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Abstract. In this work we study the existence of exponential attrac-
tor for a non local evolution equation, which generalizes the model
that describes the neuronal activity. Our results extend results ob-
tained in [21] and in [11], where the studied models are configured
as particular cases of the model presented here. Furthermore, by the
existence of the exponential attractor, we conclude that the global

attractor given in [20] has finite fractal dimension.
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1 Introduction

We consider the non local evolution problem

g;b(x,t) = —u(x,t) —|—g(ﬁK(fou)(:U,t) —i—ﬂh), x € Q,t €0,00)

u(z,t) =0, x € R"\Q, ¢ € [0, 00)
u(x,0) = up(z), = € R™,
(1.1)
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where u(x,t) is a real function on RY x [0,00[, 2 is a bounded smooth
domain in RNV (N > 1); h and B are nonnegative constants; K is an

integral operator with symmetric kernel, given by
Ko(e) = [ Iy (1.2)
RN
where J is a non negative symmetric function of class C', with
[y = [ @pdr =1
RN RN

and f,g: R — R are locally Lipschitz continuous functions satisfying the

growth conditions

lg(z)| < ki|z| + ko, V x € R, (1.3)
|f(z)] < cilz| 4+ c2, Vx €R, (1.4)

for some non-negative constants ki, ko, c1,ce. In addition, we will also

assume that:

1. The function g € C1(R) with
19" (z)] < ks|z| + k4, V z €R, (1.5)

for some non-negative constants k3, k4 > 0 and that ¢’ is Lipschitz

on bounded sets.

2. The function f satisfy

[f(2) = FW)] < col+ [P + [ylP Dz —yl, ¥ (2,9) € R xR,
(1.6)

where ¢y is some non-negative constant.

The dynamics of non local evolution Equations like in (1.1) has at-
tracted the attention of many researchers in the last years; see for instance
[14, 15, 5, 16, 17, 6, 7, 20] and [8]. The formulation given in (1.1) is more
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complete and was recently introduced in the literature (see [20]). However
in [20] only the existence of the global attractor and the gradient property
have been analyzed. Here we follow a natural continuation of the results
of [20], because we show the existence of an exponential attractor and con-
clude that the global attractor given in [20] has finite fractal dimension.

The approache considered here was motivated by similar approaches
in [5, 4, 21] and [20], whose basic idea is to find an abstract way to impose
Dirichlet boundary conditions in non local evolution equations.

This paper is organized as follows. In Section 2, we review the dynam-
ical system generated by model (1.1), including the main result given in
[20]. In Section 3, using the growth conditions assumed for the functions
g and f and the techniques of [1] and [12] we prove that (1.1) has a ex-
ponential attractor in the phase space isometric to LP(€2). Furthermore,
according to our assumptions, the results presented in this section are also
extensions of Theorem 2.2, Theorem 3.2, Theorem 3.5, Theorem 3.6 and
Corolary 3.7 proved in [21]; and Lemma 3.6, Theorem 3.10, Theorem 3.11,
Lemma 3,12 and Corollary 3.13 obtained in [11].

2 Review on dynamical system generated by model

The map given by (1.2) is well defined as a bounded linear operator in
various function spaces, depending on the properties assumed for function
J. In particular, with the hypotheses considered in the introduction, we

have the estimates of the lemma below, whose proof has been given in [3].

Lemma 2.1. Let K be the map given by (1.2) and

[l := sup | J(z, )|[r(e, 1 <7 < o0
€

Ifue LP(Q), 1 <p < oo, then Ku € L*(Q) with
[Ku(@)| < | ]lqllullze ), ¥ 2 €9, (2.1)
where 1 < q < 00 is he conjugate exponent of p, and

K ullrie) < ] llulle - (2.2)
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Furthermore, if u € LY(Q), then Ku € LP(Q), 1 < p < oo, and
[ K ull o) < [ lpllull1(0)- (2.3)

Proceeding as in [20], using Lemma 2.1 and the hypotheses on f and g,
it easy to see that the function defined by the right side of the first equation

in (1.1) is Lipschitz continuous on bounded set of the phase space
X ={ue LP(R"):u(x) =0, if z € R"\Q},

with the induced norm of LP(2), which is isometric to LP(Q) and we
usually identify the two spaces, without further comment.
In [20], it has also been proven that the problem (1.1) generates a C*

flow in X which is given, by the variation of constant formula,

e~ =)y (x) + /t 6_(t_8)9(5Kf(“(377 s)) + Bh)ds, €1,

u(xvt) = to
0, x € R"\Q.

(2.4)

Furthermore, assuming that k;3c; < 1 and using classic results of [22], the

following results are proven:

Lemma 2.2. (/20] ) For any positive number o, the ball of radius

1
(k1fca + k1fh + k2)|2| P

R=(1+o0) T

is an absorbing set for the flow S(t) generated by (1.1).
We denote by w(C') the omega-limit set of a set C.

Theorem 2.3. ([20] ) The set A = w(B(0,R + o)) is a global attractor
for the flow S(t) generated by (1.1) in M = LP(Q2), wich is contained in
the ball of radius, R.
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3 Exponential Attractor for the discrete semigroup

In this section we prove the existence of Exponential Attractor, for
the flow {S(¢)} generated by (1.1). For constructions of the exponential
attractor, we follow the techniques used in [1] and [12] which is based on

verification of the following conditions:

(C1) The semigroup {S(¢)} has a absorbing set B; C WHP(Q), which is
bounded in W1P(Q).

(C2) The set By is positively invariant for the flow {S(¢)}, in LP(Q).
(C3) There exists t* > t1 such that, for any uy,us € By,
St )ur — S(t")ug = L(uy, uz) + K(u1,ug),
where L : By x By — LP(Q) satisty,

| L(u1, u2)| o) < allur — w2l o), ¥V u1,uz € Bi, (3.1)

1
for some « satisfying 0 < a < 3’ and K : By x By — W1P(Q) satisfy

for any ui,us € By,
|1 K (w1, ug)l[wieo) < Cllur — uzl| e, (3.2)
for some constant C > 0.

(C4) The map
F [O,t*] xB — B
(t,u) — F(t,u) :=S(t)u

is Lipschitz on B; in the topology of LP(2), uniformly in ¢, that is,
there exists 79 > 0 such that, for any ui,us € B,

[S(t)ur — S(t)uzllLr) < Y0llur — uallr (),

for any t € [0, t*].
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(C5) The map
F [O,t*] X Bl — Bl
(t,u) — F(t,u):=S(t)u

is Lipschitz on [0, ¢*], uniformly in Bj, that is, there is Cy > 0 such
that, for any v € By,

[S@)u = S(t)ull2 < Coltr — t2f,
for any t1,t9 € [0,t*].

