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Abstract. In this paper it is investigated the existence of solutions
of a mathematical model that describes the vibration of a bar by an
impact in one of its ends. The model has a Dirac delta in the initial
conditions. The solution defined by transposition is obtained as the
limit of regular solutions. Trace theorems of non smooth functions

and interpolation of Hilbert spaces are used in this approach.
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1 Introduction

Consider an elastic homogeneous cylindrical bar of length L where the
cross sections of the bar are small when comparing with its length. In the
rest position the bar coincides with the interval [0, L] of the axis Oz. At
the end x = 0, the bar is clamped and the end z = L is free. At the initial

time ¢ = 0, a mass M moving with velocity ag and in the direction of the
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axis Ox, hits the free end of the bar. The mass remains glued at the end
x = L. Under the impact, the cross sections of the bar begin to vibrate
longitudinally and we assume that these vibrations are negligible. We also
assume that these vibrations are small.

The above physical problem can be modeled by the following mathe-

matical model:

0%u E 0%u
O%u ou

=0, M—(L AE—(L,t) =
W00 =0, MGG (L O+ ABTHLN =0, 150,
u(a:,O)z0,0Sa:SL;?Z(&?,O)zO, 0<zx<L,
ou
L0 = —
at( 70) aO’

where u(z,t) denotes the displacement of the cross section x of the bar
at time ¢, F is the Young’s modulus of the material of the bar, p is its
constant density and A is the area of the uniform cross sections.

The above mathematical model was introduced by Koshlyakov et al.
[10], p.64. If this scenario is represented graphically, it would be as below
(see Figure (1.1)):

Figure 1.1: Mass impact on the bar

At the initial time ¢ = 0 a force G acts on the set bar-mass. The

longitudinal vibrations of the cross sections of the bar produced by G was
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analized in the linear case by Araujo et al. [1] and in the nonlinear case
by Milla Miranda et al. [16] and [17]. See also [4], [5], [6] and [7].

The existence of solutions of Problem (1.1) was investigated by Koshlya-
kov et at. [10] by extending the solution to all the whole line. So, the

D’Alembert solution of the wave equation is given by

E
u(z,t) = pat —x) +Y(at + ), a =] —.
p
The objetive of this paper is to obtain a solution for the Problem (1.1)
in the framework of zero order distributions (see ver Lions [11]| and Milla
Miranda, Medeiros [14] and Halperin, Schwartz [8] ).

Observe that it is not possible to analize the Problem (1.1) in the

framework of LP(0, L) spaces because the initial condition %(m, 0) can be
modified by the LP(0, L) equivalent condition $%(z,0) = 0,0 < z < L,

which leads to the null solution u(x,t) = 0, but this is not the desired
solution of Problem (1.1).

The initial conditions %(m, 0) of the Problem (1.1) can be summarized
by %(m,O) = —apdr(z) where 61 (z) is the Dirac delta concentrated at
x = L (see Problem (2.2)). The key point of the proof of existence of
solutions for the Problem (1.1) is to find a sequence (&) of regular functions
(see Section 4) such that the regular solutions wuy of (1.1) with %(w, 0) =
—apéi(x) satisfies

up — u weak star in L>(0,T; L*(0, L)), (1.2)

where u is the solution of (1.1).

In our approach to prove (1.2), we use the Galerkin method in an
auxiliar problem, trace theorems and interpolation of Hilbert spaces. It is
also used the hidden regularities of weak solutions of the auxiliar problem
(see Remark (3.3) in order to prove the boundary conditions of Problem
(1.1).

The objective of this paper is to obtain a first result on the existence of

solution wu of problem (1.1) by approximating u by regular solutions (ug)
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of (1.1). There are several generalizations of (1.1) such as to analize this
problem in the n-dimensional case, to consider a semilinear perturbation
of the equation or to investigate the decay of solution of (1.1) with a
dissipative term. All these cases are open problems. Based in the energy
of the approximate problem of (1.1) and the convergences, the energy
associated to (1.1) would be

1 1 1
B = Sl 1-eo.0) + 51O + S (L 0Pt 2 0 (0<e<0),

The main difficulty is to justify the term £ [u/(L, t)]?. So, the determination
of the energy associated to Problem (1.1) is an open problem. Also the
decay of the energy associated with a dissipative term is also an open
problem.

