2503 (L) (I, )|2dt+05/\/ 2L, (1) 2.
-7

Note: Note that by the Schwarz inequality

o [ ol + 2+ i
+ klug)? + blve|? + kolzz|? + Elue + v + 12| + kolze — lul?)dxdt
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T L
+83A3/ / 208 (ul? + [o]? + |22 dadt
2s¢k 2 2 0z 9
< CsA Pl\ !+P2’ ’+P1’

8t‘
+ k|u$]2 + b|vwl2 + ko 22| )dwdt
T L

+ O /T/O 203 3 ([uf? + [o]? + |22 dadt,
so the previous theorem can be stated as follows.

In the following theorem, consider same observations those given for
theorem 3.1.

Theorem 3.2. (Carleman estimate) Be z¢ < 0 fized and
15k 15b 15kg

1 16p2” 16p;
exists a constcmt C’ = C(s0, N0, (0, L), 8,20) such that for each u,v,z €

L*(=T,T,L*(0,L)) with ug,vs, z, € L*(=T,T; L?*(0, L)),
Ly (u,v,2), La(u,v, 2), L3(u, v, 2) € L*(=T,T; L*(0, L)) and u(0) = u(L) =

v(0) = v(L) = 2(0) = 2(L) = 0, w(T) = u(-T) = v(T) = U(—gg =

B ou(T)  Ou(=T) ov(T) 0v(-T) 0(
za(il(’)—)z(— )= e T T T e T e

= 0, tmplies that

0z 9
A// 07 (01| AP o+ pal S+ pa|

+ Klug|* + blug|* + k0|zx]2 + k]um + v+ 12| + kolze — lul?)dadt
T L T L

—1—53)\3/ / 628‘“goi(|u|2+]v|2+]z|2)d:vdt+/ / | Pl (wy, wa, w3) |*dxdt
—-TJo -TJ0

T L T L

+/ / ]Plg(wl,wg,w3)\2dmdt+/ / | Py (w1, wa, w3) |*dxdt
=T J0 =T J0
T L T L

+/ / |P22(w1,w2,w3)|2da;dt+/ / ’P;(wl,wg,w3)|2d$dt
—1Jo =T J0
T L

+/ / | P2 (wy, wa, w3) |*dadt

< C’/ / XLy 1 (u, v, 2)] dxdt—l—C/ / 5P| Ly o(u, v, 2)Pdadt

+c/ / €293 Ly 5(u, v, 2)| d:cdt+Cs/\/ 203 L)y, (1) 2t
T

0<pB< mm{ } there exists A\g > Oandsy > 0 and there
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T T
L Osh / 2507 (L0|y (1) 2dt + C'sA / 2L, (1) 2.
-T =T

for all s > s, and A > Ag.

4 Inequality of observability

We must remember the problem of exact controllability at the frontier
for the Bresse system.
For any couple of initial data (g, @1, ¥0, 11, wo, w1) € L?(0,L)x H~1(0, L)

we consider the Bresse system

P11 — k(pz + 9 + lw)e — kol(wz —lp) =0, in (0,L) x (0,7)
p2tit — 0hpy + k(pz +9 +1lw) =0, in (0,L) x (0,T)

P1Wit — kO(wz - l@)x + kl(‘px + 77[) + lw) = 07 in (07 L) X (O’ T)
©(0,t) =¥(0,t) =w(0,t) =0, te (0,7)

e(L,t) = g1(t), o(L,1) = g2(t), w(L,t)=g3(t), t€(0,T)
©(-,0) = w0, #i(-,0) =41, in (0,L)
¥(.,0) =vo, ¥u(.,0) =11, in (0,L)
w(.,0) =wy, wi(.,0)=wq, in (0,L)

\

(4.1)

where g1, g2, g3 are controls taken in L2(0,T).

It has already been shown that problem (4.1) has an unique solution
u € C([0,T); L*(0, L)) with u; € C([0,T]; H=1(0, L)).

The problem of exact controllability is then to find controls g1, g2, g3
such that at time 7" we have

Qo(x’T) = @t(mvT) = ¢($,T) = wt($’T) = w(:E’T) = Wt(x7T)'

By Lions [17] is equivalent to proving an observability inequality for
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the adjoint problem

prug — k(ug +v +12) — kol[ze — lu] =0,

P20 — buge + k(ug + v +12) =0,

p12te — kolze — lu)z + kl(ug +v +12) =0,

u(0,t) = u(L,t) = v(0,t) = v(L,t) = 2(0,t) = z(L,t) =0, (4.2)

u(z,0) = up(z), ue(z,0) = uy(x)

v(,0) = vo(z), ve(2,0) = v1(x)
(2,0) = 20(x), 2e(,0) = z1(z),

L <

where ug, vg, z0 € H3(0,L) e uy,v1,21 € L*(0, L).

We want to show that we have an inequality of the following type

T
ICo >0, such that Ey< co/ (D)2 + [0n (D)2 + |20 (L)[2)dt
0

(4.3)
where
1 o 2 2 2 2
E(t) = 2/0 pilue(O)° + paloe(t)|” + prlze(t)]” + kolze(t) — lu(t)|” +
blog ()] + klug(t) +v(t) + 12(t)Pdx = E(0).
and

Ey = E(0) is the initial energy namely

1 L

3 / pr|ua | 4 palv1|? + p1lz1]% + kolzox — luo|* 4 blvog | + k|uox +vo +
0

lzo|dz.