The conditions (C1) and (C3) allow to obtain a set M* with all the
properties of an exponential attractor for the discrete semigroup {S™(t*)} ,en,
except the compactness property. But precisely, we have the following re-

sult given in [12].

Theorem 3.1. Let (H,| - ||g) and (Hi,| - ||m,) be Banach spaces with
H, C H, such that the immersion Hy — H 1is compact. Let X C H be a
bounded subset of H. Consider a non-linear map L : X — X such that L

can be decomposed into a sum of two applications,
L = Lo + Go,
where Lo : X — H 1is a contraction with
|Lo(x1) — Lo(z2) || < af|z1 — x2||m, V 21,22 € X, (3.3)
and 0 < o < %; and Gy : X — H s such that Go(X) C Hy and
|Go(z1) — Go(x2) ||, < Cllzr — 22|, ¥V 21,22 € X, (3.4)

for any positive constant C. Then the map L (or even, the discrete semi-
group generated by L) admits a set M C x" satisfying the following

properties:
(i) L*(M)c M, ¥V ke N.

(i) dimp(M, H) < oo.
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(1ii) There exist o,w > 0 such that

distg (LF(X), M) < ae™*, VEk € N.

Furthermore, M 1is closed in H.

The conditions (C2), (C4) and (C5) allow that, from M*, get a set
M that is the candidate for the desired exponential attractor. However,
to ensure that M exponentially attracts any bounded subset of LP(€), it
will be necessary to assume an additional assumption about f and g. For

now, we continue with the assumptions initially assumed.

3.1 Relevant Estimates

We will now present some results that support the verification of (C1)-
(C5) conditions. The next Lemma is an immediate consequence of the

conditions imposed on f.
Lemma 3.2. Let 1 <p < oo and u € LP(Q) be. Then fou € LP(Q) and
1
If oullpro) < erllullLrq) + c2l27, (3.5)

where || denotes the (Lebesgue) measure of Q. If uw € L>(S2) then fou €
L>(Q) and

1f o ull gy < erllull oo () + co (3.6)
Analogously to Lema 2.1 it is easy to check the following result:

Lemma 3.3. Ifu e LP(Q2), 1 < p < oo then %KU € L>(Q) and

0
U@ < 1l (3.7)

where 1 < q < 0o is the conjugate exponent of p. Furthermore,

< [z l[xlwll ooy (3.8)

HaKu
Ox Lo (9)
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If u € LY(Q) then gKu € LP(2), 1 <p < oo and
x

< [allpllullzr(g)- (3.9)
Lr(Q)

0

Using Lemma 3.3 and Lemma 3.2 we have the following result.

1
Lemma 3.4. Let 1 < p < 00, a1 := c1|Jzlq and az := c||J 4|27 be.
For any u € LP(2),

0
%K(fou)(x)

Proof. Just combine the estimates (3.7) and (3.5). O

< arl|ull Lr (o) + a2. (3.10)

Proposition 3.5. For each bounded subset C' in LP(SY), there exists R(C') >
0 such that, for each ug € C and t > 0,

IS(E)uollze(@) < RO).

Proof. From Lemma 2.2 there exists tg = to(C) > 0 such that
t>ty= S(t)C C B,

where B denotes the ball with center at the origin of LP(Q2) and radius

1
(k1Bca + k1Bh + k2)|QP
1 —k1Bcy

R=(1+0)

Then, given ug € C,
t > to = [|S(t)uollLrq) < R.
On the other hand, using Lemma 4.2 in [20], when ¢ is such that
1S uollrr) = R,

it follows that,

_op(l—kqyBcy)

IS0l < e T SO0l o),
and consequently
[S(t)uoll ey < lluollLr(q)-
Since C' is bounded, there exists p > 0 such that C C B(0,p). Thus,
considering R(C) := max{p, R}, we get the result. O
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3.2 Existence of bounded absorbing set in W'?(Q)

In this subsection we show the existence of a bounded absorbing set in
Whr(Q).

Proposition 3.6. The space W1P(Q) is positively invariant under semi-
group {S(t)} generated by (1.1).

Proof. Let ug € WHP(Q2) and t > 0 be. By Constant Variation Formula

(2.4), for any x € Q, we can write,
S(t)uo(x) = Sy (t)uo(x) + Sa(t)uo()
where
S (tyuo(x) = e tug(x)

and
Sa(t)ug(x) = /tt e_(t_s)g(ﬁK((f o S(s)uo)(z)) + 5h) ds.

Clearly S1(t)ug € WHP(2). On the other hand, deriving Ss(t)ug(z), we

obtain

%Sg(t)uo(:p)

— /0 6—(t—s)g/ (ﬁK((f o S(S)uo)(x)) + Bh);:v[ﬁK((f o S(s)uo)(x))] ds.

Using (1.5), (2.1) and (3.5), we have, for any s > 0,

g (BK((f o S(s)uo)(@)) + Bh) | < asl|S()uolln(ey + as,

where a3 = k3||J||qc1 and a4 := kgﬁHJHqcz\Q]% + k3Bh+ ky4. Then, using
Lemma 3.4,

‘ %Sg (t)uo ({L‘)

t
< 5/0 e ) (as|S(s)uoll Lo () + a)(ar ]| S(s)uol| ooy + a2) ds.
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Now, from Proposition 3.5, there exists ro > 0 such that [|S(t)uol|zr) <
ro, for any ¢t > 0. Thus,

’isg(t)uo(l‘)

< Blagro + as)(airo + az)

and so, we can to conclud that Sa(t)ug € WHP(Q) for any ¢t > 0, what
completes the proof. ]

Lemma 3.7. The semigroup {S(t)} generated by the solutions of (1.1)
admits a bounded absorbing set in WHP(Q).

Proof. Let B C W1P(Q) be a bounded set. From Lemma 2.2, there exists
to > 0 such that

t >ty = S(t)B C B, (3.11)

where B is the ball of center at origin in LP(Q2) and radius R (where R is
given in the Lemma 3.5). Given ¢t > 0, let up € B and u(-,t) = S(t)ug be.
Then,

d d
GOy = 55 | fucla e

= / plus(z, )P sgnug (z, 1) ugs (2, t)da.
Q

From (1.1) we get

(1) = a0, 0) + ¢ (B (] 0 ) (,1) + BB 3-K( 0 )z 1).

