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Existence and approximation of solutions
for a class of degenerate elliptic equations

with Neumann boundary condition
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Abstract.In this work we study the equation Lu = f, where L is a degen-
erate elliptic operator, with Neumann boundary condition in a bounded
open set €). We prove the existence and uniqueness of weak solutions in
the weighted Sobolev space W2(Q,w) for the Neumann problem. The
main result establishes that a weak solution of degenerate elliptic equa-
tions can be approximated by a sequence of solutions for non-degenerate

elliptic equations
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1 Introduction

In this paper, we prove the existence and uniqueness of (weak) solutions in
the weighted Sobolev space W12(Q, w) for the Neumann problem

where 77(z) = (m(z),...,nn(z)) is the outward unit normal to 9Q at z, (.,.)

denotes the usual inner product in R™, the symbol V indicates the gradient and
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L is a degenerate elliptic operator

n n
Lu=— " Dj(ai; Diu) + ) b Diu+gu +0uw, (1.1)
4,j=1 i=1
0
with D; = I (j =1,...,n), 8 is a positive constant, the coefficients a;;, b; and
Tj

g are measurable, real-valued functions, the coefficient matrix A(x) = (a;;(x)) is

symmetric and satisfies the degenerate ellipticity condition
NelPw(@) < (A(@)€,€) < Al¢)w(@) (1.2)

for all £€R™ and almost every z€QCR"™ a bounded open set with boundary 0f2,
w is a weight function (that is, locally integrable and nonnegative function on

R™), A and A are positive constants

Remark 1.1. In the case where A(z) = Id (where Id denotes the Identity matrix

0
in R™) then the second equation of (P) is a—qﬁ = 0 on 02 namely the normal
n
derivative of u vanishes on 0f2. In the general case and with the summation

convention the second equation of (P) can be written a;;(x) = 0 on 09.

U
87]- i
This expression is called conormal derivative of u.

The main purpose of this paper (see Theorem 3.3) is to establish that a weak
solution u € W12(Q,w) for the Neumann problem (P) can be approximated by
a sequence of solutions of non-degenerate elliptic equations.

In general, the Sobolev spaces W¥*P?(Q2) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations (see [10]). For
degenerate partial differential equations, i.e., equations with various types of sin-
gularities in the coefficients, it is natural to look for solutions in weighted Sobolev
spaces (see [2], [3], [6], [8], [11] and [16]). In various applications, we can meet
boundary value problems for elliptic equations whose ellipticity is disturbed in
the sense that some degeneration or singularity appears. There are several very
concrete problems from practice which lead to such differential equations, e.g
from glaceology, non-Newtonian fluid mechanics, flows through porous media,
differential geometry, celestial mechanics, climatology, petroleum extraction and
reaction-diffusion problems (see some examples of applications of degenerate el-
liptic equations in [1] and [5]).

A class of weights, which is particularly well understood, is the class of A,
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see
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[14]). These weights have found many useful applications in harmonic analysis
(see [15]). Another reason for studying A,-weights is the fact that powers of
distance to submanifolds of R™ often belong to A, (see [13]). There are, in fact,

many interesting examples of weights (see [11] for p-admissible weights).

2 Definitions and basic results

By a weight, we shall mean a locally integrable function w on R™ such that
0 < w(z) < oo for a.e. x€R™. Every weight w gives rise to a measure on the
measurable subsets of R™ through integration. This measure will be denoted by
. Thus, u(E) = [, w(x)dx for measurable sets E C R™.

Let w be a welght and Q CR™ be open. For 1 < p < oo we define LP(Q, w) as

the set of measurable function f on €2 such that

1/p
i = ([ 1f@Pete)is) " <.

The class of A, weight was introduced by B. Muckenhoupt (see [14]), where
he showed that the A, weights are precisely those weights w for which the Hardy-
Littlewood maximal operator is bounded from LP(RY,w) to LP(RY,w) (1 < p <
00), that is

M : LP(R™,w)— LP(R",

(Mf><z>=sup|Bm|/ Wl

>0
is bounded if and only if we A, (1 < p < oo0) (where B(z;r) = {z€R" :
|z — x| < r} and |.| denotes the n-dimensional Lebesgue measure in R™). When
p =1, then M : L'(R",w)— L, (R",w) is bounded, where L., (R",w) as the
set of measurable functions f on R" satisfying ”fHL}M(R",w) = s\li}; Aw({x eR" :

[f(z)] > A}) < oo
Definition 2.1. Let 1 <p < co. A weight w is said to be an A,-weight, if there

exists a positive constant C' such that, for every ball B C R™,

1 1 ey g\

— [ wdzx —/w* p= d:r) <C, ifl1<p< oo,
<|B|/B )(B B
<1/ d)(esss 1 ><C’ if 1

— [ wdzx sup —— | <C, if p=1.

|B| Jg zepw(T)

for all balls BCR". The infimum over all such constants C is called the A,
constant of w and this constant will be denoted by C(w,p) = C,
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The union of all Muckenhoupt class A, is denoted by A, i.e., Axc = U Ap.
p>1
As an example of A,-weight, the function w(z) = |z|*, z€R", is in A, if and

only if —n < o < n(p — 1) (see Corollary 4.4, Chapter IX in [15]).

oo - < w ——
Remark 2.2. (a) f wed,, 1 < p < oo, then (| | C, (B) for all

measurable subset E of B (see 15.5 strong doubling property in [11]). Therefore
w(E) = 0 if and only if |E| = 0; so there is no need to specify the measure
when using the ubiquitous expression almost everywhere and almost every, both
abbreviated a.e..