In the following theorem we will also use the functional
~ 1 L
E(t) = 2/ prlue(t)] + p2lve ()| + pr|2e(1)]? + kol 20 ()| + blug (8)* +
0
klug (t)2dz,
which is equivalent to the functional

L
Et) = ;/O prlue()]* + palve()]* + prlze(t)] + kolza(t) — lu(t)]* +
blug (1) |2 + E|ug (t) + v(t) 4 12(t)|2dz,

and

~ 1 [L
E(0) = 2/ prlur]* + palvr]* + prl 21 + kol 202 |* + blvos|* + kluoe | d.
0
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Theorem 4.1. We assume that

zo <0, T' > 2sup,co.7) [ — 2ol = 2(L — o).

Then there exists a constant Cy such that for every ug, vo, 20 € HS (0,L)
and uy,v1, 21 € L*(0, L) we have

T
Eo < Co/o (Jua (L)1 + |va(L)? + [z (L) [*)dt (4.4)

Proof. For ug, v, 20 € HE(0,L) and u1,v1,21 € L*(0, L) the system (4.2)
as an unique solution
u,v,z € C(0,T); Hy(0, L)) 1 C1([0, T); L2(0, L)).

and the energy functional is

1 L
E(t) =+ / orlu ()2 + paloe(®)2 + prlze(D) + Kolza(t) — bu()]? +

2
blog ()2 4 klug (t) + v(t) + 12(t)Pdz = E(0).
Be
Eu(t) = B(3) = B(t) = E(0) (4.5)
Chosen -
dar(x,t) = |z — xo|? — Bt — 5)2 + My (4.6)

where (3 is chosen such that

4 9 . 15k 15b 15kg
— sup |r —xg|° < B < min , , 4.7
2 o) == zol” < 360" 602" 16p1 (4.7
and M is chosen such that
V(x,t) € (0,L) x (=T,T), ppr(z,t) > 1 (4.8)
we have to
T 2
on(z, 5) = |z — zo|” + Mo > dp(x,t), Vtel0,T] (4.9)
and
oz, T) > My,
so by continuity of ¢, there exists n > 0 such that,
T T

2 2



Now how ¢ps(x,0) = ¢pps(2,T) = |x — xo|* — 5L2 + M.
Therefore, with the choice of § and the hypothesis on T

— sup |z —xo® < B implies sup |z — zo|* < 5— then

T2 sepo,1) €(0,L]
2
sup |z — x| — ﬁ <0
xz€[0,L]
soon

¢M($,0) = ¢M(.%',T) < My
and by the continuity of ¢s

36> 0,Vt € [0,6] U [T —6,T) ¢ t) < My (4.11)

chosen 1 and 4 such that n+ 4§ < %
Let us now define 65 as a function in C§5°([0,7]) such that
Vte[0,T] 0<6s<1, and Vte [0,T —46] 05(t) =
We set

U(zx,t) = Osu(z,t
V(z,t) = Osv(x,t) (4.12)
Z(xz,t) = 0sz(x,t)

doing the calculations

Uy(z,t) = Osuz(z,t), Ugp(z,t) = Osuzy(z,t)
Ui(z,t) = Ospu(z, t) + Osus(z, t) (4.13)
Utt(.’L‘, t) = 95ttu(a:, t) + 295tut(az, t) + qutt(x, t)

analogous to V and Z.

L11(U,V, Z) = p10siu + 2p1051u
LUV, Z) = p2bsttv + 2p105:v¢
L13(U,V,Z) = p10sz + 2p105: 2
U(0) = ( )=V(0)=V(L)=2(0)=Z(L)=0
U.,0)=U(,T)=V(.,0)=V(,T) =

Ui(,0) = Ue(., T) = Vi(1,0) = Vi(., T) = Z4(.,0) = Z(.,T) =0

it we denote for A > 0
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p(,t) = APmnd)
we can apply Carleman’s inequality to U, V, Z onthe interval (0,7") (for

that, just make a change of variable £ =t — % and t € (0,7) implies £ €

(=%, %) and then return to the interval (0,7") by changing the variable).

There exists sg, Ag > 0 and C' > 0 such that for s > sg and A > \g > 0

we have

T rL
s oU
A [ [ ool Gy P ol G Pl G UL 4 Y
+ko|Z, \2+k\U +V HIZP 4 ko| Zs —lU\ )dxdt
+s3)\3// 2GR (U2 + |V 2+ |22 dadt

< c/ / e*5°M | Ly (U, V, Z)|*dxdt
+C / / XMLy (U, V, Z)|2dadt
T
+C / / e*5PM | Ly 3(U,V, Z)|*dxdt + CsA / e
0 7{) 0

T
+CsA / e?sem (|, (L) [2dt + Cs / e2sem(Lt)| 7, (L) |dt.
0 0

U, (L)|?dt

(4.15)
Using Schwarz and Poincaré and the fact that 65 € C§°([0,T]) and its

derivatives cancel out in [0, T — ] we have

S T AL

/ / M| Ly 1 (U, VZ)|2dmdt+/ / M| L1 o(U, V, Z) Pdzdt

0/79 0 0
0z

<C’1/ / M0 (p |2+,02| ’2+Pl|§|2+k|“w’2+b|vx’2

+k0|zx|2 + k:|ux +v+ lz|2 + k0|2x lu|? )davdt—k

)\M
c// °( \2+pzr \2+p\ <
T—6

+k|uz? + blvg|? + k0|zx]2 + klug +v + 122 + k0|zx — lu|*)dzdt

/ e?¥°M | Ly 3(U,V, Z)|*dxdt

(4.16)
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On the other hand U =,V =v,Z = z in [2 — 5, £ + 7] then