It is possible to analize the n-dimensional case of Problem (1.1) in
the Schwartz distributions framework [8], for the linear case, and the
Colombeau distribution framework [2|, for the non linear case. In both
situations, it would not necessary to approximate the solution for regu-
lar solutions, therefore these approachs should be different of our method.
Approximate the solution by regular solutions is important when we want
to study the numerical analysis of the problem. The numerical analysis of

(1.1) is also an open problem.

2 Main Result

In order to state the main result it is introduced some previous con-
cepts.

Denote by (u,v) and |u| the usual scalar product and norm of the space
H = L?(0,L). By V we mean the Hilbert space

V ={ue H(0,L);u(0) =0}

equipped with the scalar product
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and norm ||u|| = ((u,u))% In this paper we follow Lions [11] and Tartar
[18] for the notations of Sobolev spaces.
Consider the Banach space X = C([0, L];R) with the norm

lollx = max @)

Introduce the functional
or: X =R, (0,v) =v(L). (2.1)
Then 7, € X', the dual of X.

Remark 2.1. We have 7, = 0 on [0, L) in the following sense: if [a, b] is a
closed interval contained in [0, L) and v € X with supp v contained in [a, b]

then (01, v) = 0. In Section 4 is introduced a sequence () of function of

V such that
&k(x) — 0,V € [0, L),

(L) =1,Vk e N,
&, — o1, weak star in X/,

which means that ., (L) = 1.

In order to facilitate the notations, the constants A, E, p and M in
(1.1) will be considered equal to one. We will use the notations ' = %,
Uy = g—g and u(0) = u(z,0), v/ (0) = u/(x,0).

Fix T > 0 an arbitrary real number. Under the above considerations,

the Problem (1.1) becomes

u’(z,t) — Uugg(2,t) =0, 0 <z < L,0<t<T,
u(0,t) =,0 u”(L,t) + uy(L,t) =0, 0 <t <T, (2.2)
u(0) =0, u/(0) = —ady.

Consider the problem
0" (x,t) — Opp(2,t) = f2,t), 0<z < L, 0<t<T,

00.1) = 0., 0(Lo1) 1+ 0p(L,1) =0, 0 < 1 <T, (23)
O(z,T)=0, ¢(x,T) = 0.



248 M. Milla Miranda, L.A. Medeiros and A.T. Lourédo

For each f € LY(0,T; L%(0, L)) is determined the weak solutions @ of Pro-
blem (2.3). The properties of this weak solution will be analized in Section
3.

Definition 2.2. A function v € L*°(0,7; H) is named a solution defined
by transposition of Problem (2.2) if

/T /L (e, 6) f (2, t)dwdt = —2a0(61,0(0)), Vf € L\0,T; H),
0 0

where 6 is the weak solution of (2.3) with f (see the equivalence between
Problems (2.3) and (3.1) and Proposition 3.2).

For the definition of solutions by transposition of partial differential

equations see Lions and Magenes [13] and Lions [12].

Theorem 2.3. There exit a unique solution u defined by transposition of

Problem (2.2). Furthermore, u satisfies

U —uze =0, in L®(0,T; H), (2.4a)
w(0,.) =0, u'(L,.) +u.(L,.) =0 in L=(0,T), (2.4b)
w(0) =0 inH, v'(0) = —agdy, in V. (2.4c)

We follow Brezis [3] for the concepts of Functional Analysis.

Corollary 2.4. The solution u given by Theorem 2.3 has the following

properties:
we L¥(0,00,H) , ||ul|poo(0,00:m) < dagL'/? (2.5a)
u" — Uz = 0 in L(0,00; H), (2.5b)
u"(L,") + uy(L.-) = 0 in L*(0,00). (2.5¢)

3  Solutions of Problem (2.3)

Instead to analize directly the existence of solutions of Problem (2.3),

we investigate to existence of solutions of an equivalent problem. The
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method used in last one permits us to obtain strong solution of (2.4a)-
(2.4c).
Consider z(z,t) = 0(x,T —t), g(z,t) = f(x,T —t) and the problem

z”(:c,t)—zm(a: t)y=g(x,t), 0<z <L, 0<t<T,
z(0,t) =0, 2"(L, )+ +(L,t) =0, 0<t<T, (3.1)
z(az,O)—O 2 (z,0)

Then Problems (2.3) and (3.1) are equivalent.
First we obtain the strong solutions of (3.1) and then the weak solutions

of this one.

