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Navier conditions on the boundary. Here we do not apply the well
known Ambrosetti-Rabinowitz condition at infinity. Instead of we
assume that the nonlinear term is a nonlinear function satisfying
the well known nonquadraticity condition at infinity. Using a Local
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1 Introduction

In this work we consider the fourth-order elliptic problem

{aAzu + BAu = f(x,u) in Q,

(1.1)
u = AU _= 0 on 89,

where A2 = Ao A is the biharmonic operator, N > 4,Q c R" is a smooth
bounded domain, o > 0,3 € R. The problem (1.1) is named fourth-order
elliptic problem under Navier boundary conditions. Throughout this work,
A1 denotes the first eigenvalue for the linear eigenvalue problem associated
to Laplacian operator. The nonlinear term f is a continuous function which
is superlinear at infinity and at the origin. Later on, we shall consider the
assumptions on the nonlinear term f.

Semilinear elliptic problems involving operators of fourth-order have
been considered, see [20, 21, 15, 5]. In these works were modeled nonlinear
oscillations for suspensions bridges. It is worthwhile to mention that
problem (1.1) models static deflection of an elastic plate in a fluid. The
same problems can be used to describe the static form change of beam or
the motion of rigid body. Notice that this class of fourth-order elliptic
problems have been extensively studied during the last years, see for
instance [3, 6, 9, 12, 22, 28| and references therein. In these papers
existence and multiplicity of solutions have been considered using some
assumptions on the nonlinear term f. Most of them considered the case
f(z,t) = b[(t + 1)t — 1] or f satisfying the well known Ambrosetti-
Rabinowitz condition. From a mathematical point of view there exist
some nonlinear functions such that the Ambrosetti-Rabinowitz does not
work anymore. For example we cite f(t) = tin(1 + |t|),t € R.

The main feature in this work is to comsider fourth-order elliptic
problems without the Ambrosetti-Rabinowitz condition introduced in [1].
The main difficulty arises from the fact that Palais-Smale sequences are
not necessary bounded under our assumptions. In order to overcome this
difficulty we apply the nonquadraticity condition introduced by Costa-

Magalhaes [7]| proving that any Cerami sequences are necessary bounded,
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see Section 2 ahead. It is important to emphasize that compactness results
such as Cerami condition is a powerful tool in order to use variational
methods. At the same time, we consider problem (1.1) assuming that the
first eigenvalue for the linear eigenvalue problem is negative or positive.
Under these conditions the left side in equation (1.1) can be positive or
negative which does not provide a norm in the Sobolev space. Using a local
linking theorem and taking into account the linear eigenvalue problem for
(1.1) we prove an existence result without any restrictions on the sign for
the first eigenvalue. Later on, we shall give the conditions for the function
f and some technical conditions on the linear eigenvalue problem for the
problem (1.1) which allow us to consider the nonlinear term f interacting

at high eigenvalues.

1.1 Assumptions and main theorems

As was mentioned before we shall consider our main problem (1.1)
under some extra assumptions on «, 8 and f. Throughout this work, (A;)
denotes a sequence of eigenvalues for the linear problem associated to the

Laplacian operator. Consider the eigenvalue problem

al’u+ BAu = pu in Q,
{ pou=p (1.2)

u=Au=0 on Of).

It is easy to verify that u € R is an eigenvalue for the problem (1.2) if
only if pu; = Aj (aX; — ) ,7 € N. Furthermore, the eigenfunction for the
eigenvalue problem (1.2) denoted by () which are the eigenfunctions for
the linear eigenvalue problem associated to Laplacian operator. Here we
observe that there exist at most a finite number of negative eigenvalues
for the linear problem (1.2).

It is important to mention that fourth-order elliptic problems are
modeled in the functional space H = H{(Q2) N H?(2). Throughout this

work we consider the following norm

ul| = 1// Aul?dz,u € H (1.3)
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and the inner product given by
(u,v) = /QAuAvdx,u,v € H.
Notice that the operator B : H x H — R given by
B(u,v) = /Q (aAulAv — fVuVo) dz,u,v € H, (1.4)

is bilinear. Moreover, the map u — B(u,u) is negative definite in
some subspace H' and positive definite in another subspace H2. It is
important to emphasize that H = H' @ H? where H!' = (1, ..., %) and
H? = (Yri1,...) for some k € N. Using the usual norm given in (1.3) we
know that H' and H? are orthogonal.