M/‘/ e org(pu| S I+ pal| N 4+ 1| 2|2 4+ KU
+b\|VH2+koHZ H2+kHU +V+ZZHZ+I<:0||Z —lUH )ddt

)x M,
>s§/ / (1% + ool e+ o S22

—i—kHutz + b||v95H2 + ko||zg[;|]2 + kllug + v+ lz||2 + konx — lqu)dazdt
(4.17)

from (4.16), (4.17) and the Carleman’s inequality (4.15) dividing by

AMg
e2se we have

sA/ /“pu 12+ ool el + a2
*_77

-I-k:Hug,;H2 + b||v95H2 + /<:0||Z:,;||2 + kl|uy + v —l— l2:||2 + kol|lzz — lu||2)dxdt

<ca/'/ () 2212 + pall 1P + o) 217 4 Rl + bl
—l—ko||zm|]2 + Eljug + v+ le2 + koHZ’x luH Ydxdt+

a/ /°mn 17+ all 1P + ol 12

+kHuxH2 +bfloa|* + kollzmHz +kllus + v+ 2] + kollze — lul*)dzdt

T
+CsA [ e2lenBO=N0 g (1)t
0

T
+C's\ / e2s(ear (L= M0) 7 (1) 2dt
0

T
4O [ e B0 7, (1) P,
0
(4.18)
but

/i/‘pﬂ \P+pﬂ \P+pw 212 4 gl + Bl P+
]{70”235H2 + kHux + v+ le2 —|— ko||zz lu|| Ydxdt

/’ / ol 2217 4 ol 221 4 | 22 P

+k||ua:\|2 + bllva:H2 + kolllel2 + Ellug + v+ 2| + kollze — lul|?)dxdt
< C(E(t)+ E(t) <C(E(0)+ E(0)) < CE(0),
(4.19)
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and

8)\ +77 2 2 2
pﬂ! \|-+Pﬂ\ \\-+Pﬂ! |

—i—k:HuxH2 + b||va2 + l<:0||,zgg|]2 + kllug + v+ lz||2 + kol|zz — lu\|2)dxdt

L4s T4s
> Cs)\/ E(t)dt = Cs)\/ E(0)dt = CosAE(0),
T

T_s T_s

(4.20)

from (4.18), (4.19) and (4.20) for sA sufficiently large if one has to

MMo)

T
SAE(O)SCS)\/ ¢25(onr (L) =AM0) 7 (7120
0

T

+CsA [ e2slem L=y (1) 24
OT

+CsA [ e b0 7,1 P
OT

< Can [ U g (1) it

+CsA [ X lem B0 g0 (1)||dt
0
T

v [ 0o (1) (421)
0T AM,

SCS)\/ er(gOM(Lﬂf)_e O)HUx(L)Hth
0

con [ - (1)
0T

+C$)\/ eQS(SDIVI(Lvt)feANIO)”ZJ}(L)HZdt
OT

< Cs / o (L) |2t

T
+Cs)\/ ||v$(L)||2dt+Cs)\/ |22 (L)||?dt
0 0

of previous inequality we have the desired. O
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5 Border control for the Bresse system using the
HUM method

Be arbitrary xg < 0, however fixed.

We will define:

m:R—R

T T — x.

Consider the following problem

prew — k(pe + 9 +1w)y — kollwy —1p] =0, in (0,L) x (0,T)
P2ty — bbgy + k(pp + ¢ +lw) =0, in  (0,L) x (0,7)

P1Wet — kO[wa: - l‘ﬂ]x + kl(gox +9+ lw) =0, in (07 L) X (O’ T)
©(0,t) =(0,t) =w(0,t) =0, te€(0,T)

o(L,t) =aq1(t), o(L,t) = g2(1), w(L,t)=gs(t), t€(0,7T)
¢(,0) =90, @i(.,0)=¢1, in (0,L)
¥(.,0) =to, ¢(.,0) =¢1, in (0,L)

\ w(.,0) =wo, wi(.,0)=w1, in (0,L).

(5.2)
Our goal is to find Ty > 0 and a Hilbert space H, so that if
{0, ¥1, %0, %1, wo, w1} € H then there are controls g1, g2, g3 in |0, T[ such
that the solution of (5.2) verify:

QO(SU,T) = SDt(va) = ¢($7T) = wt(va) = w(va) = Wt(xaT) =
0, VT >Ty.

Be {ug,u1,v0,v1,20,21} € (D(0,L) x D(0,L))* and consider the ho-
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mogeneous system of Bresse:

prug — k(ug + v +12)y — kol[zo — lu) =0, in (0,L) x (0,T)
P2V — bugy + k(uy +v+12) =0, in (0,L) x (0,7)
p12ee — kolze — lulg + kl(uy +v+12) =0, in (0,L) x (0,T)
u(0,t) = v(0,t) = 2(0,¢t) =0, te€(0,T)

(L,t) =0=wv(L,t) =2(L,t) =0, t € (0,T)
u(.,0) = ug, u(.,0)=wuy, in (0,L)

(,0) =vg, v(.,0)=wv1, in (0,L)

(,0) =20, 2(.,0) =2z, in (0,L).