(b) fwe Ay, 1 < p < oo, then there exist 6 > 0 and C > 0 depending only on

n,p and Cp,, such that, every time we have a measurable set E contained in a

s
E E
cube K, the following inequality holds: HE) <C <|> (see Theorem 2.9,
1(Ko) | Ko
Chapter IV in [9] or Lemma 15.8 in [11]).

If weA,, 1 < p < oo, then w™ /P~ is locally integrable and we have
LP(Q,w)CLL (Q) for every open set Q (see Remark 1.2.4 in [16]). It thus makes

loc

sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2.3. Let QCR"™ be a bounded open set, 1 < p < oo, k€N and
w€A,. We define the weighted Sobolev space WFP(Q,w) as the set of functions
u€LP(,w) with weak derivatives D*ueLP(Q,w), 1<|a|<k. The norm of v in
WkP(Q,w) is defined by

1/p
[l yer () = (/Q|u|pwdx+ Z /Q|Do‘u|pwd;v> . (2.1)

1<[al<k

If w €A, then WHP(Q,w) is the closure of C*°(€2) with respect to the norm (2.1)
(see Proposition 3.5 in [4], Theorem 2.5 in [12] or Theorem 2.1.4 in [16]). The
space Wé“ P(Q,w) is the closure of C§°(£2) with respect to the norm

1/p
ligran=( X [10mured)
1<]a|<k /8

The spaces W*P(Q,w) and Wéc’p(Q,w) are Banach spaces and for ¥ = 1 and
p = 2 the spaces W'2(Q,w) and Wy*(,w) are Hilbert spaces.

It is evident that the weight function w which satisfy 0 < ¢;<w(x) <ecq for
x€Q, give nothing new (the space W*P(Q, w) is then identical with the classical



102 A.C. Cavalheiro

Sobolev space W#P(€)). Consequently, we shall be interested above all in such
weight functions w which either vanish somewhere in €2 or increase to infinity (or

both).

Remark 2.4. Let Q CR"™ be a bounded open set with boundary 0f2. Using
integration by parts, with u, o € W12(Q,w), if u satisfies the boundary condition
in problem (P), we have (by Remark 1.1)

/chudx = /aijDiungpdar—&—/bichiudaz—F/gu(pdx
Q Q Q Q

0
9/u<pwdx+/ aij—umgpdx
Q oo Ox;

=0

B(u, p) —|—0/ upwdr.
Q

+

where B(u,p) = /

Q5 DZ’U, D](p dxr + /
Q

b; p Dyudx + / guwdz is a bilinear
Q Q

form.

We introduce the following definition of weak solution of the Neumann prob-
lem (P).

Definition 2.5. Let 2 C R™ be a bounded open set and A € L*(Q,w). A function
w

ue W12(Q,w) is a weak solution of the Neumann problem (P) if
Z / aijDiuDjtpd:c—i—Z/ (pbiDiudm—&—/ gutpdx—i—&/ upwdr
ij=179 =19 @ @
= / fodx (2.2)
Q
for all p € WH2(Q, w).

Before we prove the main result of this section, Theorem 2.7, we need the
following lemma.

Lemma 2.6. Let Q CR™ be a bounded open set. Suppose that
(H1) we Ag;

(H2) f/we L*(Q,w);

(H3) b;/we L>®(Q) (i=1,...,n) and g/w € L>(Q).

Then, there exists a constant C > 0 such that

2 A2
B(u,u) + C||u||L2(Q,w)Z§HU’HWL?(Q,w)
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for allue WH2(Q, w).

Proof. Using (1.2) and (H3), for all ue€ W12(Q,w), we have

B(u,u):/aijDiuDjudx—&—/
Q

Q

2)\/ |Vu|—|—/biuDiudm+/u2gdx
Q Q Q

2 2
2 )\/Q Vul"wdx — Cl||uHL2(Q,w)||u||W1’2(Q,w) - CQHU||L2(Q,M) (2.3)

bijuD;u dx +/ u2gdx
Q

(i=1,..,n) and Cy = Hg

WllLee(q)

where C7 = max||—

. Using the ele-
Wllze(a)

mentary inequality ab < ea? + 4—b2, for all £ > 0, we obtain in (2.3),
3
B(u,u)

2 2 1 2 2
2 [ 9ufuds - €1 (el + Mol s ) ~ Calula

Ch

o G [ CER RO (2.4

A
If C’1 > 0, we can choose € > 0 such that A\ — % =3 that is, ¢ = % Thus,
€
n (2.4) we obtain
2
B(u,u)> Hu”Wl 2w ~ Cllullzz (.