The weak solutions for problem (1.1) are precisely the critical points

for the functional of C! class I : H — R given by
1
I(u) = §B(U7U) - / F(z,u)dz, (1.5)
Q

where the primitive for f is denoted by F(z,t) fo x,8)ds, z € Q, t €
RR. More specifically, given v € H, we mention that

I'(u)v = B(u,v) —/ f(z,u)vde, u,v e H
Q

where I'(u)v is standard for the duality product between H and H'.
Furthermore, u € H is a critical point for I if and only if u is a weak
solution to the elliptic problem (1.1).

In this work we shall consider that f € C(Q x R,R). Moreover, we

assume the following hypotheses:

(fo) There exist a; > 0 and p € (2,2,) such that
@8] <ar(+[HPY), forany (z,6) € QxR

2N
where 2, = ~N_1 for each N > 5 and 2, = oo for N = 4.
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(f1) It holds
)

[t| =00 t

= —|—OO
uniformly in 2.
(f2) There exist k € N and fo € (ug, pr+1) such that

fa
[t|—0 ¢

= fo uniformly in .

Here we emphasize that p and pgy1 are two consecutive eigenvalues for
the problem (1.2). Under these conditions problem (1.1) is superlinear at
infinity and asymptotically linear at the origin.

It is worthwhile to mention that hypothesis (f2) implies that f(z,0) =
0, Vo € Q. As a consequence u = 0 is a trivial solution to the elliptic
problem (1.1). Hence, taking into account hypotheses (fp) — (f2), the
main objective in the present work is to verify the existence of nontrivial
solutions for (1.1). It is also important to mention that 2, = 2N/(N — 4)
is the critical Sobolev exponent for fourth-order elliptic equations for any
N > 4. More precisely, we have that H is continuously embedded into
L*(2) for any s € [1,2,] where N > 5. For the case N = 4 we have that
H is not included in L°°(2). For this case we consider p € [1,2,) in the
following form 1 < p < oo proving also that H is continuously embedded
in L*(Q) for every p € [1,2,). Notice also that the embedding H C L*(Q)
is compact for any s € [1,2,) whenever N > 4.

In (22, 24] the authors considered the fourth-order elliptic problem
where the nonlinear term is a function that satisfies the well known
Ambrosetti-Rabinowitz condition, in short (AR) condition, says that:
There are 6 > 2 and R > 0 in way such that

0 < OF(x,t) <tf(x,t),|t| > R,z € Q.
It is not hard to verify that (AR) condition implies that

F(z,t) > Ci|t]? — Co,t e R,z € Q (1.6)
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holds true for some C7, Cy > 0. However, there exists superlinear functions
f where (1.6) is not verified as was quoted in the introduction.

The main novel in this work is to find existence of solutions for
fourth-order elliptic problems given by problem (1.1) where the nonlinear
term is nonquadratic at infinity. As were mentioned before we do not
require that f satisfies the (AR) condition. For further results on elliptic
problem without the (AR) we infer the reader to [8, 13, 14, 16, 23, 26, 27|
and references therein. More precisely, we consider the nonquadraticity

condition introduced in |7] as follows:
(NQ) setting H(z,t) := f(x,t)t — 2F(x,t), we have that

lim H(x,t) = +oo0, uniformly for z € .

[t|—o0
At this stage, we define Iy := (g, ppr1) and Iy := [pg, prr1] for some
k > 1 where the eigenvalues py, px11 are obtained from hypothesis (f2).
Now we are stay in position in order to consider the Local Linking
Theorem, under the Cerami condition, writing our main result in the

following form:

Theorem 1.1. Suppose that f satisfies (fo), (f1), (f2) and (NQ). Assume

also that one of the following conditions
i) the first eigenvalue py is positive;
1) the first eigenvalue py is negative and 0 € Iy;
iii) the first eigenvalue py is negative and 0 & Iy
Then problem (1.1) admits at least one nontrivial solution.

Remark 1.2. Here we assume that N =1,2,3 and p € (1,00) where the
function f is subcritical according to hypothesis (fy). Using assumptions
(fo) — (f2) the energy functional I admits also the local linking geometry
introduced in [17]. Furthermore, using hypothesis (NQ), we also mention
that I verifies the Cerami condition. Hence our main results remains true

in this setting.
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Remark 1.3. Let £ € N be fixed. Consider also the following elliptic

problem

k—1
aAy + Z BjAqu + BAu = f(x,u) in €,
u=Au=...=Afu=0 on 0f),

where > 0 and 3, 3; € Rwith j = 1,...,k—1. Here Q C R¥ is a smooth
bounded domain with N > 1. The nonlinearity is a subcritical continuous
functions which is asymptotically linear at the origin and superlinear at
infinity. The problem (1.7) is named polyharmonic elliptic problem under
Navier conditions at the boundary, see |9, 10]. The functional space for

this case is defined by
Hy = {uGHk(Q) :u:Au:...:A(k_l)u:OonaQ}.