Proposition 3.1 (Strong solution). Consider g € W'(0,T; H) with

g(0) = 0. Then there exist a unique function in the class

2z € L>®(0,T;V N H*0,L)nC°%[0,T];V), (3.2a)
2 e L®0,T;V)nC°([0,T]; H), (3.2b)
2" e L>(0,T;H), (3.2¢)
Z(L,-) € C°([0,T)), 2"(L,-) € L>=(0,T) (3.2d)
such that

2" — 240 = gin L=(0,T; H), (3.3a)
Z'(L,") + 2o(L.-) = 0 in L>(0,T), (3.3b)
z(0) =0, 2/(0) = 0. (3.3¢)

Furthermore,

T 2

S OF + 510+ 5w oP < | [ o] wepl. G

Proof. Let {w1,wa, - -} be a Hilbert basis of V. Let z,, be a m-approximate

solution of Problem (3.1), nanely,

t) = Z gjm(t)wja
j=1
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(Zm (1), 0) + ((zm (1), v) + 2 (L, t)o(L) = (9(t), v), (3.5a)
0<t<T,YveV,=Iw,ws, -, wpyl,
2m(0) =0, 21.(0) = 0. (3.5b)

First Estimate: Taking v = 2/, (¢) in (3.5a) and then integrating on [0, ¢],

we obtain

3O + 5l + 5@ < [ lao)n@lds G6)

By the Gronwall inequality, we have

T
|25, ()] < /0 lg(t)]|dt.

Plugging this inequality in (3.6), we deduce

5O + 5 lam ) + 5[ (L, 0P

[/OT g(t)ldtr, vt € [0,T], ¥m € N. (3.7)

IN Dl

Second Estimate: Diffentiating equation (3.5a) with respect to ¢, taking
v = 2z (t) and then integrating on [0, ¢], we find
1

5 lem(L, 1))

1 1
SIm® + S @2 + 5

2 (3.8)

t 1 1
< /0 19/ ®)l2p(s)lds + 3120 (0) + 5 [z L ().

Third Estimate: Make t = 0 in (3.5a) and than take v = 2/ (0). We

obtain

1 1
SO + 5 [z (L, 0 =0,

then
27 (0) =0 and 2/ (L,0) = 0.

m
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Taking into account the above result in (3.8) and using the Gronwall in-
equality, we obtain

1 1 1

a4+ Sl O + 5 lem (L, )

2 (3.9)

< [/OT ]g’(t)|dt] Vte[0,T], Vm € N.

Estimates (3.7) and (3.9) provide the existence of a function z and a sub-

sequence of (z,), still denoted by (z,), such that

Zm — z weak star in L>(0,T;V), (3.10a)
2l — 2 weak star in L*(0,T;V), (3.10b)
2l — 2" weak star in L>°(0,T; H), (3.10c)
21 (L,-) — 2/(L,-) weak star in L>(0,T), (3.10d)
2 (L,-) — 2"(L,-) weak star in L>(0,T). (3.10e)

The convergence (3.10a) and result of trace theorem provide zp, (L, ) —
z(L,-) weak star in L°°(0,7T"). This implies (3.10d).

The above convergencess permit us to pass to the limite in (3.5a) and
the density of V,,, in V| to obtain

T T T
| ooy [ (o eondes [ 2@ e
0 0 0 (3.11)

- /T(g(tm(t))dta Yo € Wy (0,75 V).
0

Taking ¢ € D((0,L) x (0,7)) in (3.11) we derive (3.3a) and the regu-
larity z;, € L*(0,7T; H). Thus
2z € L>®(0,T;V N H*0,L)),
2 e L™(0,T;V),
e L0, T; H).

The two first expressions provide that z satisfies (3.2a) and the last two
ones provide that 2z’ satisfies (3.2b). Expressions (3.2¢) and (3.2d) are

consequences of the convergences (3.10d) and (3.10e).
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By (3.3a) we find

T T T
/O (2" (), (1)) dt + /O ((=(t). o(t)))dt — /O 2o (L. )L, 1)t

-/ (ot o®))it, o € WHO,T;V).
0

Comparing this expression with (3.11), we deduce (3.3b).