\

(5.3)

The system (5.3) as a single solution in the class:
{u,v,2} € C([0,T]; H}(0,L) N H*(0, L)) N C*([0,T); H(0, L)). (5.4)
In fact,we have the following result of elliptical regularity:
{u,v,z} € C*([0, L] x (0,T)), (5.5)

See [4], and still u, (L), v, (L), 2, (L) € L*(0,T).

Consider the retrograde problem:

P14 — k(Dy + U+ W)y — kol[Wy —16] =0, in (0,L) x (0,T)
poWi — bWy + k(P + ¥ +IW) =0, in (0,L) x (0,7)

P Wit — ko[Wa — 10, + kL(®y + U + IW) =0, in (0,L) x (0,T)
®(0,) = W(0,£) = W(0,t) =0, t€(0,7)

BLot) = up(L), U(Lot) = vg(L), W(Lt) = 2o(L), € (0.7)
B, T) = (., T) = W(, T) = W,(, T) = W(., T) = Wi, T) =0,
in (0,L).

where {u,v,z} is solution of (5.3). Reversing in time the problem (5.6)

admits an unique solution {®, ¥, W} by transposition, in the class

{®, ¥, W} e C([0,T); L*(0, L)) n CY([0,T); H(0, L)), (5.7)
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see [15]. By virtue of the regularity of the functions {®, ¥, W} and of
the uniqueness of the problems (5.3), (5.6) we define:

Az (D(0,L) x D(0,L))3 — (H~1(0, L) x L?(0, L))3
{ug, u1, vo, v1, 20, 21} — N{(uo,u1), (vo,v1), (20,21)}
= {(p1®:(,0), —p1®(x,0)), (p2¥¢(,0), —p2¥(x,0)),
(P1Wi(z,0), —p1W(z,0))}.

(5.8)

We will now develop a rationale that will allow us to obtain a relation
between the A application defined above and the derivatives ug (L), vy (L),
zz(L) of problem (5.3).

As HZ(0,T) is dense in L%(0,T) and uy(L),v.(L), 2:(L) € L*(0,T),
there are (glu)ueNv (92M)M€N7 (93u)u€N - Hg(O,T) such that

g1 — ug(L)
92p — U.T(L) (59)
93 — 22(L)

consider the sequence of problems

P1Putt — k(Ppa + ¥, +IW,,), — kol [W, — (9] =0,

in (0,L) x (0,T)

P2t — OV e + K(Ppe + ¥, +1W,) =0, in (0,L) x (0,T)
PiW e — ko[Way —1®,]e + KU (Ppe + ¥, +1W,) =0,

in (0,L) x (0,T)

®,(0,t) =V¥,(0,t) = W,(0,t) =0, te(0,T)

(L, t) = g1u(t),  Wu(L,t) = gou(t), Wu(L,t) = gsu(t),

\

(5.10)
Reversing in time, then for each p € N, its follows that problem (5.10)

admits a single solution in class
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{(I)l“ \I/,U"WM} € C([OvT]le(Ov L)) N Cl([O,T],LQ(O,L))
check

P1Putt — k(Ppp + W, +IW,,)e — kol [W, — 9] = 0,
pQ\II/Ltt — bi[’uxm + ]{Z(CI)“m + \I/M + lW,U») = 7 (511)
PiWurt — ko[Wep — 1®pu]e + EU(Ppe + ¥, +1W,) =

Futher, for each p, the solution {®,, ¥,, W,} from (5.10) is also a solution
by transposition. Its follows that {(®, — @), (¥, —¥), (W, — W)} (where
{®, ¥, W} is solution by transposition of (5.6)) is the only solution by

transposition of:

p1(Pu = Pt — k(P — @)y + (¥y = V) +I(W) = W)y
—kol[(Wy = W)e — (@, — @)] =0,

,02(\1’;1 — W) — b(\If# — U)zs

+ElI(Pp — Py + (Y =) +I(W, = W)) =

P1(Wy = W) — ko[(Wy = W)z — U(Pp — @)
+El(P) — ) + (¥, — )+ (W, —W)) =0,

®,(0,t) — ®(0,t) = ¥,(0,t) — ¥(0,t) = W,(0,t) — W(0,t) =0,
¢ (L t) (D/L(Lvt) = glu(t) - ux(L)a

\IJM(Lvt) - \I’(Lvt) = g2u(t) - Ux(L)v

W, (L, t) — Wyu(L,t) = g3,(t) — z2(L),
S,(.,T)—®(,T)=P,u(.,T) — (., 7T)
=V,(,T)=Y(,T)=Vu(.,T)—¥(,T)

= Wu(.,T) -W(,T)= Wlut(.,T) -Wi(.,,T)=0

(5.12)
from (2.4)
19, — @lleom:2200,L)) + 1% — Ylleqo,11:02(0,L))
Wi = Wlleom:20,1)) (5.13)