The energy functional I : Hyp — R is given by
1 k—1
I(u) = / al AFu? + 3 B[ AT uf? - BIVul | da - / F(z,u)dx
2 Jo st
where u € Hy and F(x,t) fo x,s)ds,x € Q,t € R. After some minor
modifications we emphasize that our main results remains true for the

elliptic problem (1.7).

Remark 1.4. Notice that our main results holds true also for Dirichlet
conditions at the boundary. More specifically, we consider the elliptic
problem
aA?u + BAu = f(z,u) in €,
ou

u:O,a—nzo on 012,

0

where a—u denotes the normal derivative on the boundary. Here we also
n

have o > 0,5 € R and Q ¢ RN, N > 1 is a bounded smooth domain. For

this problem the energy functional I : HZ(Q) — R is given by

I(u) = ;/Q (o] Auf? — BIVul?) d /QF(as,u)dJ:, we H2(Q),
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Here the first eigenvalue gy > 0 can be characterized by

p1 = inf {/ (a|Au? = B|Vul?) da, |ul2 = 1,u € Hg(Q)} .
Q

For more details on this subject we refer the reader to [9, 10]. Furthermore,
we can also consider different boundary conditions such as Steklov
conditions at the boundary. As a consequence, we can prove existence
of solutions for fourth-order elliptic problems under several boundary
conditions. The main novel here concerns on the fact that the first
eigenvalue can be negative or positive. At the same time, we can also
consider the problem (1.7) under Dirichlet boundary conditions or Steklov
conditions proving existence of solutions via the Local Linking Theorem
where the first eigenvalue for the linear eigenvalue problem is negative or

positive.

It is important to worthwhile that fourth-order elliptic problem have
been widely studied in the last years. In [3] were considered concave-
convex nonlinearities with a critical term where the authors were obtained
existence and multiplicity of solutions. In [6] the authors studied fourth-
order elliptic problems in RN where the nonlinear term is critical. In
[9] were studied a fourth-order ordinary differential equation which blows
up in finite time with wide oscillations. In [18] were explored existence
of solutions for a fourth-order biharmonic problem involving the p(x)-
biharmonic with singular weights. In [22] were studied problem (1.1) where
the nonlinear term f is a powerlike function or f satisfies the well known
Ambrosetti-Rabinowitz condition. The problem (1.1) were also considered
in [24] assuming that « = 1,8 < A; and f superlinear or asymptotically
linear at infinity and at the origin. Furthermore, the authors in [24]
considered the following hypothesis:

i inf tf(z,t) —2F (x,t)

|t} =00 [t|

>a>0,teR,xze (1.8)

uniformly in z € Q for some ¢ > I (p — 1) where a > 0 is a suitable

constant. Here we mention also that hypothesis in the spirt of (1.8) was
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introduced by Costa-Magalhaes in [7]. Under these conditions in [24]| were
proved several results concerns on existence and multiplicity of solutions
for the biharmonic problem. It is worthwhile to mention that hypothesis

(1.8) is usually changed by the following assumption:

t— f|(tT) is an increasing function for each ¢ # 0. (1.9)
It is important to mention that hypothesis (1.9) is crucial in order to ensure
that any Palais-Smale sequence is bounded, see for instance [23]. This
assumption is related also to find existence of ground state solutions where
is usually used the Nehari method. For further results on this subject we
refer the reader to [14, 29]. However, there are several superlinear functions
f in such way that (1.9) does not hold.

In the present work the main feature is to consider the extremal case
putting o = 0 in assertion (1.8). Hence, applying hypothesis (N @) which is
weaker than (1.8), we get our main result without any kind of monotonicity
or homogeneity in the nonlinear term f. Furthermore, we consider the case
where the monotonicity condition given in (1.9) is not verified. Hence our
results extend and complement the early results aforementioned. As an

example for our setting we consider the following functions
a) f1(t) = ut +tin(l+ |t|) +sint, t € R where p € (ug — 1, piey1 — 1),

b) fo(t) = ut + tin(1 + |t|) + atsint, t € R where we take a € (0,1/2)
and IS (Mkap’k-‘rl)vk € N.