Hence,

/p|um(x,t)|p_lsgn[um(x,t)]um(x,t)dx =

Q

_ /Q plute (2, £)[P sgnlug (2, )] (— s (2, £))da

4 [ pluaCe O senlua e, 01/ GRS 0 0)(ast) + B0 5-K(f o) (w0
0 X

< [ (o0 da

+ [ pBluca 0P g BK( o w)(w.0) + 80| -| SLK(f o) (a0 do-
Q X
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Proceeding as in the Proposition 3.6 we have

o (BK((f o u)(w,1) + Bh)| < asllu-, 1) oo + as

and so, from (3.11), we obtain, for ¢ > o,

o (BE((Fou)@,0) +8h)| < ash+au.

Furthermore, using Lemma 3.4 and (3.11) it follows that
gK(fou)(a: ) <aiR+a
o ) >~ a1 2

for t > ty. Thus,

d
%H“x(wt)”ip(g)

< —p/ |ua (2, t)[Pdx + pBar R + az)(asR + a4)/ o (2, )P~ daw
Q Q

for t > to and, using the Holder inequality to estimate [, [uz(x,t) P~ tdu,
we obtain

d

P
%Iluz(-,t)HLp(g)
1 1

< —pllua D2 gy + PB(ar R + a2) asR -+ a) s, 1) [y 1915
Since [Juz (-, )| Lr(@) # 0 (we can assume that, without loss of generality),
it implies

1
d B(a1 R + a2)(agR + a4)|Q»
— g (-, 0|17 < pllug (-, )% -1+

dtH ( )HLP(Q) ” ( )HLP(Q) Hum(7t)HLP(Q)

So while t > t¢ is such that
|z (-, )| () = PB(a1R + az)(asR + a4) (3.12)

we have

B(a1R + az)(azR + aa)|Q 1

[ua (-, )l o (@) p
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Thus,

d 1
ﬁWuCJWZm)SMWAHOﬂWm<—1+p)Zﬂ—p+1WMIJWZm)

or equivalently

d
%HUI(, t)”ip(g)

Huac(7 t)HIL)p(Q)

-p+1

and consequently,

A=p)
luz GO llr@) < e 7 0 lua( o) o) (3.13)

Hence,
By = {u € W"P(Q); |Ju(-,t)llwre) < R+ pB(arR + az)(asR + as) }

is an absorbing set for the flow S(¢t) in W'P(2), which concludes the
proof. O

From now on, we denote by r(By) the radius of By in W1P(), that is
T(Bo) =R —|—pﬁ(a1R + ag)(agR + CL4).

From By we can construct a bounded and positively invariant absorbing
set under {S(t)} in WP(Q), satisfying the conditions (C1) and (C2) .
As By is bounded in W1P(Q), there exists £y > 0 such that

t >ty = S(t)By C Bp.
Define

By= |J S(t)By and By = By U B, (3.14)
te[0,t0]

Theorem 3.8. The set By C WP(Q) given in (3.14) is bounded and it is

positively invariant under {S(t)}.
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Proof. Since By is bounded in WHP(Q), to verify that B is also so, just
check that B is also bounded.
Let ug € By and ¢t € [O,%] be. Write

S(t)up = S1(t)ug + Sa(t)uo (3.15)
where

t
Sy (t)ug = e fug and Sa(t)ug = / e_(t_s)g(ﬁK(f o S(s)ug) + Bh) ds.

to
Note that
0 6u0
S1(t)u < ||u and —S51(t)u <||—
I$1(Euoll oy < lluollzoge) | 5100 . | »
which implies [|S1(¢)uolw1.r) < l[uollwir@). Consequently
151 () uollwre) < r(Bo). (3.16)

Now, by (3.15) we have Sa(t)ug = S(t)up—S1(t)up. Then, from (3.16),
1S2(t)uoll o) < [1S(E)uollLr) + r(Bo).
Using Proposition 3.5, it follows that there exists R(Bp) > 0 such that,
1S2(t)uoll Le(oy < R(Bo) + r(Bo).

On the other hand, proceeding once more in a similar way to the proof

of the Proposition 3.6, we obtain for all z € Q,

52 (0hu0(a)| < 5 @aR(B) + ) (1 R(B) + 0a).

so that

< B(asR(By) + as) (a1 R(Bo) + a2) |7
LP(Q)

Hence

[|S2(t)uollwrr(q) < R(Bo) +7(Bo) + B (azR(Bo) + as) (a1 R(Bo) + az) Q7.
(3.17)
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From (3.15), (3.16) and (3.17) it folows that
1S (t)uollwre) < R(Bo) + 2r(Bo) + B (asR(Bo) + aa) (a1 R(Bo) + az) [Qf .

Ast € [O,%] and ug € By were taken arbitrarily, we have that B is
bounded and, consequently, B is also bounded.

It follows from the inclusion By C By that Bj is an absorbing set for
S(t) in WHP(Q).

To check the positive invariance of By, let ¢t > 0. If ¢ > tg then
S(t)By C By and more, t + r > o so that S(t + r)By C By, for each
r € [0,%]. Thus,

sSHB;=| |J St+rBy| cB.

7’6[0,%]
Consequently S(t)B; C By.
Now, suppose that 0 < ¢ < ty. In this case S(¢t)By C Bj. Noting that

S@Byc |J SBy, Ve, (3.18)

£<r<&+to

we have,

smBsc |J smBo=| |J S0Bo|u U smB,

t<r<t+io t<r<to fo<r<t+%o
(3.19)
Since t < r <ty implica em r € [O,%] it follows immediately
U stBo cB;. (3.20)
t<r<to
On the other hand r > ¢y implica rm S(r)By C By and so,
U S()By B (3.21)

to<r<t+to

Using (3.19), (3.20) and (3.21) it folows that S(¢)B§ C Bi. Since S(t)By C
B, it folows that S(t)B; C By, which concludes the proof. O
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Corollary 3.9. The absorbing set By is positively invariant under {S(t)}
in LP(92).

Proof. In fact, for any t > 0 we have S(¢)B; C By in W'P(2). Considering
the map I : WHP(Q) — LP(Q), it follows that I(S(¢)B1) C I(By) in LP(R),
for any t > 0, completing the result. O

3.3 Verification of the Conditions (C4) and (C5)

In this section, B C LP(Q) will always denote a bounded set. From
Proposition 3.5 there exists R(B) > 0 such that

1S#)ull o) < R(B), (3.22)
for any ¢ > 0 and v € B. Using (3.22) and Lemmas 2.1 and 3.2 we obtain
1
K(f o Stu)| < [|]lg (1 R(B) + 2/ ).
1
Thus, writing 7(B) := 8 [HJHq (clR(B) v @]Q\p) v h}, it follows that
[BE(f o S(t)u) + h| < 7(B).