< C{llg1. — Um(L)HLZ(o,L) + 1|92 — Ua:(L)||L2(0,L)
+Hlg3u — 2e(D)ll22¢0,0) }

and from (2.5), we get:
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[Put — Pelleora—1(0,0)) + 1Wut — Yelleqo,rym-1(0,1))
Wt = Wielleqomsz-10,)) < CLllg1 — (L)l 22(0,1) (5.14)
+[lg2u — Ua:(L)HL2(0,L) + g3 — Zm(L)||L2(0,L)}-

From (5.9), (5.13) and (5.14) it turns out that:

®, —® in C([0,T];L*(0,L)),
v, — ¥ in C([0,T]; L*(0,L)), (5.15)
W, —W in C([0,T);L*(0, L)),

and

Q0 — @ in C([0,T]; H1(0, L)),
U — ¥ in C([0,T); H1(0, L)), (5.16)
W — Wy in C([0,T); H-1(0, L)).
On the other hand, data Xo, X1, Yo, Y1, Zo, Z1 € D(0, L) there is a solu-
tion { X, Y, Z} of (5.3) in class (5.4) with initial data { X¢, X1, Yo, Y1, Zo, Z1 }.
Composing (5.11) with X, Y, Z it turns out that:

( T
/ (P1Putt — k(Ppy + ¥, +IW,)y — kol(Wy — 19), X)dt =0
0

T
/ (P20t — DU e+ k(Do + U+ 1W,), Yt = 0
0

T
/ (Wt — ko (W — 10,)s + k(@ + U, + [W,), Z)dt = 0.
\ 0
(5.17)
It follows that integranting by parts gives

T
o1(@u(0), X1) — p1( @, 0), Xo) + & /% (gu, (1), Xo(L))dt

pQ(\IJ,LL('aO)ayl) - p2<\IJ”t(,’O),Y'O> + b/[) <g2,u(t)7Y:Jc(L)>dt

T
P (Wi, 0), Z1) — pr (W(. 0), Zo) + o /0 (93u(8), Zo(L))dt = 0,
(5.18)
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from (5.9), (5.15), (5.16) and (5.18) it turns out that

T
/(uz(L) ()>dt+b/ (wa(L), Y, (L)>dt+k0/0 (2 (L), Zo(L))dt

= —pl(q)( ,0) Xl) +p1<q>t( 0)7X0> (\IJ( 0)7)/1)

+p2(¥4(.,0), Yo) — p1 (W, 0),Z1)+91<Wt( 0), Zo),
(5.19)

where {X,Y, Z} is solution of (5.3) with data { X1, X1, Y0, Y1, Zo, Z1} €
[D(0, L) x D(0, L)) and {u, v, z} is the unique solution of (5.3) with data
{up, u1,v9,v1, 20, 21}

Note that (5.19) can be written as

T T T

b [ ), XN+ [ 0 lL), VoDt + b [ (aalL), Zul L)t
0 0 0

= <{p1(q)t(70)>_(I)(70))7p2(\l't(70)’_‘11(70))7p1(Wt(50)7 —W(,O))},

{(Xo, X1), (Y0, Y1), (Zo, Z1) }) (11-1(0,L)x L2(0,L))3,[H~1(0,L) x L2(0,L)]?

= </\{u07 Ui, Vo, V1, 20, zl}a {X07 Xla }/07 Yla ZO) Zl})(D’(O,L))ﬁ,(D(O,L))G'
(5.20)

We defined

(4, ) (D(0,L))% x (D(0, L)) - R

{Uo,;:thvo,vl,zo,zl},{Xo,ch;YO,K,Zo,Zl}'—> .,

k/ (s (L), Xo(L))dt + b/ (va(L), Ya(L))dt + ko/ (2 (L), Zo(L))dt.

" ’ ’ (5.21)
Clearly the application in (5.21) is linear and positive.

To prove that (5.21) is an internal product in (D(0, L))% x (D(0, L))S,
we must show that application is strictly positive. More precisely we will
prove that:

({uo, w1, vo, v1, 20, 21}, {0, w1, vo, V1, 20, 21})s = 0 (5.22)
Sug=u;=v9=v1=20=21=0
If
Ug=u] =v9=v1=20=21=0 (5.23)
= ({wo,u1,v0,v1, 20, 21}, {v0, w1, 00,01, 20,21} )x = 0
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it’s immediate.

Suppose that

({wo, u1,v0,v1, 20, 21}, {v0, u1,v0, V1, 20, 21} )«

T , T ) T ) (5.24)
—k/ (1) dt+b/ va(L)| dt+ko/ 22 (L)[2dt = 0
0 0 0

and by inverse inequality V7' > 2 sup |z —xo| =2(L —x0), zo <0.
z€[0,L]

T T
]vx(L)\th—i-ko/ |20 (L) |2dt}
0

(5.25)

0< E(0) < Colk /T lug (L) |2dt + b/
0 0

which implies ug = u1 = vg = v1 = 29 = 21 = 0.
It follows from the foregoing that the application
Il = (D(0, L))° — RY
{uo, u1,vo,v1, 20, 21} (5.26)

T T T
2 2 2 7\%
(k/o lug (L)) dt+b/0 vz (L)] dt+k0/0 |20 (L) 2dt)%.

defines a norm in (D(0, L))%. Consider F' the Hilbert space obtained
by completing (D(0, L))® with the norm ||.|., this is

F=(D,L) x D0, L))" (5.27)