The eigenvalues pg, pr+1 in the last examples can be positive or negative.
Here we mention that fi, fo does not satisfy neither (AR) condition nor
assumption (1.9). In fact, the functions just above does not verify estimate
give in (1.6). Moreover, taking into account the periodic term for each
function given just above, we observe that

d [ﬁ(t)] d [fz(t)]

™My

are sign changing functions. Furthermore, the functions fi, fo satisfy our
hypotheses (fo) — (f2) and (NQ).
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The paper is organized as follows: In Section 2 we give the variational
framework to the elliptic problem (1.1) proving the compactness condition
required in variational methods. More specifically, we shall prove that the
functional I satisfies the Cerami condition. In Section 3 we shall prove
that I admits the local linking at the origin under several conditions on
the first eigenvalue p; for the linear problem (1.2). Section 4 is devoted to
the proof of our main result. In the Appendix we prove that any critical
point u for the functional I in the space H = H(Q) N H%(Q) satisfies
u = Awu =0 on 0.

Throughout this work C,C4y,Cs,... denote positive constants. The
norm in LP(12) is denoted by ||||, for each p € [1,00). The norm in # is
denoted by ||||. The eigenfunctions for the linear problem (1.2) are denoted
by ¢, which are precisely the eigenfunctions for the linear eigenvalue
problem for the Laplacian operator. These functions are normalized
in the A norm, ie, we put |¢i| = 1 for any & € N. The interval
I = (pg, ptkr1) C R comes from the hypothesis (f2). The set I denotes
the closure set for Iy, i.e, T, = [pg, ptrs1]-

2 The Cerami Condition

In this section we give the variational framework to the elliptic problem
(1.1) proving the compactness condition which is essential in variational
methods. Namely, we shall prove that the Cerami condition holds which
is a powerful tool. Let X be a Banach space and I : X — R a functional
of C! class. Recall that a sequence (u,) € X is said to be a Cerami
sequence at the level ¢ € R, in short (Ce). sequence, whenever I(u,) — ¢
and (1 + [Jun|))||[I'(un)|| y» — 0 as n — co. The functional I satisfies the
Cerami condition at the level ¢ € R, in short (Ce). condition, whenever
any Cerami sequence at the level ¢ possesses a convergent subsequence.
Furthermore, when I satisfies the Cerami condition at any level ¢ € R we
say, in short, that I satisfies the Cerami condition. The Cerami condition

was introduced in [4] and used in a more general setting in [2]. On this
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subject we refer the interested reader to [19].

In the next result we shall prove that the energy functional I given in
(1.5) satisfies the (Ce) condition. This can be done using the fact that f
is nonquadratic at infinity thanks to hypothesis (N Q).

Proposition 2.1. Suppose that f satisfies (fo),(f2) and (NQ). Then the

functional I satisfies the Cerami condition at any level c € R.

Proof. Let (u,) C H be a sequence in such way that
I(up) — ¢, |1 (un)|l3 (1 + ||un]]) — 0 as n — oo,

where ¢ € R. Since f has subcritical growth we need to prove only that
(uy) is a bounded sequence.

The proof follows arguing by contradiction. Suppose that, up to a
subsequence, ||u,| — +00 as n — +00. Setting vy, := uy,/||u,|| we obtain
l|lon|] = 1 and there exits v € H in such way that v, — v in H. In this

case, along a subsequence, we obtain
vp — v weakly in H,
vp, — v strongly in L9(Q2),

(2.1)
vp(z) = v(z), a. e. in Q,

|vn(2)| < h(z), h € LY(R),

holds true for any 1 < ¢ < 2,.
At this stage we claim that v # 0. The proof for this claim follows

arguing by contradiction assuming that v = 0. It follows from (fj) that
|F(z,u)| < Clul® + ClulP, ¥ (z,u) € QxR (2.2)

holds for some C' > 0. Fix m > 0 any arbitrary constant. Taking into

account (2.2) we see that

/|F($,\/4mvn)\d:c§0/]vn|pdx—|—0/|vn|2dx
Q Q Q
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holds for some C' = C(£, f,m,p) > 0. Using the strong convergence in
(2.1) we know that

/QF(af, Vamu,) = 0

as n — oo for any fixed m > 0.
Using the generality of constant m, for any n € N large enough, we
assume that v4m < |ju,||. Let ¢, € [0,1] be in such way that

I(tou,) = I(tuy,). 2.3
(tnun) tg%(u) (2.3)

Using the definition of ¢,, in (2.3) and choosing t = v4m/||u,|| we infer
that

||

I(tyuy) > I(M >—2m /F NAmuvy) de >m (2.4)

holds true for any n € N large enough. It is important to emphasize that
if t, = 0 holds for any n € N we obtain 0 = I(t,u,) > m > 0 which is a
contradiction. Furthermore, assuming that ¢, = 1 holds for any n € N we
also obtain m < I(t,u,) = I(u,) — ¢ which does not make sense for any
m > c. Hence, up to a subsequence, we suppose that ¢, € (0,1).