The convergences (3.10a) and (3.10b), (3.10b) and (3.10c), (3.10d) and

(3.10e), provide, respectively,

2m(t) — 2(t) weak in V, Vt € [0,T],
20 (t) — 2/(t) weak in H, Vt € [0,T],

2l (Lyt) — 2/(L,t) Vt € [0,T].

By these convergences ant taking the liminf in both sides of (3.7), we

obtain (3.4). The initial conditions (3.3c) are deduced by the convergences
(3.10a), (3.10b) and (3.10b), (3.10c). The uniqueness of solutions follows

by the energy method.

O]

Proposition 3.2 (Weak solution). Consider g € L'(0,T;H). Then

there exist a unique function z in the class

z € C%([0,T]; V),
2 € C°([0,T]; H),

2(L,-) € C°([0, 1)),
z(L,-) € L*([0,T]),
2w € L2(0,T; V")

such that z satisfies

2" — 2pp = g in L0, T; V),
2"(L,+) + 2z(L.") = 0 in L>(0,T),
2(0) =0, 2/(0) = 0.
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Furthermore,
1 / 2 1 2 1 / 2 4 ’
27 OF + 5101+ 51 0P < | [ lglar] vt e0.7], (314

Remark 3.3. Expressions (3.12d) and (3.12¢) are hidden regularities of
the weak solutions of the Problem (3.1) because are not obtained by the

equation of the problem.
Proof. Consider a sequence (g;) with g; € W&’l(O,T; H) such that
g — gin LY'(0,T; H). (3.15)

Let z; and 2, be the solutions by Propositon 3.1 with g; and g, respectively.
As Problem (1.1) is linear, by (3.4) we obtain

S124(0) = (0 + G lla(e) — 5O + 3 =L, 1) — (L, O
T 2
<|[ la® - aytoe

Then the convergence (3.15) provides a function z such that

2 — z in C°([0, T]; V), (3.16a)
2l — 2/ in C°([0,T); H), (3.16D)
2(L,-) — 2'(L,-) in C°([0,T)). (3.16¢)

Taking the limit in the inequality
1 / 2 1 2 1 / 2 4 ’
SO + 5101 + SR < | [ o

and using the last three convergences, we derive (3.14).
Hidden Regularities. We apply the multiplier method (see Lions [12]
and Komornik [9]). In this part, to facilitate the notation, we write z and
g instead of z; e g;.

Let ¢ be a function in C1([0, L]) with ¢(0) = 0 and ¢q(L) = 1. Consider
equation (3.3a). We have

T s 1 /7 )
/ 2w, t)q(x) 25 (2, t)dt = z/(x,t)q(:z)zx(a:,tﬂo - 2/ q(z) [ (z, t)]x dt
0 0
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then

/T /L 2 (@, t)q(x) 2 (x, t)dxdt = /OL 2 (x, T)q(x) 2. (2, T)dx

" (3.17)
/ / ¢ (2)[ (2, 1)) dedt—z/o [z’(L,t)]th.
Also, . -
; Zoa (T t)q(a:)zx(a:,t)da:ZQ/O q(z)[20(x, 1)) 2de
L
= 1@ 0P =5 [ a0 0,
then
T L T
- / / zm(x,t)q(:v)zx(x,t)dxdt:—% / (20 (L, £)]2dt
10 2 0 (3.18)
2
s /0 /0 4a(2) [zal, )] derdt
So, by (3.17) and (3.18),
1 L
3 ), [zx L,t) 2dt—/ 2 (2, T)q(x)2e(z, T)d
+= / / ¢z (2)[2 (z,t)]*dadt
L
—;/0 [z/(L,t)]2dt—l-2/0 /0 4z () [22(2, 1)) dz
1 (T L
—2/0 /0 g(z,t)q(z)zy(x, t)dxdt.
Then by usisng inequality (3.4), we obtain
T T 2
;Akm@JWﬁSC@+D{A|MMﬁ]. (3.19)

By similar arguments used to obtain (3.19), we deduce

T T 2
3 [ttt — (Lo < o) | [ o) - g

(3.20)
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Then by the convergence (3.15), we find
212(L, ") — 2:(L,-) in L*(0,T). (3.21)

This proves (3.12d).
In what follows we prove (3.12¢). In this part, we will again omit the
of index I. Consider p € L%(0,T;V'). We have