Since g is of class C!, it follows that ¢’ is bounded in [—7(B), 7(B)]. Hence
g is Lipschitz in [—7(B), 7(B)].

Lemma 3.10. Let ug,vp € B, s >0, u(-,s) = S(s)ug and v(-,s) = S(s)vo
be. Then,

[fou(,s) = fouv(,s)lriq < I'(B)|ul-s) —v(-,8)lr@),

).

Qs

where I'(B) := ¢ (]Qﬁ + 2[R(B)]

Proof. From (1.6) we have

[f(u(z,5)) = f(v(z,s))]

< co(1+ [u(z, )P~ + [v(z, )P~ [u(z, s) — v(z, s)]
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which implies
[(fou)(,8) = (fov)(,9)llLr ()
< /Qco(l + Ju(z, 8) [P~ 4 Ju(z, 8)|P 1) |u(z, s) — v(z, s)|d.
Using Hélder inequality, it follows that
If oul-s) = fov,s)llre
< collL+ w7 8) + 0P )| agey lul 8) = v 8) (o
and by the triangular inequality, we have
[fou(,s)— fou(,s)lrm <
2 (\mq ) gy + 1078 gy ) ) = o )l ooy
— co (1903 + (-, 5)l| 0 + uv(',s)rﬁp(m) -, 5) = (-, 8)ll o)

From (3.22) we have [ju(-,s)|[zr() < R(B) and |v(:,s)||zr) < R(B).
Thus,

1f ouls) = fouvl,s)lLia)
< co (1907 + 2AR(B)]7 ) (-, ) = v, 9)l|v(o)
which concludes the proof. O
Proposition 3.11. For any ug,vg € B andt >0
1S(t)uo — S(t)voll oy < eNELBEBE Nt 1y — vg[ 1),

where N(B) is the Lipschitz constant of g in [—7(B), 7(B)].

Proof. Let ug,vo € B, u(-,t) = S(t)up and v(-,t) = S(t)vg be. By the

variation of constants formula, we have
u(-,t) = v(-, )l oy < € Flluo = voll Lo

+ /O eI g(BK(f o u)(-,s) + Bh) — g(BE(f 0 v) (-, 5) + Bh)| Lr(c)ds.
(3.23)
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Using the fact that g is lipschitz and the linearity of K, we obtain
lg(BE(f ou)(-,s) + Bh) — g(BK(f 0v)(-, s) + Bh)| e (0)
N(B)BIIK(f ou—fov)(,s)lLra)
From Lemmas 2.1 and 3.10 it follows that
lg(BE(f ou)(-,s) + Bh) — g(BK(f ov)(-, s) + Bh)| Ly (0)
N(B)B(pllf oul-ss) = fFov(, )l
< N(B)L(B)B|[Ipllul- s) = v(-; 8)l|r (- (3.24)
y (3.23) it results
lu(,t) = v, )l Le(e) < e lluo — vollr (o
+/Ot6_(t_S)N(B)F(B)ﬁIIJIIpIIU(w5) —v(,8)llLr(e)ds,
or equivalently,
e'llu,t) = v(, )l Lee)
< Jluo — vollzo(o / N(B)D(B)BIT e e, 5) = 0055 oy
Using Gronwall inequality, we have
e u(-t) = v, ) o) < VPITEIWI Jug — v 1o ()
and multiplying both members by e, the result follows. O
Corollary 3.12. If I C R is an bounded interval, then the map

F1: IXBl — Bl
(t,u) — F(t,u) :=S(t)u

is Lipschitz in By in the topology of LP(QY), uniformly in I.

Proposition 3.13. There exists a constant Cy such that

d

< Cy
P (9)

for any uw € By and t > 0.
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Proof. Let uw € By and t > 0 be. Since

%s@u = —S(tyu+ g(BK(f o S(t)u) + Bh),
then,
d
Hdts(t)u o < S@ull oy + [l9(BE(f © S(t)u) + BR) || oq -

Using (1.3), Lemma 2.1 and Lemma 3.2 it follows that, for x € Q,
|g(BE(f o S(t)u)(z) + Bh)| < ar||S(#)ullL,q) + az,

where a1 = kifci||J||q and ap = klﬁCQHJHq‘Q’% + k18h + ko. Writing
Ry := R(By), from Proposition 3.5 we have

|9(BK (f o S(t)u)(x) + Bh)| < arRo + a.

Thus,
1
lg(BE(f o S(t)u) + Bh) || oy < (a1 Ro + 02)|Q]7.
Hence,
d 1
HS(t)u < Ro + (1 Ro + a2)|Q 7,
this completes the result with Cy = Ry + (a1 Ro + a2)|Q|i. O

The corollary below has immediate proof.
Corollary 3.14. The map

Fy R+X31 — Bl
(t,u) — F(t,u):=S(t)u

s Lipschitz in Ry, uniformly in By with constant of Lipschitz Cy.
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Corollary 3.15. If I C R is a bounded interval, then the map

Fi - IXBl — Bl
(t,u) +— F(t,u):=St)u

18 Lipschitz in I x By.

Proof. Let vy := sup e8I I=Dt and € := max{yo, Co} be.
tel
(t1,u1), (t2,u2) € [t*,2t*] x By we have

[S(t1)ur — S(t2)uzll L) <
[S(t1)ur — S(t1)uzllr() + [[S(t1)uz — S(t2)uzllLr(q)-

Using Proposition 3.11 and Corolary 3.14 it follows that

[S(t1)ur — S(t2)uzllrr (o)

< ollur — uz|l ey + Coltr — ta| < C(Jt1 — ta| + lur — w2l Lr(o

Hence,
1S (t1)ur — S(ta)usl ey < Cll(t1 — t2,u2 — u2)|[RxLr(0)-
Therefore

[F(t1,u1) — F(t2,u2)l| o) < Cll(t1,u1) = (t2,u2) |lrx Lo ()-

3.4 Estimate for difference of two solutions

311

Given

))-

Let ug,vg € LP(Q2) be. Given t > 0, consider the solutions u(-,t) =
S(t)up and v(-,t) = S(t)vg. Define z(t) := u(-,t) —v(-,t) and zo = up — 2o

and note that z is the solution of Cauchy’s problem

Z—i +y =g(BK(f o S(t)uo) + Bh) — g(BK f o S(t)vo + Sh)

y(0) = 2o

(3.25)