Now we shall divide the proof in two steps. In the first one, up to a

subsequence, we suppose that ¢, < (2/||u,||). Notice that

H(x,t) =tf(x,t) — 2F(x,t),(z,t) € A xR (2.5)

and F(x,t) fo x,s)ds, (x,t) € Q@ x R. In this case we use hypothesis
(fo) and Sobolev embedding to obtain ¢1, ca > 0 verifying the following

estimates

/ H(z,thuy)dx
Q

IN

/ |H (2, thun)| dov < Cl(thunH)2 + ca(tnl|unll)?
Q
< dep 4 2P < 0. (2.6)

Using the fact that ¢, € (0,1) it follows from the identity I’ (tnun ) (tnun) =
0 that

0= tiHunH2 - /Qf(:z,tnun)(tnun) dx = 21 (tyuy,) — /QH(:E,tnun) dzx.
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As a consequence, by using (2.6), we obtain
1
I(tyuy) = 2/ H(z,thu,)dx <cs
Q

where ¢3 > 0. This give us an absurd with (2.4) due the fact that m > 0
in that expression is arbitrary.

It remains to focus in the second step assuming that ¢, > (2/|lunl|)-
Consider s, := TarTl ” < tp. Using the energy functional I we obtain the

following identity

I(totn)  I(spun) 1 /(F(x,tnun) F(w,snun)>

Bllunl?  s3llunl®  [unll®

2 2
tn Sn

At this moment, we mention also that
I(t,u I(spu tn T, TU
2(n ng - 2(n n2 - // ( 2 g)>drdx.
tllunll® 53 llunll o A7\ T2t

Now we shall consider the function ¢ : R — R given by ¢(t) =
e V%t £ 0 and ¢(0) = 0. It is not hard to see that ¢ € C(R,R)
and 0 < ¢(t) < 1 for any t € R. Furthermore, we observe that ¢/)(0) = 0
for any j € N. Using the nonquadraticity condition (NQ) we observe that

H(z,t) > Ro(t), V|t| > M, z€Q (2.7)

is satisfied for any R > 0 where M = M (R) > 0. On the other hand, by
using hypothesis (fp), we mention that

\H(z,t)| <CJt|, Yo < |t| <M, 2 € (2.8)

holds for each § > 0 and some positive constant C' > 0. Here was used the

fact that
H(z,t)

im

t—=0 |t
Using the last assertion together with (2.7) and (2.8) we deduce that there
exists C' > 0 such that

=0

H(z,t) > Ro(t) — Olt],¥ (z,1) € Q x R. (2.9)
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It is not hard to see that

I(tpun)  I(spun) 1 /<F(x,tnun) F(x,snun)> de

tallunl* 53 llunl[? [[un[?

2 2
tn Sh

In view of the Fundamental Theorem of Calculus we infer that

I(t I tn
2( nung - 2(Snung = // ( 236 Tu2)>d7dx
tallunll®  s3llun o AT [[en |
tn H
= / Bz, mun) 4. g,
s Tollunl]

Hence, by using the last assertion and (2.9), we obtain the following

estimate

I(tpuy) I(spup)
— < I + I, 2.10
22~ 2lun] (2.10)

where I1 and Iy are defined by

R tn d(Tuy)
I = —
U T P /Q [ . dT} e

n

ln
I = Cz/ [/ ﬂgn’dT} dx.
lunll? Jo Ls, 7

Now, looking for the integral I, we observe that

[lunl|

Now, by using the fact that s, = 1/||lu,||, taking into account that v, — 0

and

in H the integral I» is estimated as follows
IQSC'/ |vn| dz — 0 as n — oo.
Q

It remains to estimate the integral I;. Notice that ¢t — ¢(t) is an increasing
function. According to Mean Value Theorem for integrals |25, Theorem

7.2] there exists ¢, € (sp,t,) in such way that

tn P(Tun)

tn 1
3 dr = ¢(cpun)

— dr = —¢(cpun) (1/2t2 —1/2s2).