C?
where C=Cie +Cy + X\ = ﬁ + Cs5 + A > 0. Therefore,

A
2 2
B(u,u) + Cllull 12wy 2 §Hu“W172(Q,w)'

If C; =0 (that is, b;(x)=0, i = 1,...,n) then (2.3) reduces to
2 2
Bluw = A [ [VuPuds - ol
= (/ [ul wd:v+/ |Vul wdm)
= (Co+ Nullzz 0,0
2
> §||U||w1y2(§z,w) - C||UHL2(Q,W)'

A
Therefore B(u,u) + C||u||2LQ(Q’w) > §||u|\%,[,1,2(97w). O
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Theorem 2.7. Let Q CR™ be a bounded open set. Suppose that (H1) - (H3)
holds. Then, there exists a constant C > 0 such that for all 8 > C the Neumann
problem (P) has a unique solution uw€ W12(Q,w). Moreover, we have

2
||u||W1,2(Q,w)§X

WilL2(Qw)

Proof. We define bilinear form
B: Wh2(Q,w) x WH2(Q,w)—R
B(u,¢) = B(u, ) + 9/ upwdr
Q
and a linear mapping
T: Wh(Q,w)—=R
/ fpdz.
Then ue WH%(Q,w) is a weak solution of the Neumann problem (P) if
B(u,p) = T(p), forall € WH2(Q,w).

Step 1. If > C then B is coercive. In fact, by Lemma 2.6 there exists a constant
A .
C > 0 such that B(u,u)+ C||u||2L2(Q,w)Z§||uHW1,2(Q,w). Hence, if § > C, we have

B(u,u) = B(u,u)+9/u2“’dx
Q
2
= B(u,u) +0lullz20.0
2
> B(u,u)-i—CHUHLZ(Q,w)
>

2
b) ||U||W1,2(Q,w)~

Therefore, for 8§ > C, we have that

- A
Bu,w) 2 Sl 0.0, (2.5)

for all ue W2(Q,w).
Step 2. B is bounded. In fact, using that the coefficient matrix A = (a;;) is

symmetric, (1.2) and (H3), we obtain

|B(u, )|
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SIB(u,cp)lJr@‘/wwdw
Q

< / (AVu, Vo) da + / balll [ De] de + / gllgl ] dez + 6 / o] w da

bi

< (A + max
w

)

+9) TN T I
L= () L= ()

= Cllullys 2 @12l @)

9

Whre@)  1@lz=(@)
Step 3. The linear mapping T is bounded (that is, T € [W12(Q,w)]*). In fact,

using (H2), we have
| fllelds
Q

E
w
for all p € WH2(Q,w).

Therefore the bilinear form B and the linear functional T satisfy the hypothe-
ses of the Lax-Milgram Theorem. Thus, for every f, with f/w € L?(Q,w), there is
a unique solution u€ W12(Q, w) such that B(u, ¢) = T(¢) for all o€ W2(Q, w),

that is, u is a unique solution of the Neumann problem (P). In particular, by

setting ¢ = u, we have B(u7 u) = / fudz. Using the definition of B, we obtain
Q

where C' = (A + max

°

+ 9) , for all u,p € WH2(Q,w).

IT()

IN

IN

||S0||W1=2(Q7w)7
L2(Q,w)

B(u,u) = B(u,u)+9/u2wd:r
Q

IN

||U||W112(Q,w) Hf/wHL?(Q,w)'

Using (2.5), we obtain

A2 ~
§||UHW1x2(Q,w) < B(u,u)
< lullwrz@ulf/wll 2w
Therefore,
2|\ f
u < —||= . 2.6
| Hlez(Q’w)i)‘ WilLz(w) (2
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3 Approximation of solution

In this section we present our main result: the weak solution to the problem
(P) can be approximated by a sequence of solutions for non-degenerate elliptic
equations.

The following lemma provides a general approximation theorem for A, weights
(1<p < o0) by means of weights which are bounded away from 0 and infinity
and whose Ap-constants depend only on the Ap-constant of w. Lemma 3.2 is the
key point for Theorem 3.3, and the crucial point consists of showing that a weak
limit of a sequence of solutions of approximate problems is in fact a solution of
the original problem.

The proof of Lemma 3.2 (main result) is based on the Calderon-Zygmund
Decomposition performed for dyadic cubes of R™ (and see also Lemma 2.1 in [7]).
Throughout this paper, however, we used balls instead of cubes in our estimates.
This deviation from the standard proof causes only minor technical complications
(see for example the Calderon-Zygmund decomposition for doubling weights in
[11)).

Theorem 3.1. (The Jones Factorization Theorem) For 1 < p < oo. Then

we Ay if and only if w = wy w%fp, where wy and wy are A1 - weights.