312 J.S. Da Silva, S. H. Da Silva, A.T. Lourédo

in LP(Q2). Furthermore, the Cauchy-Lipschitz-Picard Theorem (see [10])

gives uniqueness of this solution. Now, consider the problems of Cauchy

dg

o To=0 (3.26)
¢(0) = 2o
and
de 0 K h K h
= T0=9(BK(f ou) + Bh) — g(BK(f ov) + 5h) (3.27)

0(0) =0

By Cauchy-Lipschitz-Picard Theorem, we have the existence and unique-
ness of solutions for the two problems, both belonging to C! ([0, 00), LP(Q)) .
We will denote by ¢(+, t, ug,vo) and 0(-, t, ug, vo) the solutions, in LP(2), of
problems (3.26) and (3.27), respectively. Defining 1(t) = ¢(-,t, up, vo) +
0(-,t,up,v0) we have that v is solution of (3.25) and, by uniqueness of the
solution, it follows that z = v, that is,

u(,t) —v(-,t) = ¢+, t,up,vo) + (-, t, ug,vo), V¢t >0. (3.28)
Lemma 3.16. For any ug, vy € LP(Q) and any t > In3 we have

1
|6+, t, u0,v0) || Loy < glluo — voll e ()

Proof. For simplicity, we write ¢(-, t, ug,vo) = ¢(+,t), for any ¢t > 0. Then

d d
10Oy + P10 Ol = 5 [ 1060 de +p [ 6. Pda.

Note that ¢(t,z) = zo(z)e™ ", for any € Q and ¢ > 0. Thus,

ool H

= ‘p!¢(ﬂi,t)|p_lsgn[¢(w,t)]8¢>($,t)‘ = plo(z, )P~ — oz, 1)

ot
= plo(z,t)[P = p|z0(z)e " < plzo()[P.
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Since p|zo|P € LY(Q), from Dominated Convergence Theorem (see [9], The-

orem 2.27), we can derive under the integration signal, getting

Z/ﬂ"b(fc’t”pdl’: /Qp\fﬁ(x,t)lp1Sgn[¢(x,t)]¢t(x,t)dx
= /QPW(JU,t)|P—1sgn[¢(x,t)]( — ¢(x,t))d:n
= _p/Q |p(x,t)|Pdx.
Thus,

d
S 19CONLo ) +PIOC DL ) =

and consequently

d
GO0
16O e

Thus, we obtain

()l Loy = €16 0)| oy = € llz0ll e (o)

—t

1
For ¢t > In3 we have e™" < 3 Therefore,

190+ lzs(ey < 5 l0llzrte) = 5110 — woll ey
which concludes the result. O
Fron now on, to simplify, we will write 7 instead of 7(B;).
Lemma 3.17. Fized t* > In 3, there exists C > 0 such that
10(-, ¢, w0, vo)[[wrr() < Clluo — vollLr(a)

for any ug,vp € By and t in [0,t*].
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Proof. Let ug,vg € By, t € [0,t*], u(-,t) = S(t)up and v(-,t) = S(t)vo be.
For the problem (3.27), the variation of constant formula is given by
t
0(x,t,ug,v0) :/ e~ (t=s) [g(BK(f ou)(x,s)+ Bh) (3.29)
0

— g(BK(f ov)(z,s) + Bh)]ds, (3.30)

for any x € R™ and ¢t > 0. Derivating with respect to x we get
t
0
Oula oo, ) = 6 [ I (BK( 0u)a,s) + B) 5 K (f 0 w)a.s)
0

0
— g (BE(f o v)(w,5) + Bh) 5 K(f ov)(z,5)[ds.  (3.31)
Let M = ||g'|| Lo ([r,-) be. Then, we have

0

%K(“f ou)(x,s)|ds

t
|02(x,t,up, v0)| < BM/ o (t=5)

K(fowv)(z,s)|ds.

Using Lemma 3.3, Lemma 3.2 and as S(¢ )81 C B(0, Ry), we obtain

1
|02(, 2, w0, v0)| < 28M || J[lq(crRo + c2|7).

Therefore 6,(-,t,ug,v0) € LP(2). Now, adding and subtracting the term
g (BK(f ou)(-,s) + Bh) 88 K(f ov)(+,s) in the integration in (3.31) and
rearranging the terms, we have

0:):('7 t, up, UO) =

0

5 [ grenes o [ LK eu.s) - %mfov)(-,s)}

4 [ BE(f 0 )(1) + 8h) — g (SK(F ov)(c.5) + Bh)] - K(f ov). >}ds.

Since |¢'(z)| < M for all x € [—7, 7], it follows that

SR o) (o) + 80) | SR o)(0) = LK (F o))

Lr(Q)

<M H(%K(f ou(-,s) = fou(,s))

LP(Q)
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and, from Lemma (3.3) results

/
ls
< Ml oul)— f o v(-,swu(m.

On the other hand, let L be the Lipschitz constant of ¢’ in [—7,7].
Using (3.7), (3.5) and Lemma 2.1 we obtain,

(BK(F 0u)(o) + 80) | SR ou)(8) = 5K (F o))

LP(Q)

H |9 (BE(f o w)(-,5) + Bh)

g (BE(f o) (- 5) + )] K (f 0v)(-15)

Lr(Q)
< LB|[Jallgllf o v 8) || Lo@) 1K (f ou— fov)(,s)|lo(e

1
< LB Jallglllp(c1Ro + c2|Q7) [ f o ul-,s) = fov(:,s)llL1q)

Therefore,
t
162+, £, w0, vo) || Lo () < /3/0 e‘“‘s){MHJprHfou(-,s) — fou(, 8L
1
+ LB Jxllgll T llp(c1 Ro + c2|QP)[| f o u(-,s) = fowu(:, S)HLl(Q)}dS-

1
Now, defining v = B[M|Jollp + L||Jzllgll/|lp(c1Ro + ¢2|Q|?)] we can

rewrite the inequality above as follows

t
102, w0, 00) | oy < 7 /0 )| fou(s) — f o v(- )] ey ds.