Sn n
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As a consequence, we obtain

R 1 1
H <— | = — — nUn ) AT
1‘%%P<% ﬁ>4“0“>x

The last identity implies that

3R
L < —S/qu(cnun)d:c. (2.11)

Now we define the following set

Qi = {:1: € Q'+ |(entn)(z)] > 1}.

m

The strategy here is to find a subsequence (uy, ) € H in such way that
|, m| > 00 >0, VEeN (2.12)

holds true for some dg > 0 and for some m € N fixed. Hence, by using
(2.11), we deduce that

3R
_[1 < —? €_m2 dx < —?506_7%2 < 0.

an,m

According to (2.10) and the last estimate we deduce that

I(tyuy) < I(spup) on(1) — ﬁéoefmz.

tallunl® = spllunl® ~ "

Since v, — 0 in H the last inequality implies that

3R. _,,
Jonll? + on (1) = Sd0e "

I(tpuy) Sl
tallunl® — 2

As a consequence, for each R > 4™ /(38;), we obtain that

I(tnun) < 1 3R 2

lim sup doe” ™ < 0.

oo 3llunl? T2 8

This is a contradiction with (2.4) due the fact that m > 0 is arbitrary.
Now we proceed for the proof of inequality (2.12). Suppose by

contradiction that for any subsequence (uy,) € H and for each 6 > 0 and
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for each m > 0 we have |Q,, | < d. Recall also that Qp, m C Qp, mt1
holds for each m € N. Under these conditions we know that |, | = 0
for any k,m € N. Consider the measurable set Q = (- Q. m. It is
easy to verify that

< Q| = (2.13)

m=1

Q| =

[
U Qe
m=1

Note also that Q = Qx U (2 \ Q) . It is important to emphasize that

1
I(tnun,) = 5 /Q H(@, by wn, ) dz + op(1)

Using the previous identity and (2.13) we see that

1
I(tp,un,) = 2< ; H(z,ty, up,)dz + oo H(m,tnkunk)daz> + ok (1)
k k
1
= - H(z,ty, un, ) dx + o (1) (2.14)
2 Jova,

Analyzing the elements in the set \ € and using the Morgan’s Law
we get @\ Q = {z e Q|(cnun,)(z)|=0},k € N. Recall also that
0 < sp, = 1/|Jup,|| < ¢en, < tn,. In particular, we obtain that
Q\ Q = {x € O |uy, ()] =0}, k € N. From now on, using the estimate

given in (2.14) and the last assertion just above, we mention that

1
I(tmunk) =5

H(z,tp, up, ) dx + or(1) = ox(1),
2 Ja\a,

which implies that limg_ 4 I(tn, un,) = 0. This is a contradiction with
(2.4) for each m > 0. Therefore the assertion given in (2.12) is now
verified. Hence, we deduce that v # 0, i.e, the set Q= {r € Q:
v(x) # 0} has positive Lebesgue measure. Furthermore, we know that
Un (%) = vn(x)||lun|| for each z € Q and v,(z) — v(z) # 0 ae in Q.
Since ||un|| — oo it follows that |up(z)] — oo a.e in €. Notice also that
hypothesis (NQ) implies that H(z,t) > —C holds for any (z,t) € Q x R
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where C > 0. Under these conditions it follows from Fatou’s Lemma that

¢ = liminf {I(un) — ;I’(un)un} = hmlnf/ H(x,uy)d

n—oo n—00

1
> /limian(x,un)dx:oo.
2 Ja

n—oo

This is a contradiction proving that (u,) € H is now a bounded sequence
in H. This finishes the proof. O

3 Linking Geometry

In this section we consider some geometric properties for the functional
I which are related to the Local Linking Theorem. This is the key point
in order to prove that that problem (1.1) has at least one nontrivial weak
solution. It is important to recall some inequalities for the linear problem
(1.2). Recall also that

= inf {/ |Vu]2d1:/ 2d1::1}.
weHL(Q

Hence, for the first eigenvalue we deduce the following inequalities:

/]Vu|2da:2)\1/u2dx,/ |Au\2da;zA1/ \Vul|?dz,u € H  (3.1)
Q Q Q Q

and

/ |Au|dz > )\%/ uldx,u € H. (3.2)
Q Q

These inequalities follows from the variational formulation for the first
eigenvalue problem for the Laplacian operator. For an easy reference, we
prove the estimates (3.1) and (3.2) in the Proposition 5.1, see Appendix
ahead.