Proof. See Corollary 5.3, Chapter IV in [9]. O

For k € Z, we consider the lattice I'y = 27*Z" formed by those points of R™

whose coordinate are integer multiples of 27%, i.e.,
I'e={z=(z1,...,2,) €ER" 1 1 =p27 % peZ,j=1,..,n}.

Let Dy be a collection of cubes determined by I'y that is, those cubes with
side length 27% and vertices in I'y. The cubes belonging to D = U Dk are
called dyadic cubes. Note that if Q1,Q2 € D and |Q1| <|Q2], then elther Q1 C Q2
or else 1 and Q2 do not overlap (by which we mean that their interiors are

disjoint).

Lemma 3.2. Leta, 5 > 1 be given and letw € A, (1 <p < 00), with A,-constant

C(w,p) and let a;; = a;; be measurable, real-valued functions satisfying

n

w@)E’ < Y ai(@)éé; < Aw(x) €1, (3.1)

ij=1
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for all £ €R™ and a.e. x €Q (where Q CR™ is a bounded open set) Then there
exist weights wag >0 a.e. and measurable real-valued functions a P such that the
following conditions are met.

(i) c1(1/8) <wap <caa in Q, where ¢ and co depend only on w and 2.

(i) There exist weights &1 and @y such that in <wapg < @2, where @; € A, and
C(@;,p) depends only on C(w,p) (i=1,2).

(%) wap € Ap, with constant C(wap,p) depending only on C(w,p) uniformly on
o and f3.

(iv) There exists a closed set Fop such that wap=w in Fug and weg~ @1~ g
in Fop with equivalence constants depending on o and § (i.e., there are posi-
tive constants cap and Cog such that cop @; <wep < Cap @i, i =1,2). Moreover,

Fog CFyp ifa<a’ and B < ', and the complement of U Fop has zero mea-

a,f>1
sure.

(v) wop— w a.e. in R™ as a, f— 0.

n

(Vi) Awap(x) €] < Z afjﬁ(:c) &5 < Awap(z) |67, VEER™ and a.e. €, and
i,j=1

ag(x) = a5 ().

(vii) ag) Pz) = a;j(z) in Fug.

Proof. Case 1.: Suppose first w€A;. Since we are interested to approxima-

te in 2, we may assume, without loss of generality, that we L*(R™). For each

a > 1, we define U} = {zeR" : M(w)(z) > a}, where M(w ) is the usual
w(y) dy,

\QI

where the supremum is taken over all cubes ) containing z (cube Wlll always

Hardy-Littlewood maximal operator for w, i.e. (Mw)(z) = sup

mean a compact cube with sides parallel to the axes and nonempty interior). By
Calderon-Zygmund decomposition (see Theorem 1.12, Chapter II in [9]), there
exists a family of non-overlapping cubes {Qjo‘} consisting of those maximal dyadic

cubes over which the average of w is greater than «, i.e.,

(CZ1) vl =J @5,
j=1
1
(CZ2) ] (z)dx < 2"a,
‘Qj ‘ QY

(CZ3) w(z) < @, YoeFt = (UF)E,
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(C24) U< / w(z)dz.

Then,
{zeR™ : M(w)(z) >4”a}CU3Q?. (3.2)

We explicitly note that, if a < /3, then Ug cUr.
Define the weights w, by

onte) =3 (gt [ i) xap (o) + oy @)
k=1 k1 QR

where xg denotes the characteristic function of a measurable set EC R™.

We will show that

(I) wa€A; and C(wq, 1) depends only on C(w,1).

(II) wo— w a.e. in R™ as a—oo.

(III) min{1,w}€ A; and C(min{1,w}, 1) depends only on C(w, 1).

Moreover, we also have min{l,w}(z) < wq(z)< Cw(x), where C' depends only

on C(w,1).

(IV) 2"a>we(z) > C = ﬁ/ min{1l,w}(y)dy, z€Q and Qg is a fixed cube

Qo

containing  (Q C Qo).

First of all we note that, if we L] _ is a weight function such that for any
dyadic cubes @ we have w(3Q)< Cy w(Q) (Cy depends only on N and C(w, 1)),
then we can restrict ourselves to test the A; condition only on dyadic cubes. In
fact, denoting by C*(w, 1) the constant A; for dyadic cubes , if f € L*(R™,w) and

{Cf} is the Calderon-Zygmung decomposition for f, we have

w{z + M(f)(z) >4"t}) < Zw(30§)
OOZW(C;)
Co C*(w,1) Y |Cless %}f w

IN

IN

< OO, 1)%2/0? |f(2) w(x) dz

< GO, /Q (@) wlz) d,

and hence w € A; by Theorem 2.1, Chapter IV in [9] and C(w,1) = Cy C*(w, 1).
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Thus, let us prove first that w,(3Q) < Cow,(Q) for any dyadic cube @ and for
any « > 1, where Cy depends only on n and C(w,1). Let @ be a dyadic cube.