From Lemma (3.10) it follows that

t
10(-,t, w0, vo) || Lr(0) < 7/0 e (-, 5) — (-, 8) | Lo () ds,

1 2
where I' := ¢g <]Q\q + 2R3>. Using Proposition 3.11 and rearranging

terms with exponentials, we have

t
162 (-5 £, 10, v0) || L) < ve™*[luo — voll Le(e / NOT I s g
0
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where N denotes the Lipschitz constante of ¢ in [—7,7]. Solving the inte-

gral on the right and disregarding the negative terms, we see that

il (NBL|[J[lp—1)t
0.(-,t L — P _
1102 (- aUOaUO)HLF(Q) > NﬁFHJHpe [|uo UOHLP(Q)
and so,
Y NBT||J||p—1|t*
||91(-,t7UOaUO)HLP(Q) < Niﬂl—’”JHPel 17111 ||’LLO — UOHLP(Q)' (332)

Now, by (3.29), we obtain

16, ¢, w0, vo) || Lo () <

/0 UGB (f 0 w)(-15) + B) — g(BK(f 0v)(-5) + Bh) | Loayd.
Proceeding as done to get (3.24), we conclude that

lg(BE(f o u)(-,s) + Bh) — g(BK(f ov)(-, s) + Bh)| e (0)
< NBL[Jpllul-, s) = v(-s 8)l o)

and, from Proposition 3.11 we obtain

lg(BE(f ou)(:,s) + Bh) — g(BE(f ov)(-;8) + Bh)||r(0)

< NBT|| || ™ Ir=D% g — vo| Lae.
Therefore,
10(-, ¢, u0,v0) || Lr(0) < /Ot ef(tfs)NﬂpHJHpe(NﬁrHJprl)sHUO — w0l Loy ds,
wich implies
16+t 10, 20) [ () < lluo = voll ogye™ /0 VB e,

that is,

t
Lt .
10(-,t, 0, v0) | Lr() < lluo — vollLr()e t/ — <6N5F”J”” )dS-
0 dS
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Consequently, by Fundamental Theorem of Calculus, it follows that

||9('7t7u05U0)HL1’(Q) S ||U0 — UO||Lp(Q)€_teN’BF||J||ptdS

_ e(NﬁFHJ”p_l)t”uo - UOHLP(Q)'
Hence,

< INBLI =11t

16(- ¢, w0, vo) | e (02) |uo = vol|Lr()- (3.33)

Using (3.33) and (3.32) it follows that

~y .
||0(-’t,uO,U0)||W1,p(Q) < <1 + ]\WHJH) e|N5FHJHp 1]t HUO _ UOHLP(Q)'
p

. . . Y 4%
Then the result is obtained with C := <1 + ) el VB J|lp—1]t*
NBL| T,

Proposition 3.18. For any t > 0 and uj,uz € LP(Q),

¢('a ta Uy — u2, 0) = ¢(7 ta Uut, 0) - ¢(7 t7 uz, O)
Proof. Denote by x = ¢(-,t,u1,0), the solution of the problem
pt+¢=0
¢(0) = u
and by y = ¢(-, t,uz,0) is solution of the problem
¢t +¢ =0
¢(0) = Uz,

Defining 1) = x — y, it follows that 1 is a solution to the Cauchy Problem

¢t + =0
#(0) = ur — us

and, by uniqueness of solution, it results that ¥ = ¢(-,¢,u; — u2,0), con-

cluding the result. O



318 J.S. Da Silva, S. H. Da Silva, A.T. Lourédo

Proposition 3.19. For any t > 0 and uy,us € LP(Q),
9('7t7 Ul,O) - 9(',t,U2,0> = 9(',t,U1,U2)-

Proof. Let © = 0(-,t,u1,0) and y = 6(-,t,u2,0) be the solution of the

problems

{ 0 +0 = g(BK (f o S(t)ur) + Bh) — g(BK (f o S(t) - 0) + Bh)

6(0)=0

and
0+ 0 = g(BK(f o S(t)uz) + Bh) — g(BK(f o S(t)-0) + Bh)
0(0) =0

respectively. Define ¢ := x—y, it follows that v is a solution to the Cauchy
Problem

0+ 0 = g(BK(f o S(t)ur) + Bh) — g(BK(f o S(t)uz) + Bh)
0(0) =0

and, by uniqueness of solution, it results that ¢ = 0(-, ¢, u1, uz), concluding
the result. O

Define the operators L, G : By x By — LP(Q2) given by
L(uo, vo) := ¢(-, ", uo, vo) (3.34)
and
G(ug,vp) = 0(-,t*, ug, vo). (3.35)
Now define Ly : By — LP(2) and Gy : By — LP(Q2) por
Lo(u) = L(u,0) + S(t*) -0 and Gop(u) = G(u,0). (3.36)
From Proposition 3.18 and Lemma 3.16 we get

1
[ Lo(u1) — Lo(uz) || () < §||U1 —uz|| () (3.37)



Exponential attractor for a class of evolution equations 319

for all ui,us € Bi. Analogously, using Proposition 3.19 and Lemma 3.17

we obtain, for all ui,us € By,
[Go(u1) — Go(uz)lwir) < Cllur — uzl|Lr(0)- (3.38)
Furthemore, by (3.28) we have
St ) ug — S(t*)vo = L(ug,vo) + G(ug, vg),
for any ug, vy € Bi. Therefore

S(t*)u = Lo(u) + Go(u), ¥V u € By. (3.39)

3.5 Existence of exponential attractor for the discrete semi-
group S™(t*)

Since W1P(Q) is compactly immersed in LP(Q) (see [10], Rellich- Kon-
drachov Theorem), B; is bounded and the equations (3.37), (3.38) and

(3.39) hold, the map S(t*) satisfy the conditions of Theorem 3.1. Con-

()

. - LP . .
sequently, we have the existence of a set M* C B satisfying the

following properties:
(i) S™(t*)(M*) C M*, for any n € N;
(17) dimp(M*, LP(Q)) < oo;

(73i) There exist o*,w* > 0 such that

dist zp () (S™(t*) (B1, M) < e ™ VY eN; (3.40)

(tv) M* is closed in LP(Q).

Remark 3.20. (i) The notation S™(¢*) indicates the composition of S(t*)

with itself n times, that is,

S™(t*) = S(t*) o S(t*) o -+ S(t7).

n times
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(73) From semigroup properties it follows that
S"(t*) = S(nt*), Vn eN.

(7i7) The set M* is compact in LP(Q2). In fact, since B; is bounded in
WLP(Q), the compact immersion W1P(Q)) — LP(€) implies that ELP(Q)
is compact in LP(Q). Since M* is closed in LP(2), it follows that M* is

compact.