T T T
| Cranttrotinat = [ (oo - [ aEelL. o
0 0 0
(3.22)
Then, by (3.4) and (3.19) we find

[ et <can [ [ o] [ [ 1sorra]

‘ /OT Zx(L,t)vsD(LJ)dt‘ =€ [/OT ’Z‘T(L’twdtr [/OT Hsﬁ(t)IIZdtr

<cm| | ' sl | [ ' eI g

Taking into account the last inequalities in (3.22), we deduce

T

[ [izwstor tinvnevfie < o [ [ o] etz

which implies

T
Vetwell 20z < C(T) /0 au()dt. (3.23)

In a similar way, as in (3.20), we obtain

T
12122 = Zpaall L2031y < C(T) /O |91(t) = gp(t)]dt. (3.24)

Thus
2lxx —7 Zxx in L2(0,T; V/), (325)

which proves (3.12e).



256 M. Milla Miranda, L.A. Medeiros and A.T. Lourédo

Next we determine equation (3.13a). Consider the equation
2 — 220 = g1 in L(0,T; H) (3.26)
(see (3.3a)). This equation and the convergences (3.25), (3.15) provide
zf — 2" in LY(0, T3 V). (3.27)

Taking the limit in (3.26) and using the convergences (3.15), (3.25) and
(3.27), we deduce equation (3.13a).
On the other side, by (3.16a) we derive

2/ (L,-) — 2"(L,) in D'(0,T).

Also, by (3.21)
215(L,-) — zz(L,-) in D'(0,T). (3.28)

The two last convergences imply
2/ (L,-)+ 2z12(L,-) — 2"(L,-) + 22(L,-) in D'(0, T).

Let hy(t) = 2/(L,-) + z14(L,-) = 0 in L>(0,T). Then there exists a sub-
sequence of hy, still denoted by h;, such that

hi — 0 weak star in L>°(0,T). (3.29)

By the uniqueness of limits we find the equation (3.13b).
The initial conditions (3.13c) follow by the convergences (3.16a) and

3.16b). The uniqueness of solutions is derived by Ladyzhenskaja’s method
J
[11]. O

Of Course, Proposition 3.1 and 3.2 have its corresponding ones for the
solution 6 of Problem (2.3).
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4 Strong Solutions of Problem (2.4a)-(2.4c)

Let £(y) be the fuction

1
exp (_W) syl < 1,
E(y) = !
0, ly| = 1.

Then £ € C§°(R), (see Medeiros and Milla Miranda [14]).
Use the notation

/_ €y = o

Introduce the functions

) sy<—o

f-p) - ke p -] (v+ ) —f=v=o
k <:U—L> 1
—% | —— ), L——-<z <L,

fu(x) = | Po " N /K K (4.2)
0, 0<x<L-— l

k

If this scenario is represented graphically, it would be as below:

Y

)

Remark 4.1. We have:

(i) & €V, & € X/, VEk > 1,
(1) & — &y, weak star in X',
(iii) &(L) =1, Vk > +.
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In fact, part (7) is proved without difficulty. Note that

(y) — &(y) —1<y<0.

z—L
1/k >

Let v € X. We have, by the change of variable y =

L _ 0
(€ v)xrwx = ;0 L (fgl/kL) v(y)dy = ;0/_1% (y)v(L + %)dy

0
— 51/ E@)v(L)dy = v(L) = (0r, v)xrx

which proves part (ii). For the part (¢i7), note that ~;(0) = %0, for all
k> 1.
Consider the problem
u(x,t) —ugg(z,t) =0, 0 << L,0<t<T,
uw(0,t) =0, u"(L,t) + uy(L,t) =0, 0 <t <T, (4.3)
u(z,0) =0, v'(x,0) = —ap&i(x), 0 <z < L.

Proposition 4.2 (Strong Solutions). There exist a unique function u
in the class (3.2a)-(3.2d) of Proposition 3.1 such that

' — Uz =0 in L®(0,T; H),
' (L,) +uz(L,-) =0 in L=(0,T), (4.4)
u(0) =0, u'(0) = —aoy.