1 1
We have either |QNU| < §|Q| or |QOU;|2§ |Q|. First, let us suppose that

1
QNUT| < §|Q| We will prove later, in (IIT), that w, < max{1, C(w,1)}w = Cw;

we have

wa(3Q) < C’lw(SQ):Cﬁ@ w(x) dx
13Q] J30
1
= 3"C Q—/ w(zx)dr
1l ||3Q| 3Q (@)
< ¢ C(w, 1)3”|Q\essisrgw
< C1C(w,1)3"Qless inf w
QnFd
= (00w, 1)3" |Q‘+ |QNFfless inf w
|QNFY| QnES
< 20 C(w,1)3"|QNE|ess inf w
QNFY
< 2010((,0,1)3"/ w(z)dx
QNFS

= 2ClC(w,1)3"/ wa () dz,

QNFS

since wa,=w on F, and therefore

wa(3Q) < QC’lC(w71)3"/ wa (z) dx

QNFY

< 201 C(w, 1)3nwa(Q) = CO wa(Q)v

(where Cp = 2C; C(w,1)3™) and hence, in this case we are done.

1
Suppose now |QNU.|> 3 |@Q]. Then either QCQ, for some jo (which in turn
is unique) or Q§ CQ for j€ J (a set of indices). By definition of w,, it follows
from (CZ2) e (CZ3) that w,(z)<2"a a.e.. Therefore, if Q C Q% we get

wa(3Q) = /3@ we (z)dz

3QI2"a = 3" 2" ||

IN

IN

3" 2"|Q)
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since wa= —— w(z)dx on Q. Otherwise, we obtain

|Qjo | Q%

wa(3Q) = /B)Qwa(a:)dx

< 2"al3Q| =2"3"a|Q)|
< 6”2|QﬂUi|a:26”/ adr
lo]alopy
= 26”2/ adr
JjeET
< 26" Z/
JjeET

< 26"/ wao(x)dx
uQe

< 26”/ wa(z)dr = 26"w(Q).
Q

Therefore w, (3Q) < Chwa(Q), YQ dyadic cube.

Now we are ready to prove (I). Let @ be a fixed dyadic cube, then one of the
three cases can happen:

(1) Q@2 = 0, Vj;

(I2) QCQf for one and only one j;

(I3) Q§CQ for some index je J.

In case (I1), Q@ C F and hence w, =w in Q and we are done.

In case (I2), we have

@ = [ enrte = @l [ ) =100 o),

w(x) dx over QF.

) 1
sice Wy = @ Q‘]l

Finally in case (I3), we have

wa(Q) /Qwa(x)dm = /QmU+ wo(x) dz + /QmF;f wa(x) dz
> /a Wa (2) dz + wa (QNFY)

jedJ

— dm)Q“ +w(QNET)
JjeT <|Q |
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w(z)dr + w(QNFE)
w(@Q)
Cl,1)[Qless inf ().

IA

IN

On the other hand we note that if y € U}, by definition we have w,(y) > a.
Thus, if y € QNU and Q¢ is any cube contained in @ we have

essuéfw < ess mfw < w(z)dr < 2" a < 2"w,(y).

|Qk| Qe

In addition, if y€QNF.F, wa(y) = w(y)> essinfq w.
Hence, essinfw < 2"ess igf wa ().

Therefore, in both cases,
wa ()< C(w,1)|Qless inf w(y)<2" C(w,1)|Qess inf wq(y),
yeaQ yeq

that is,
1
— | wa(x)dr <2™ C(w,1)ess inf wq(y).
|Q|/Q (@) (o, s 1nf ca0)

Consequently, in (I1), (I2) and (I3) we have

1 / .
— | wa(z)dx ~ essinfw,
|Q| Q Q

i.e., wy € Ay and (I) is proved.
To prove (II), by definition we have

= 1
) =3 (m| [ v i ) xa (@) + ol o).

Hence, w, =w in F} and that F} increases as « tends to infinity. Moreover,
IN(EF)°| = 0. Then w, — w a.e. as a—00.
Finally, to show (III) we know that, for any cube @, either essigf w>1 or

ess igfw < 1. In the first case,

! i _ L T = min{w
|Q/Qm1n{w,1}(x)dx— |Q|/Qld 1< {w(y), 1}

for any ye@, whereas if i%fw < 1 then

Ql / min{w, 1}(z |Q|/ x) de< C(w, l)essmfw
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since weA;. Put A = essigf w < 1 and assume by contradiction that
igf(min{w,l}) < A; then there exists ECQ, |E| > 0 such that min{w,1} <

AN < Xin FE and hence, since A < 1, we obtain w < A\’ in F which is a contradic-
tion. Thus we have proved the first part of (III), that is, min{w, 1} € A4;.
To prove the second part we note that if z € F& then

wa () = w(z)> min{w, 1}(z).

If z€ QF, for some j, then by definition and (CZ2), we get

wa () w(y)dy > a > min{w, 1}(x).

_ 1
Q%] Qo
Analogously, if x€ QF, for some j, then

wa(z) < C(w, 1)ess gliw <C(w, lw(x).

J

Therefore, min{w, 1} <wg,(z) < C(w, w(z).