4 Exponential attractor for continuous semigroup

In this section, using the same tecniques of [2], from M™*, we build
an exponential attractor for the semigroup generated by the solutions of
(1.1) in X. For this, we started with the following Proposition for fractal

dimension properties, which can be proved by proceeding as in [2].
Proposition 4.1. Let H; and Hs be Banach spaces.

(1) If K1 and Ko are compact sets in Hy, then

K C Ky = dimF(Kl,Hl) < dimF(KQ,Hl).

(13) If Ky is compact in Hy and Ky is compact in Ha, then
dimF(K1 X Ko, Hy X HQ) < dimF(Kl,Hl) + dimF(KQ,HQ).
(#i7) If K C Hy is a compact subset and f : K — Hy is Lipschitz, then

we have

dimp (f(K), Hy) < dimp (K, Hy).
(iv) I C R is a closed and bounded, then dimp(I,R) = 1.

Using Propositin 4.1 and the results from the previous section, we

obtain the following result:

Theorem 4.2. The flow {S(t)}+>0 has a compact set M C LP(Q2) with

the following properties:
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(i) The set M is positively invariant under semigroup {S(t)}, that is,
S({t)M C M for any t > 0.

(i) The set M has finite fractal dimension, that is, dimp(M, LP(2)) <
0.

(iii) The set M attracts exponentially By, that is, there exist & > 0 and
w > 0 such that, for any t > 0,

diStLp(Q)(S(t)Bl, M) < ae ¥
Proof. Define

M:= ] s@m*.
]

te(0,t*
Note that M = F ([0,t*] x M*), where
F: [0,00) x LP(2) — LP()
(t,u) — F(t,u) = S(t)u.
From Corolary 3.15, it follows that F' is continuous in [0, ¢*] x M*. Since

[0,t*] x M* is compact in [0, 00) x LP(£2), from continuity of F, it follows
that M is compact in LP(€2).

We will show that M satisfies the conditions (i), (%) and (¢i7) stated
in the Theorem 4.2.

(i) The set M is positively invariant under the semigroup {S(¢)}.
First note that

SmMc | Srymevt=o. (4.1)

t<r<t+t*

Let ¢t > 0 be. Suppose first 0 < ¢ < t*. From (4.1) we have

smmc |J Seym = [ Srm*|u U seme

t<r<t4t* t<r<t* e <p<tft*

(4.2)
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Clearly

U strymrcm. (4.3)

t<r<t*

Now, r € [t*,t* + t] if and only if r = t* 4+ s with s € [0, ¢]. Hence,

U sem = | S+t ym = [ S(s)SE)m*.

tx <p<tt* s€[0,t] s€[0,t]

Using the invariance of M* under S(t*) and that ¢ < t*, it follows that

U semc | Semrc | Ssm =M.

b <pr<t4t* s€[0,t] s€[0,t%]
Hence,
U semcm (4.4)
t* <r<t4t*

Using (4.2), (4.3) and (4.4) it follows that S(t)M C M.
Now, suppose that ¢ > t* and write ¢t = nt* + o with n € N and
o € [0,t*). Then,

S(HM = S(nt*)S(o) M.

From the first part of the proof S(c)M C M. Thus, S(t)M C S(nt*) M.
Using (4.1) we obtain

S(t)M C U seymr= U S(ryM*.

nt* <r<nt*4t* nt*<r<(n+1)t*

Given r € [nt*, (n + 1)t*] we can to write r = nt* + s, with s € [0,¢*].

Then, from invariance of M* under S(nt*) it follows that
S(r)M* = S(s)S(nt*)M* C S(s)M™.
Therefore

U SrmM*c ) SsHM* =M

nt*<r<(n+1)t* s€[0,t*]
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and consequently S(t)M C M. This completes the proof of (7).
(74) The finite fractal dimension of M

Since F' is Lipschitz in [0, t*] x By (Corollary 3.15) it follows that F' is
Lipschitz in [0, t*] x ELP(Q). Consequently F' is Lipschitz in [0, t*] x M*.
As [0,t*] x M* is compact in R x LP(2) and M = F([0,t*] x M*), from

Proposition 4.1 we have

dimp(M, LP(2)) < dimp ([0, #*], R) + dimp(M*, LP(2)).
< 1+ dimp(M*, LP()).

Since dimp(M*, LP(Q2)) < oo, it follows that dimp (M, LP(Q2)) < oco.
(731) The set M attracts exponentially B;

Let t > 0 be. Suppose initially ¢ € [0,t*]. Given x € S(t)B; and
z* € M* we have x = S(t)b with b € By and S(t)z* € M. Then, from
Proposition 3.11 extended to ELP(Q), as b, z* € ELP(Q) we have,

yie% lz = yllog) < 2 — SE)2* | o) = ISE)b — S(t)2" || 1o ()

< NPTt e=t|b — 2*|| L.

Defining o := diam (ELP(Q)) eNBTIIt™  and  wy := 1 we obtain

diStLp(Q)(S(t)Bl,M) < alefwlt. (4.5)
Suppose now that ¢ > t*. In this case, we can write t = mt* + o, where
m € N and o € [0,t*]. Let € S(¢t)B; be, then x = S(t)b with b € B;.
Given z* € M*, define § = S(0)z*. Note que y € M and
Jof e = yllzr@) < 18(0)S(mt7)b — S(0)2"l| o)
< LHIS(mt*)b — 2% || Le(q),
where L* is the Lipschitz constant of S(¢) on By, for t € [0,t*]. Using that

z* € M* is arbitrary, it follows that

inf |z —yllre) < L* sup  inf [z — 2% (o
yeM “ 2€S(mt*)B #TEM” )

— L*disto(q) (S(mt*)By, M*) .
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From (3.40) it follows that
nf, 2 = yllpr() < Lrae ™,
Since z € S(t)By is also arbitrary, it follows that

dist pp(q) (S(t)B1, M) < L¥afew'm,

*

w
and wy 1= et

w*

Noting that —mw™* < —‘:—:t—i—w* and defining oy := L*ae

we have
diStLp(Q) (S(t)Bi, M) < age 2!,

Finally, considering o := max{a1, as}+1 and w := min{w;,ws } we obtain,

for any ¢t > 0

diStLp(Q) (S(t)[)’l, M) < ae vt

4.1 Transitivity of the exponential attraction

Initially we know that the set M obtained from the Theorem 4.2 at-
tracts exponentially only By. Under these conditions M is an exponential
attractor for {S(t)}+>0 restricted to By, in the sense defined in [1].