By direct and inverse inequality there are C1,Cy > 0 such that

T

T T
C1E(0) < k/ \ux(L)|2dt—|—b/ ]vx(L)th+ko/ |2 (L) |2dt
0 0 0

g C2E(O)7
(5.28)

next

C1l{uo, u1, vo, v1, 20, 21 Hl(m 0,2y L2(0,L))3
< |{uo, u1,v0,v1, 20, 21 |« < Oé”'[u()’ulaUOv'UlvZ07Zl}”(H&(O,L)XLQ(O,L))3
{UO,ul,Uo,Ul,Zo,Zl} S (D(O, L) X D(O,L))3.
(5.29)
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Resuts of (5.26) and (5.29) that the norm ||{.}||« is equivalent the norm

{3 2 0,2)x 220,y 10 (D(0, L) x D(0, L))?.
Consequenty of (5.27) we get:

F =(D(0,L) x D(0, 1)) " = (D0, L) x D(0, ))? g onxre.0)s
= (Hg(0,L) x L*(0, L))>.
(5.30)
Providing (D(0, L))® of the topology given by the norm ||||.« we prove that
the operator A given in (5.8), wich is obviously linear is continuous. In
fact (5.20), (5.21) results

|(A{uo, w1, vo,v1, 20, 21}, { X0, X1, Y0, Y1, Z0, Z1 })| P/ P

= [({uo, u1,v0,v1, 20, 21}, { Xo, X1, Y0, Y1, Zo, Z1})«|

< |Huo, w1, vo, v1, 20, 21 } ||+ [[{ X0, X1, Y0, Y1, Zo, Z1 } ||+
V{ug, u1, vo, v1, 20, 21}, { X0, X1, Yo, Y1, Zo, Z1} € D(0, L).

(5.31)

By the density of (D(0,L))% in F follows that:

[(AMwo, u1,v0, v1, 20, 21}, { Ao, A1, Bo, B1, Co, C1})|pr @
< [[{wo, u1,v0,v1, 20, 21 }||+||{ A0, A1, Bo, B1, Co, C1 } ||«
V{uo,ul,vo,vl,zo,zl} c DG(O,L), e {Ao,Al,Bg,Bl,Co,Cl} S F,
(5.32)
with implies that:

(A {uo,u1,v0,v1, 20, 21} 77 < [[{w0, w1, vo, v1, 20, 21}«

] (5.33)
V{UO)ULU()aULZOaZl} S D (07 L))

With proves the continuity of the operator A. Now by the density
of (D(0,L))% in F we can extend A, in a unique way, to a linear and

continuous operator:
A:F—F
{Ao, Al, Bo, Bl, Co, Cl} — K{Ao, Al, Bo, Bl, Co, Cl} (534)
= hm,u—)-‘roo /\{AO}M Al;u BO}M Bl;u CO;M Clu}
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where:

{ Aoy, A1y Bops Biys Cops Cipbuen C (D(0,L))8
I{Aou, A1s Bop, Biu, Cous Ciu} — {Ao, A1, Bo, B1, Co, Ci }|« — 0.
(5.35)
We note that the previous definition is independent of the sequence
{A0M7 Alll’ BO/u Bllm COIM Clu} which approaches {AO, Al, Bo, Bl, Co, Cl}
We will prove that

A Ao, A1, By, B1, Co, C1}
= {plq)t('7 0)7 —qu)(-a 0)7 ;02\1115('7 0)7 —02‘11(-7 O)a PIWt(-7 0)7 —,01W(-7 O)}
(5.36)
where {®, ¥, W} is solution by transposition of

p1®ry — k(Pp + U 4+ IW)y — kol[Wy — 1¢] = 0
p1 W — ko[Wy — 1®], + kl(®y + ¥ + W) =0

®(0,1) = ( t)=Ww(0,t) =0, te(0,T)

O(L,t) = Ay(L), Y(L,t)=By(L), W(L,t)=Cy(L), te(0,T)
B(,T) = &(,T) = (., T) = Uy(, T) = W(, T) = Wy(, T) =0,
in (0,L)

where {A, B, C'} is solution of

prAy — k(Ag + B +10)y — kol[Cy — LA] = 0

paBit — bBag + k(Ay + B+1C) = 0

p1Cit — kolCy — 1A}, + Kl(Ay + B+1C) = 0

A(0,t) = B(0,t) = C(0,t) = A(L,t) = B(L,t) = C(L,t) = 0

(5.38)
indeed,
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let {Ag, A1, By, B1,Cy,C1} € F and let us consider
{Aou, A1y Boy, Biy, Copy C1} € D®(0, L) such that

{ {Aou: A1, Boys Biy, Cop, Crpu} = {Ao, A1, By, B1, Co, C1 }
(5.39)
We have to (5.8) and (5.34) that

A Ao, A1, By, B1,Cp, C1 } = #Erfoo NAou, A1, Boy, By, Cop, Ciu}
= #Erfoo{plq)ut('7 0)7 _Pl(bu(-a 0)7 pQ\I]Mt('a 0)7 _pQ\Illl(W 0)7

pIWut('v 0)7 _pIWM('a 0)}
(5.40)
where, for each u € N, {®,, ¥, W} is the unique solution by transposing

the problem:

qu)utt - k(q)px + \I/# + qu) k’ol[ l¢u] =0
P2 it — bW gz + k(q)/m + v, + qu) = 0
PAW e — ko[W —1® ] +E(Ppe + ¥, +IW,)=0