Finally, assertion (IV) follows straightforwardly from (IIT) by using (CZ1) and
(CZ3).

We define the coefficients ag; by

a;3<x>=z( ! aij@)dy)xmw+aij<m>xm<x>.

=1 Q7 Jor

Case 2. Suppose now w € A, for p > 1. Then by Jones’s Factorization Theorem
(Theorem 3.1) there exist wo, wi € A1 such that w = wow; ¥, and C(w;, 1) (i =

0,1) depends only on C(w, p). Choose a, 5 > 1 and define w,g by

o = () (et

We need to show that w,p satisfies properties (i) - (v).
Obviously (i) follows from (IV).
(ii) follows from (IIT) and Jones’s Factorization Theorem, with

@ = min{wo, 1}w; 7,

Qo = wo(min{wy, 1})*77.

(iii) follows from (I) and Jones’s Factorization Theorem.
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(v) follows from (II).
For (iv), we define F,3 = FgﬂFﬁll/(p_l), where F? = F. for the weight wp

B
(Wl)ﬂl/(p—l)zw1 on Fug.
Hence, to prove that w,g~@1, we can replace weg by w (on F,g). We have

+
and Fl,,, . = <Fﬁ1/(p1)> for the weight wy. By definition, (wg)a=wo and

min{wp, 1}~wy on F?, since min{wy, 1} <wqy (by (III)). Moreover, if z €FY,
min{wg(z),1} = 1. Hence, by (CZ3) we obtain

wo(z) <a = a min{wy(x),1}.

Therefore, min{wp, 1} < wy < a min{wg, 1} on FY .

An analogous argument shows that wi~min{w;, 1} on Fém,,_l), and hence,

1-p
Waps Nmin{wo,l}[(wl)ﬁl/(pl)] :&)1 on Fag,

and analogously, we also have weg ~ @2.

Finally to prove (vi) and (vii), we define the coefficients a%ﬁ by

i @) = @) T { 3 (a1 [ a0t Wy Jxaz @

k=1 Q5] Jag
+ a0 @ xe ()],
where {Q¢} is the Calderon-Zygmund decomposition of wy. O

The main results of this paper are the following.

Theorem 3.3. Let Q CR"™ be a bounded open set. Suppose that

(Hl) weE As;

(H2*) f/we L?(Q,w)N L3(Q,w?);

(H3) b;/we L>(Q) (i=1,...,n) and g/w € L>=(Q).

Then the unique solution u€ Wh2(Q,w) of problem (P) is the weak limit in
Wh2(Q,@1) of a sequence of solutions u,, € W2(Q,wy,) of the problems

) { Lt (3) = (@), in €
(A™(2) VU, j(x)) =0, on 0f,

with

n n
L7num - - Z D](azn_;m Di”?n) + mez Dzum + Im Um + eum W,
ij=1 i=1
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fm = f(wm/w)l/Q, Im = GWm /W, byi = bjwm/w and wy, = Wnm (Where Wmm,

a™ and &1 are as Lemma 3.2 and A™(x) = (a;’;m(x)))

ij
Proof. Step 1. First, if f,, = f(w/wm) "2, gm = gwm/w and by = b; wy, /w,

we note that

g

gm - H
m || Leo(Q) w

-|:

L2(Qwm) L2(Q,w) Lo (Q)

b;

‘ w

(3.3)

Then, if u,, € WI’Q(Q, wm,) is a solution of problem (P,,) we have (by (3.3))

fm

(@)

/
HUmelz me)<>\’ H :CS.
Wm L2(Q,wm) L2(Q,w)
Using Lemma 3.2, @, <w,,, we obtain
Hum”vvlﬂ(g,@l) < ||UM||W1,2(Q,wm) <Cj. (3.4)

Consequently, {u,,} is a bounded sequence in W12(Q, &1). Therefore, there is a
subsequence, again denoted by {u,,}, and @€ W12(Q,&;) such that

Um— T in L?(Q, &), (3.5)
Oupm, 0T, o -

D, Aa—x] in L*(Q, @), (3.6)
U — T a.e. in (3.7)

where the symbol “—" denotes weak convergence (see Theorem 1.31 in [11]).
Step 2. We have that @€ W12(Q,w). In fact, for F}, = Fjy, fixed (see Lemma
3.2), we have by (3.5) and (3.6), for all p € WH2(Q, @), we obtain

/ U 01 dT —> / upw dr,
Q Q
/ DiumDinp w1 dr — / D;u Digo w1 dx.
Q Q
If v € L*(Q,w), then ¢ xp, € L*(Q, 1) (since w~@; in Fy). Consequently,
/ UmPXF, W1 de— | G XF, ©1de,
Q

Q

/Dium<pXFko~J1dx—>/Diﬂgoxpkdzldx,
Q Q



Existence and approximation of solutions 115

O,
for all p € L?(Q,w), that is, the sequence { XF, } is weakly convergent to a
Oz;
function in L?(£2,w), again since w~@; on Fy. Therefore, we have

I L e e A
k

m—r oo

and for m >k we have w = wy, in Fj. Hence, by (3.4), we obtain

m—r o0

|1Vl |22, o) < limsup /F Vit wda
k

= limsup/ [Vt | win daz
Fy,

m—r o0

< limsup/|Vum\2wmdx§C§.
Q

m— o0

By the Monotone Convergence Theorem we obtain || V4| 12(q ) < Cs. Analo-
gously, [|@[|2(q,,) < Cs. Therefore, we have @ € Wh2(Q,w).