However, we want to extend exponential attraction to any bounded
subset of LP(£2), obtaining an exponential attractor in the sense of [12].
For this, we will need to assume the additional hypothesis that f and g
are Lipschitz, and thus be able to apply the following theorem, proved in
[13] (see Teorema 5.1).

Theorem 4.3. Let (H,d) be a metric space and {S(t)} a semigroup acting
on H such that, for any t > 0,

d(S(t)ur, S(t)us) < Ce " td(ur, u), ¥ u,us € H, (4.6)
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where C > 0 and K > 0 are constants. Suppose there are subsets My, Mo, M3 C
H and constants Cv,Cy, a1, a9 > 0 such that

disty (S(t)My, M) < Cre ", ¥V ¢t >0 (4.7)
and

disty (S(t)MQ, Mg) < 0267012157 Vt>0. (48)
Then,

distgr(S(t)My, Ms) < C'e ", V>0
where

r_ d r_ Q109 .

C"'=CCy+Cy and « 7](—}—0[14—042

Before applying the above theorem we need some additional results,
which complete the argument that our problem is in accordance with the
hypotheses required in it.

We will start by reformulating Proposition 5, under the assumption
that f and g are Lipschitzian. We will denote by L, and Ly, the Lipschitz
constants of g and f, respectively. Note that under these hypotheses,
we can consider k; = Ly and ¢; = Ly. Thus, since we are assuming
k1Bc1 < 1, it follows that LyB8L; < 1. Furthermore, from the assumptions
about [z, J(z,y) dy, we can conclude that ||.J||; < 1. Therefore

LgﬁLij”l < 1.
Proposition 4.4. For any ug,vo € LP(Q) and t > 0
[S(t)uo — S(t)vollLr(a) < elLaPLaIl =1t — voll e (0)-

Proof. Let up,vg € LP(Q), u(-,t) = S(t)up and v(-,t) = S(t)vy be. By the

formula of variation of the constants, we have

u(t) = v(, 1) = e (up = vo)+ /O eI [g(BK(f o u)(-,5) + Bh)
— g(BE(f ov)(-,s) + Bh)]ds.
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Since g is Lipschitz we have

lg(BK(f o u)(-,s) + Bh) — g(BE(f ov)(-,5) + Bh)]| Lo (0)
S LyBIK(fou— fouv)(s)le(e)-

Using the Lemma 2.1 follows that

lg(BE(f o u)(-,s) + Bh) — g(BE(f ov)(-,8) + Bh)]|Lr(0)
< LBl Tl f o ul- s) = fov( s)|Lre)-

and as f is Lipschitz, we get

lg(BE(f o u)(-,s) + Bh) — g(BK(f 0v) (-, s) + Bh)| e (0)
< LyBLsll M1l s) — v 8)ll Lo (0)-

Therefore,
u(-,t) = v(-, 8|l Loy < e Flluo — vollLr(o)
+ /0 D LyBL T ) — v ),

Thus,

e'flul,t) = v(, )l Loe)

< [luo = wollLr(e) + /Ot LoBLg|[J[1e%[lul-; s) = v(-; 8)l| Lr(ayds-
Using Gronwall inequality, we obtain

e'flul-,t) — (-, )| o) < eXoPEIITIlug — vo| Loy

and multiplying both members by e, the result follows. O

Proposition 4.5. For any bounded set B in LP(2), there exists a constant
C1(B) > 0 depending only on B, such that for any t > 0,

diStLp(Q) (S(t)B,Bl) < Cl(B)e[LngLfHJul_l]t.
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Proof. Let B be a bounded set in LP(2). Fix t > 0 and lets b € S(t)B,
that is, b = S(t)x with € B. Then,

inf ||b— = inf t)r — .
Jnf 16— yllzr () Jnf 1Sz — yll o)
Fixed z € By, for every y € By, from Proposition 4.4, we have

1Stz = yllr) < 1Sz = S(E)2llLr) + [1S()2 — yllLr ()

< elbaP LAl — 2| o) + 19(8)2 = Yl o)

We denote by C1(B) the radius of a ball containing B and by r; the radius
of a ball containing By. Then, writing C1(B) := C1(B) + r1 we have

[S()x —yllLe) < C1(B)elFaBLeATI =1t 154y — Yl zr (),
for any y € By. Thus,
: LgBLs|J|l1—1 :
inf [S(t)a = yllir@) < Cu(B)eltoP T 4 inf [[S(t)z =yl 1o,

Since z € Bi and, from Corollary 3.9, By is positively invariant under
{S(t)}, we have S(t)z € B;. Hence,

Jnf 1502 = yllzo@ =0
and therefore,
inf 157 =yl < Co(B)elba?al I,
Consequently
distzp(q) (S(t) B, B1) < Cy (B)elloBLl =11t
O

Corollary 4.6. The set M given in the Theorem 4.2 is an exponential at-
tractor for the semigroup {S(t)} generated by the solutions of the equation

(1.1).
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Proof. From Proposition 4.4
d(S(t)uy, S(t)ug) < C’e[LgﬁLfH‘IHl_l]td(ul,ug), YV ui,ug € LP(QQ), (4.9)

where C' = 1. Given a bounded set B C LP(f2), by Proposition 4.5, there
exists C1(B) > 0 such that

diStLp(Q) (S(t)B,By) < Cl(B)e[LngLfHJHl_l]t, Vit>0. (4.10)
From Theorem 4.2, there exist @ > 0 and w > 0 such that,
dist () (S(£)B1, M) < ae™', V £ > 0. (4.11)

Applying the Theorem 4.3 with K = LyBL¢||J|[1—1, a1 = 1—=LyBL¢|J||1,
021, ClzCl(B), CQZOL, g = W, MlzB, M2281 andMgz/\/l,

we obtain
dist s (o) (S(t)B, M) < C'(B)e ", V t >0,
where C'(B) = C1(B) + a and o/ = ay, completing the result. O

Corollary 4.7. The global attractor A given in the Theorem 2.3 has a

finite fractal dimension

Proof. We affirm that A C M. In fact, since A is bounded, there exists
C(A) > 0 such that

dist (o) (S(£)A, M) < C(A)e™", Vt > 0.
From the invariance of A it follows that
dist (o) (A, M) < C(A)e ™", V ¢ > 0.

Thus, distzs)(A, M) — 0, as t — co. Using semi-distance properties
dist (@), it follows that A C M. As M is compact, we obtain A C M.
Therefore, as both sets are compact (relative to the same phase space),
dimp A < dimp M. O
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