Proof. We follow the method of Proposition 3.1. Let {w1,wy, - - } a Hilbert
basis of V. Consider the approximation solutions wu,, of (4.3), namely

wn(t) = 3 g,
j=1

(U (8),0) + ((ur, (), v)) + ug (L, t)v(L) = 0,
Yo € Vi, = [wi,wa, -+, Wi, (4.5)

Um(O) = 07 u;n(o) = OZOP’mgka
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where P, is the orthogonal projection P,, : V. — V,,,. Note that

‘mekyz < C||Pm£kH2 < H5kH27 Vm € N? (4 6)
[P (D))? < Ol Pnil® < ||1€k)1%, Ym € N,
where the constant C' > 0 is independent of m € N.
By (4.5) and appllying the same arguments used in the proof of Propo-

sition 3.1, we obtain

1 1 1
S O + S llum (O + 5 [u, (L, )]
2 1 2 1 2 )
= §a3|Pm§k’2 + 503 [Pméi(L)],
1 1 1
Slum @ + Sl (O + 5 [uy, (L, )]
2 1 2 1 2 ! (48)
= 5 lum () + S g | Pral* + 5y, (L, 0)]7,
2 2 2
|, (0) [ + [uz, (L, 0)]* = 0. (4.9)

By the estimates (4.7)-(4.9) and the boundedness (4.6), applying sim-
ilar arguments used in the proof of Propostion 3.1, we find the solution u
satisfying all conditions of the proposition.

O]

5 Proof of Theorem (2.3) and Corollary (2.4)

Proof of Theorem 2.3. Let Y = LY(0,7;H) and Y’ = L>(0,T; H).
Define the functional u by

(u, f) = —2a0(dr,0(0))

where 6 is the weak solution of (2.3) with f given by the equivalent of
Proposition 3.2. By we have (3.14)

[(u, f)] = 200|0(L,0)| < 2a0]|0(0)[| x
(5.1)
< 200 L'?)|0(0)|| < 4aoL'?| flly
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So u € Y’ and wu is the solution defined by transposition of Problem 2.2.
Let f € Y. Consider a sequence (f;) of functions of WO1 (0,7 H) such
that
fi— finY. (5.2)

Let 0; and uy be strong solutions given by the equivalent of Proposition
3.1 with f; and Proposition 4.2 with &, respectively. We have, noticing
that fi =6/ — 6]

lxx?

T L T
/ / wp (1) fyle, £)dadt + /0 Wl L ) [00(Lyt) + 010 (L, 1)] dt
L
/ / up (2, 1) — U go (2, )] Ql(w,t)dwdt—/ ug(z,0)0)(x,0)dz+
0
T
+/0 u (x70)9l(37a0)dt_/0 uk@(o,t)el(o,t)dt

T
+ / (0, 6)81.0(0, £)dt + up (L, T)O(L, T)
0

—ug(L,0)0/(L,0) — uj (L, T)0;(L,T) + u)(L,0)0;(L,0)

T
- / [up(Lyt) — upo (L, )] 0(L, t)dt.
0

As uy and 6; are solutions of the equations given by Proposition 4.2 and

the equivalent of Proposition 3.1, the above equality provides

T rL L
/ / ug(z, t) fi(x, t)dzdt = / api(2)0;(x,0) — aor(L)0;(L,0).
0 0 0
(5.3)
Take the limit in [ in (5.3). Then by the convergences (3.16a) and (5.2),

we obtain

T rL L
/ / ug(z, t) f(x, t)dedt = / ok (x)8(z,0) — o€k (L)0(L,0).
v ' (5.4)
Take the limit in (5.4). Then by the properties (i) and (iii) of Remark
4.1, we deduce

T rL
lim / /0 ug(z,t) f(x, t)dedt = —200(01, 6(0)).

k—o0 0
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So
up, — u weak star in L>°(0,T; H).

This implies
ufl — " weak in H2(0,T; H)

and

Uk zo — X Weak in H_2(0,T; H).

The last convergence for ¢ € D((0,L) x (0,7")) and (5.5) provide

<uk,zx7 90> = <uk7 (Pxx> — <U’ Soxx> = <UCESC7 90>

So

Uk gz — Ugz Weak in H_2(O, T;H).
Convergences (5.6) and (5.7) yield
0=uj — Uk gz — u” — ug, weak in H72(0, T;H).