Step 3. We need to show that @ is a solution of problem (P), i.e, for every
e W2(Q,w) we have

Z/a”DuDJgpdx—i—Z/ Z@Dudm—&—/gugﬁdaz—l—@/u(pwdac

1,7=1

z/ﬂfgodx.

Using the fact that u,, is a solution of (P,,), we have

Z/ a;i"™ Dty D sadl‘+2/ mzwDumdz+/gmum<ﬁdI

7,7=1

+9/um¢wmdz:/fm<pdx,
Q Q

for every o € W12(Q,w,,). Moreover, by Lemma 3.2 and (3.3), over Fj, = Fy
(for m > k) we have the following properties:
( ) W = Wm;
(i) fom = f, gm = g and by,; = b;;
(ili) a7} (x) = ai; (x).
For e WH(Q,w) and k > O(fixed), we define G1, G2 : WH2(Q,51)— R by

n
Gl(u) = Z /Q A5 D,‘u ngOXFk dl‘,

ij=1
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Gz(u)=Z/QsobiDiukadx+/99u<pmdx+9/ﬂuww>mdx-
=1

(a) We have that G is linear and continuous functional. In fact, we have (by
Lemma 3.2(iv)) w~@; in F. And by (1.2) we obtain

G (v)| < [(AVu, V)| dz
Fy
< /F((AVu, Vu))2 ((AVe, V) /2 da
1/2 1/2
< ( / <Avu,vu>d:c> ( / <AV¢,Vs0>d$>
Fy. Fy
1/2 1/2
< A(/ |Vu|2wdw) (/ |W|2wdm>
F' Fr
1/2 1/2
< A</ clVUI2cD1dx) (/ IWIdeI)
Fy, Q
< ACl/2||S0||W1,2(Q,w) HUHWI»Z(Q,QH)'

(b) We have that Gy is linear and continuous functional. In fact,

|Ga(u)]

<> [ el Dl de+ [ gllulleldo+ 6 [ ullolwds
i=1"7 ¥k F, B,

"l b, 1/2 1/2
SZ = ( |Diu|2wdx) < |502wd:£>

i=1 Le2(Fy) N Fi Fie

w
1/2 1/2
’g (/ |u|2wda:> ( |<p|2wdx>
WllLoe (Fy) \J Fy Fy,
1/2 1/2
+9< |u|2wdx) (/ |<p|2wdx>
FY Fy,
b, 1/2 1/2
§(max - ><c |Diu2u71dx) </|<p|2wdx)
Wl Leo () Fy, Q
1/2 1/2
(c/ ul® @y dx) </ <p|2wdz>
L= () Fy, Q
1/2 1/2
+9<c |u|2a51dx> (/ |g02wdx>
Fy Q
(e
<| max ||—

w

N
w

4
w

+ 9) ct/? lullwr2@.anllllwr 2w
Loo(Q) Loo(Q)



Existence and approximation of solutions 117

Using (a), (b), properties (i),(ii) and (iii), and that w,, is solution of (P,,), we
obtain

Z/ aijDiaDj¢dx+Z/ gobiDiﬂder/ gﬂgpdm+9/ i pwdx
Fk i=1 Fk Fk Fk

ij=1

= lim (Gq(um)+ G2(um))

m—0o0
= lim (Z / a;i™ Dy, Djspdx+2/ @ b Ditty, dx
TN B i=1 7 Fk

+/ Jm Um @ dx + 0 umgowmda?>
Fy,

Fy,
= lim (Z/aZ?’"Diuijgod:r—kZ/cpbiDZ-umdx—f—/gmum@dm

4,j=1

—|—0/ Uy P Wi AT
Q

Z / ai;"™ Dium Dje dx — Z / @ b; Diuy, dx
QﬁFg i1 Q

i,j=1 nEg

—/ Jm Um @ dx — 0 umgawmda:>
QnFe QNFg

= lim ( fmpdr —
Q

m—r o0

n
Z / a;i"™ Diup, Djp dx
¢

i,j=172NF
n
- Z/ ©b; Diuy, dx — / I Um dx — 6 U P Wi dz. (3.8)
= Janrg QnFe QnFe
e
(I) By Lemma 3.2(v) we have f,, = 7772 — f a.e. in . Since wy,, = w in Fy

(m > k) we also have

/ffnwdx = /fzwmdx: fzwmd:c—i—/ 2w, dx
Q Q Fy QN Fg

= fzwdx—i—/ 2w, dx
Fy QnFe

< /f%udx—}—/ 2w, dx
Q QN Fe

¥ 2
= /<> w3dx+/ 12wy, dex.
Q \W QN Fg

By Lemma 3.2 (iv), we know that |QNF¢| —0 when k& — oco. Then, for suffi-
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ciently large k we have / 2wy, dr<1. Therefore, for sufficiently large m
QnFg
and (H2"), we obtain

2
/fflwdmg/ <f> Wwidr+1 < oo.
Q O \W

Hence the sequence {f,,} is bounded in L?(Q2,w). Then there is a subsequence,
still denoted by {f}, and a function f such that

Jm AJF ian(Qaw)a

fm — f a.e. in Q.