‘I)#(Ovt) ( ) u( ) = 0 te (OvT) (5.41)
Q,(L,t) = Auz(L), Vu(L,t) = Bu(L),

W, (L,t) = C'MI(L), € (0,T)

B, T) = (., T) = Wo(o, T) = U, T)

= W,(.,T) = Wu(,T) =0, in (0,L)

where {A,, B, C,} is solution of

p1Au — k(Aue + By +1C,) e — kol[Cpz —1A,] =0

p2Bust — bBga + k(Ape + B, +1C,) =0

p1Cut — kolcpe — 1AL]e + Kl(Apye + By +1C,) =0

A (0,8) = B,y(0,8) = C(0,t) = Ay(L,t) = B, (L,t) = Cy(L,t) =0
Au(,0) = Ao, Apue(-,0) = A
Bu(.,0) = Buo, Bu(.,0) = B
Cu(-,0) = Cuo, Ct(-,0) = Cp1.

(5.42)
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It follows that {®, — ®, ¥, — ¥, W, — W} is the unique solution by tran-

posing

p1(Pp — @) — k(P — @)z + (Up = 0) + {(Wy = W)
—kol[(Wy = W)y = 1(®, —P)] =0

02(\1]# — W)y — b(\l'u = W)y

+h(Py — )y + (¥, — V) + (W, —W)) =0

o1 (W= Wit = kol(W, = W), — U(@, — D],

FRL((®, = ®), + (U, — W) + LW, — W) =

®,(0,t) — ®(0,t) = ¥,(0,t) — ¥(0,1)

= W,(0,t) —=W(0,t) =0, te(0,T)

CI)#(L’t) —®(L,t) = Auw(L) — A (L),

(5.43)

V(L t) = W(L,1) = (L) — B.(L)

Wu(L,t) = W(L,t) = Cue (L) = Cu(L),
(1) =9, T) = ( T) = &4(,T)

= V(. T) = ¥(, T)= (,T)— t(T)

=Wu(, T) =W(,T) = W(, T) = Wi(, T) = 0

where {A, — A, B, — B,C,, — C} is the unique solution of

p1(Ay — A — k((Ay — A)z + (By — B) + 1(Cy — O))a
—kol[(Cp —C)y — (A, —A)| =0
p2(By = B)i — b(By — B

+k((Ay —A)z+ (B, —B)+1(C,—-0O))

p1(Cp — Ot — ko[(Cp — C)z — U(A, — A)]
FI((Ay — A)p + (B# — B)+1(C, C))
A,(0,8) — A(0,£) = B,(0,t) — B(0,t

A, (L,t) — A(L,t) = B,(L,t) — B(L,

AM(,) A(,0) = Aoy — Ao, A (-, 0) — Ag(.,0) = Ay, — A
B,(.,0) — B(.,0) = Boy — Bo, Bu(.,0) — By(.,0) = By, — By
Cu(-,0) = C(.,0) = Cou = Co, Cput(-,0) = C(.,0) = Crp = 1
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from (2.4) and (2.5)

19, — Pllcqor:z20,L)) + 1V — Ylleom:L2(0,1))

Wy = Wlleqomszzo,0)) + 1@t — Pelleqom;m-1(0,1))

Yt — Yell ooz 0,0)) + Wt = Welleo, ;-1 0,1))

< C{kl|Apa(L) — Ax(L) | z20.1) + 0l Bua (L) — B (L) 2(0,1)

+ko||Cpz (L) — Co (L) 20,7} =

C([l{ Aoy — Ao, A1 — Av, Bop — Bo, Biy = Bi, Cop — Co, Cryp — C}|+)
(5.45)

where the last inequality stems from (5.26). Finally from (5.39) and

(5.45) it turns out that:

o, —® in C([0,T);L*0,L))
U, — Vv in C([0,T); L*(0,L)) (5.46)
)

W, —W in C([0,T]; L*(0, L))

®, — @ in C([0,T); H1(0,L))

U, — Uy in C([0,T); H71(0,L)) (5.47)
-1

W,ut_>Wt m C([O, ]

From (5.40),(5.46) and (5.47) follow (5.36).
We defined:

(0, L))

B({uo, u1,vo,v1, 20, 21}, { X0, X1, Y0, Y1, Z0, Z1})
<K{’U,0,’U/1,'U0,’Ul, 20, 21}, {X(];Xl?}/b’ Yla Z07 Zl}> (548)
V{UO, u1, vo, V1, 20, zl}a {X[)aXla}/ba }/D ZO, Zl} € F

which is clearly a bilinear form.
We prove that B(.,.) is continuous and coercive. In fact, be
{ug, u1,v0,v1, 20, 21}, { Xo, X1, Y0, Y1, Z0, Z1} € F and
({wops Wiy Vo, Vs 205 210 }1)s ({ Xopws X1pus Yous Vi, Zops Z1u})
C (D(0,L))% such that
{Uop, Wiy Vous Vi, Zop, 214} — {uo, u1,v0,v1, 20, 21} and
{Xows X1, You, Yip, Zop, Z1u} — {Xo, X1, Y0, Y1, 2o, Z1 } in F.
For each p € N from (5.32) it comes:
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‘</\{u0ua U s VOps Vlpy 20us Zlu}v {X0u7 le,a Ybu; Yl,un ZO,u’ ZI,U»}>F’,F’
< [H{wops w1, Vous Vips 2ops 21t I X0, X1 You, Yips Zows Z1p} |-