Now we define H' = {1, ..., k) and H% = (g1, ...) for each k > 2.

Under these conditions we obtain the following inequalities:

/\Vu|2d932)\k+1/u2dx,/ \Au|2da§2)\k+1/ |Vul*dz, u € H?
Q Q Q Q
(3.3)
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and
/Q |Aul?dz > AL,y /QUQdm,u € H>. (3.4)

Furthermore, we also mention the following inequalities

/|Vu|2d:1: < )\k/ u2d;v,/ |Au|?dz < )\k:/ \Vu|?dz,u € H'  (3.5)
Q Q Q Q

and
/ |Auf?dz < A%/ wldr,u € H. (3.6)
Q Q

Notice that inequalities (3.1) - (3.6) can be checked using the variational
formulation for (A\;) where (A;) denotes the sequence of eigenvalues for
the Laplacian operator. Namely, the proof of these inequalities follows the
same ideas discussed in the proof of Proposition 5.1, see Appendix ahead.

Now we show consider an abstract result. Let X be a Banach space

written as X = X' @ X2. Here we define the sequences
XpcXxic...cX, X2cxic...cx?

satisfying

X=X, j=12
neN

A functional J € C'(X,R) has a local linking at the origin with respect
(X1, X?) when for some r > 0 there holds

J(u) >0, ue X2 ||jul|<r,
J(u) <0, ue X ||ul| <r.

Here we assume that dim X' is finite and dim X' is finite for each i = 1,2

and n € N. Hence we can state the following result:

Theorem 3.1 (Local Linking Theorem [17]). Suppose that J : X — R is

a functional of C' class satisfying the following assumptions
(L1) J has a local linking at 0 with X' # {0};

(L2) J satisfies (Ce) condition;
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(L3) J maps bounded sets into bounded sets;
(Ly) for everym € N, J(u) = —oo, ||u|] = 00, u € X' @ X2,
Then J has at least two critical points.

At this stage we consider X = H and J = I. Hence the main aim here
is to ensure that I satisfies the assumptions (L1) — (L4). The main feature
in this work concerns on the fact that the first eigenvalue of the problem
(1.2) denoted by pq can be negative or positive. Under these conditions
the functional I satisfies also the local linking geometry which is essential
in our arguments. For the reader convenience we shall divide the proof for
local linking geometry in the following cases p1 > 0 or p; < 0. Initially,

we shall consider the following result:

Proposition 3.2. Suppose that f satisfies (fo), (f1), (f2). Moreover, we
assume that puy > 0. Then the functional I has a local linking at the origin.

Proof. Using the fact that pu; > 0 we observe that 5 < aA;. Here we
divide the proof into two distinct cases. Namely, we consider the following
cases 8 >0 and g8 < 0.

At this stage, we assume that 8 > 0. Define H!' = (1, ¢2, ..., %) and
H? = (H')L where (p;) are the eigenfunctions for the eigenvalue problem
associated to the Laplacian operator. Let v € H! be a fixed function. In

view of (3.5) we obtain

I(u) = %B(u, w) —/QF(:v,u) dx < % <a— i) lul|? — /QF(ar,u) dx.

Using hypotheses (fo) — (f2) and the fact that f € C(Q x R,R) we get

| F(z,t) |< (E+2f()) 12 +C |t V¥ (x,t) e QxR, (3.7

holds true for any € > 0 and for some C' = C(g) > 0. As a consequence,
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by using (3.6), we infer that
1 —
I(u) < = 04—E \|uH2—M/\u|2d:c+C/]u\pdx
2 Nk 2 Q Q

HuH2 2 B
< N p
< 2)\% Ao |« " fote| +Cllull

ol [ = fo+e
-2 A2

e VO
= \mee

> 0. Under these conditions, for any ¢ € (0,¢q), we

+ C’||u||p_2] .
Now we consider
Jo —

2
deduce that I(u) < 0,Y u € HY; |jul| < r9. Moreover, choosing u € H?

and using (3.3), we obtain

() = ;B(u,u)—/QF(x,u) da > % <a—AZ1> ||u\|2—/QF(x,u) da.

Using the same ideas discussed just above we obtain

1 B o (e+fo) 2
Iw) > Q(a—AkH)wH e A AT

el (s = fo— ¢ ]
> 1Y SISl ).

where g9 =

k+1

1/(p—2)
T = 760
(i)
Hi1 — Jo

> 0. Under these conditions, for any € € (0,£1), we
obtain that I(u) > 0,V u € H?; ||u|| < 71. Now we define r = min{rg, 1}
proving the linking geometry for case § > 0.