Since f— f ae. in Q, then f = f a.e. in Q. Therefore, for all ¢ € Wh2(Q,w),

we have
/fmcpdx—> / fedx.
Q Q

(IT) Since the matrix A™(x) = (a{}™)(z) is symmetric, we have

(A Vg, V)| < (A" Vit V) /2 (A" 0, Vip) 2.

Then, by Lemma 3.2 (vi) and (3.4), we obtain

n

mm
/ ag; DiumDjpdx
QNFE

i,j=1

< / [{A™V Uy, V)| da
QnFe

1/2 1/2
SA(/ |V s | daz) </ Vo 2wm dx)
QnFe QnFe

, 1/2
<A||um||W1,2(Q,wm)( [ el wmdx)
m C

k

1/2
<ACsy (/ |w|2wmdz> . (3.9)
QNFg
(III) By (H3), (3.3) and (3.4) we have

‘ / ® bmi Dy, dx
QnFy

S/ ‘4,0| |bmz| |Dium| dz
QnFe
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1/2 1/2
( |Dium|2wm d$> (/ |(p|2wm dm)
L (@) \JonFg QnFg
, 1/2
||um||W1v2(Q,wm) (/ |(P| Wm d.’B)
L=(2) onFg

b, 1/2
= (/ |l wm dm) : (3.10)
WilLee () \JanFg

1/2
(/ o Pwm dx) , (3.11)
L) \Jonrg

1/2
’/ Uy P Wy, AT SCg(/ |<p|2wm da:) . (3.12)
QnFe QnFe

Note now that w,, <@y and @z € A (by Lemma 3.2). Hence, by Remark
2.2(b), there exist 6 > 0 and C' > 0 such that, if K is a cube containing Q then

bi

<
w

<Cs

and analogously

‘ / gm Um P dx < 03
QNFg

and

um (QNFE) = / W (z) dx
QnFe
QnFe
(o) (1Y
< K
< Chia( 0><|K0| )

which is independent of m and tends to zero as k— oo by Lemma 3.2(iv). Then

1/2 1/2
lim </ o Pwm dm) hm </ Vol win dx) =0,
k=oo \ Janrg k—=oo \ Janrg

and we obtain in (3.9), (3.10), (3.11) and (3.12)

lim a;;"(z)Diu(x) Djp(x) dr = 0, (3.13)
k=00 JanFe
lim @ bmi Dyt dx = 0, (3.14)
k=00 JanFe
lim Jm Um @ dx =0, (3.15)

k=00 JanFe

lim U, P Wi dx = 0. (3.16)
k=oo JanFe
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Therefore, by (3.8), (3.13), (3.14) and (3.16), we conclude, when & — oo (and
m>k),

Z/aijD,;ﬂngpderZ/bupDiﬂdz+/gﬂgpdx+9/ﬂgpwd:z:
Q —Ja Q Q

ij=1

:/waix,

for all o € WH2(Q,w), that is, @ is a solution of problem (P). Therefore, u =
(by the uniqueness). O

Example 3.4. Consider the domain Q = {(x,y)€R? : 2% + y? < 1}, the weight

function w(z,y) = (2 + y?)~'/? and the coefficient matrix

2(z? +y?)"1/? 0
A(:z:,y) = < 0 4($2 _,’_y2)—1/2

We have for all £¢ER? and almost every (z,y)€S,

4
1/2 |£‘2

2
1/2\€|2§<A(56,y)§7€>§m

(% +4?)

If (z,y)€0Q = {(z,y)eR? : 22 + y? = 1}, then 7j(x,y) = (x,y) is the unit
outward normal to 0€2. By Theorem 2.7 the Neumann problem

Lu(z, ) = (2 +2)Yocos(ay) on 9,
(A(z,y)Vu,7) =0, on 09,

where

Iy — _[2( 2 w00 4 ou
Y Az \ (22 + y2)1/2 Oz Ay \ (22 + y2)1/2 9y
cos(zy) Ou sin(zy) Ou
(22 +2)1/3 0z ' (22 + y2)L/4 9y
u,y)sin(zy) |, u(@,y)
(22 + y2)1/3 (22 + y2)1/2

has a unique solution u € W2?(Q,w) (if  >13/4), and by Theorem 3.3 the solu-
tion u can be approximated by a sequence of solutions of non-degenerate elliptic

equations.
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