Taking the limit in the previous inequality we have:

(A {uo, w1, vo, v1, 20, 21}, {Xo, X1, Yo, Y1, Zo, Z1})|

(5.49)
< |{wo, w1, vo,v1, 20, 21}« [I{ X0, X1, Yo, Y1, Zo, Z1 }||«

which proves the continuity of B(.,.).
To prove the continuity of the same note that of (5.20) and (5.26), for

each 1 € N we can write

(Ao, Ups Vops V1py Zops 215} {80ps Wipas Vopus Vs Z0ps 21 }) P F|
= H{UOWUI;“UowvluvZszlu}Hz

in the limit we get:

|(A{uo, u1,v0,v1, 20, 21}, {10, U1, V0, V1, 20, 21}) F F|
= [{wo, u1, vo, v1, 20, 21 }2

which proves the coercivity of B(.,.).

So for Lax-milgran given {Py, P1,Qo,Q1, Ro, R1} € F’
A {wg, u1,v0, v1, 20, 21} € F such that

({Po, P1,Qo,Q1, Ro, R1},{Xo, X1, Y0, Y1, Z0, Z1}) =
B({ug,u1,v0,v1, 20, 21}, { X0, X1, Y0, Y1, Z0, Z1})

= (Muo, u1,vo,v1, 20, 21}, {Xo, X1, Y0, Y1, Zo, Z1})
V{X(),Xl,Yb,Yl,Z(),Zl} c F,

(5.50)

which implies in function of the definition of B(.,.) given in (5.48) that:

Given {P()aPlaQOleaROle} cF 3 {u0>u17U07U1>ZO7Z1} €F
such that
{Py, P1,Qo, Q1, Ro, R1} = AMug, u1,vo, v1, 20, 21}

(5.51)
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or by virtue of (5.36) we conclude that:

Given {Py,P1,Qo,Q1,Ro,R1} € F' 3 {ug,u1,v0,v1,20,21} € F
such that
Py =p1®:(.,0), Pr = —p1P4(., 0), Qo = p2V4(., 0), Q1 = —p2 V(.. 0),
Ry = piWi(.,0), R1 = —p1W4(., 0)

(5.52)
where {®, ¥, W} is the unique solution, by transposition of:

p1Pu — k(Dy + U +IW),; — kol[W, —1®] =0, in (0,L) x (0,7)
paWsy — bWy + k(®y + W + W) =0, in (0,L) x (0,T)

P Wit — ko[Wy — 0], + kl(®y + T +IW) =0, in (0,L) x (0,T)
®(0,t) = W(0,t) = W(0,¢) =0, te(0,T)

O(L,t) =uy(L), Y(L,t)=wvy(L), W(L,t)=2,(L), t€(0,7)
(., T)=0(,T)=9(,T)=9(., 7)) =W(.,T) =Wi(.,T) =0,
in (0,L).

(5.53)

and {u,v, z} is solution of

prug — k(ug +v +12), — kol[zy — lu) =0, in (0,L) x (0,7
P20t — bugy + k(uy +v+12) =0, in (0,L) x (0,7)
p121e — kolze — lulg + kl(uy +v+12) =0, in (0,L) x (0,T)
u(0,t) = v(0,t) = 2(0,t) =0, te (0,7T)

(L,t) =0=wv(L,t) =2(L,t) =0, t € (0,T)
u(.,0) = ug, u(.,0)=wuq, in (0,L)
v(.,,0) =vo, v(.,0)=wy, in (0,L)

(,0) =20, 2(.,0) =21, in (0,L).

(5.54)
Let’s remember that
F = (H}0,L) x L*(0,L))3 and F' = (H-1(0, L) x L*(0,L))3.

So choosing

To=2(L—1z0) e H=(L*0,L)x H0,L))? (5.55)
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then given

{¢0, 1,0, 1, wo,w1} € H it has to be
{Po, P1, Qo, Q1, Ro, R1} (5.56)
= {p1p1, —p10, P211, —p2to, prwr, —p1wo} € I

and the (5.52) is that 3! {ug, u1, vg,v1, 20,21} € F such that

®(.,0) = w0, ®1(-,0) = 1
U(.,0) = o, ¥4(.,0) =y (5.57)
W(.,0) = wg, Wi(.,0) = wy
where {®, U, W} is the unique solution by transposition of (5.53) and
{u, v, z} is the unique weak solution of (5.54) with data wg, u1, vo, v1, 20, 21.

Considering

g1 = ug(L), g2 = vz(L), g3 = 22(L) (5.58)

in the problem (5.2) subject to the initial data as in (5.57)we have such
that problem has an unique solution by transposition ¢, 1, w.

We observe that from (5.53) and (5.57) it results that {®, ¥, W} is also
solution by transposition of problem (5.2).

Then by the uniqueness of solution comes that p = ®, p =V, W =w
and consequently of (5.53) we conclude that:

(- T)=¢i(, T) =9, T) =(, T) =W(,T) =Wy (., T) = 0. (5.59)
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