Therefore
(U — Uge, ) =0, Voo € HZ(0,T; H).
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(5.5)

(5.6)

As H&(O, T; H) is dense in L' (0, T; H), we make an extension of u” — . to
L>(0,T; H), still denoted by u” — u,,, and we obtain by the last equality

(u" — Uy, p) = 0, Vo € L1(0,T; H).

In this sense it means (2.4a)

(5.8)

On the other side, by (5.5), (5.7) and results of trace theorems (see

[15]), we obtain
up(L,-) — u(L,-) weak in H2(0,T)

and
ug.2(L, ) — ug(L,-) weak in H=2(0,T).

By (5.9) we deduce

ul(L,-) — u"(L,-) weak in H=*(0,T).
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Convergences (5.11) and (5.10) provide
0=ul(L,") +ug(L,-) — u"(L,-) +uz(L,-) weak in H-4(0,T).

So
(W' (L,") +ug(L,-),0) =0, Vp € Hg(O,T).

As H{(0,T) is dense in L'(0,T), we extend u”(L,-) + uz(L, ), extension
still denoted by w”(L,-) + uz(L,-), to L*>°(0,T) and by the last equality
we find

(W"(L,") +uz(L,-), ) =0, Yo € L}0,T).

In this sense it means (2.4b). As ug(0) = 0, for all & € N, by similar
arguments we deduce u(0,-) = 0in L>(0,T).

By the convergence (5.5), we have
Uk oz — Uge 0 L°(0,T5 H=2(0, L)),
which implies
ul — B weak star in L>°(0,T; H2(0, L)).
Take ¢ € D((0,L) x (0,T)). The preceding convergence provides
(u, @) = (uk, @") — (u,9") = (u”, ).

So
uf — u” weak star in L>°(0,T; H (0, L)). (5.12)

By the convergences (5.5), (5.12) and results of interpolation of spaces (see
Lions [12], p.50), we obtain

), — u' weak star in L°°(0,T; H~17¢(0, L)), (5.13)
e > 0 arbitrary. The convergences (5.5) and (5.13) yield

0 = ux(0) — w(0) weak in H. (5.14)
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Also convergences (5.13) and (5.12) provide
) (0) — ' (0) weak in H~17¢(0, L).

But v} (0) = —apér — —agdr, weak star in X’ (Remark 4.1, part (i7)).

So in particular,

), (0) — —adr, weak in H'7¢(0, L).
Then

(' (0),v) = (—apdp,v), Yo € H(0, L).

By extension,
v/ (0) = —apdy, in V. (5.15)
The expressions (5.14) and (5.15) provide (2.4c).

The uniqueness of solutions follows directly. O

Proof of Corollary 2.4. As T' > 0 was arbitrary, by Mathematical In-
duction we define u(z,t) almost everywhere in (z,t) € (0,L) x (0,n),
n=1,2,---. Sou(x,t) is defined almost everywhere in (0, L) x (0, c0) and
u € L§° (0,00; H). Let xp(t) be the characteristic function of the interval

loc

(0,n) of R and consider the notation Z = L'(0,00; H). By (5.1) and f € Z

we obtain
|(xnts £ zrxz] = 1w, Flyisy| < 400L'?| flly < 4aoL'?| fllz.  (5.16)
We also have
(e )2z = [ Canlt)u®). F(0)a. (5.17)
0
Note that
(Xn(®)u(t), f(t)) — (u(t), f(t)) a.e.in (0, 00)

and by (5.16),
|(Oxn(8)u(t), £(8))] < 4aoL'?|f(2)].
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Taking into account the last two expressions in (5.17) and by the Lebesgue

Dominated Convergence Theorem, we find

WJMWZ:AMW@JﬁWmeGZ

and
lullz < 4o L?

which proves (2.5a).
By (5.8) we deduce

(X (" = uze), 0) 25z = (U — gz, @) yr v, Vo € Z, (5.18)
that is,
| oo — wte) ooy, voe .
Note that
On () (0" = uaz) (t),0() — ((u" — taa)(t), ¢(t)) a.e.in (0,00),
and by (5.18),
Otn (£) (1" — uag) (2), @(t)) = 0, ¥n € N.
Then by the arguments used to obtain (2.5a), we find
(" — g, p) 7157 =0, Vo € Z,

which shows (2.5b). Equality (2.5¢) is obtained by similar arguments. [J
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