Moreover, we choose

where 1 =

It remains to focus on the case 8 < 0. Let u € H' be a fixed function.
It is easy to verify that (3.5) and (3.6) imply B(u,u) < px||ul|3; Vu € H!.
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As consequence, by using the last assertion and (3.7), (3.6), we obtain

I(u)

IN

BNl [ Flevu)da
Q
ol

2X7

2
u
< W0 — gyt o)+ Ol < DL Gt~ fo ) + Clul

Now, using the same ideas discussed above, we are able to chose g > 0 in
such way that I(u) <0,V u € H'; ||ul| < 0.

On the other hand, considering v € H? and using (3.3) and (3.4), we
get B(u,u) > oflul]?> = BAer1]|ull3; Yu € H?. Using the last estimate we

observe that

I(u)

v

(0%

X2 = Erpnlull? - / Flo,u) do

2 2 Q

(fo+e)
2

v

a B
Sl = S llul3 - [[ull3 = Cllull?

2
(6% u
= Yjull — Cllulp + 102 gy — gy ).

Now we suppose that (—8Ax11 — fo — &) > 0, i.e, we have fy < —SAgt1.
Hence I(u) > %|[u||* — C||u]|P. Therefore we are able to consider 1 > 0
in such way that I(u) > 0,V u € H?; ||u|| < 71. Furthermore, assuming
that (=8 g11 — fo — €) <0, it follows from (3.4) that

) > Yl — Ol o 12 o
(w) = Sllull [lall” + 5= (=61 = fo —¢)

O o ul]?
> 5“““ = Cllul| +W(_5Ak+1_f0_5)
k1
pr+1— fo—¢€ -
= lull? <+2)\QC|UHP 2)
k1

Once again there exists r; > 0 small such that I(u) >0, Vu € H?; |Ju]| <
r1. Under these conditions we take r = min {rg, 71} proving the linking

geometry for case § < 0. This finishes the proof. O

In what follows we consider the case where the first eigenvalue p; is

negative. The main difficulty concerns on the fact that u — B(u,u),u € H
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is not positive anymore. However, we shall prove that I admits the local
linking geometry at the origin whenever p; is negative. Furthermore,
taking into account hypothesis (f2), we shall divide the proof of the local

linking geometry in some cases. Initially, we consider the following case

Proposition 3.3. Suppose that f satisfies (fo), (f1), and (f2). Moreover,
assume that py is negative and 0 € Iy, = (g, pr+1) with pp < pp < 0 <
fo < pga1 for some k > 1. Then the functional I has a local linking at the

origIn.

Proof. Once again we consider the following subspaces H! =
(01,02, ..,k and H2 = (H')*. Let u € H! be a fixed function. Using
the fact that 8 > 0 and (3.5) we obtain that

B(u,u) < <a - f) l[ull?, YV ueH.
k

Here we assume that fy > 0. The proof for case fy = 0 can be done using

similar arguments. As a consequence, using the estimate (3.7) we observe

that
rw <y (o= )l = L5 [upas o [ ras

Then using the Sobolev embedding and (3.6) there exists a constant C' > 0
such that

1w < WD (0 - B _ (- o] + ol
- 2)\% Ak
N
2N
Now we take
_(hmmee\VO
4n2C

Under these conditions, for any £ > 0 small, we deduce that I(u) < 0,V u €
HY; |lull < ro. On the other hand, fore each u € H? fixed, taking into



82 T.R. Cavalcante and E.D. Silva

account 8 > 0, fo > 0 and the Sobolev embedding, (3.7) and (3.3) we

obtain that
2
bE Pt (- 2) - o+ )] - e

I(u)

v

2/\i+1 - Ak+1
- s o) -
YR
Therefore, taking
_— (Nk+1 — fo— 6) e
7, |

we infer that I(u) > 0,V u € H?; ||u|]| < r1. According to the last assertion
and setting r = min{rg, r1} the proof for the local linking geometry is now
verified. O

Proposition 3.4. Suppose that f satisfies (fo), (f1) and (f2). Moreover,
we assume py s negative and 0 € Iy, = (g, k1) with py < pp < fo <
0 < pgy1 holds true for some k > 1. Then the functional I has a local

linking at the origin.

Proof. Once again we consider the same spaces H' and H? = (H!)* as
was done in the proof of Proposition 3.3. The proof for the case fo = 0
can be done using similar estimates discussed in the previous proposition.
Here we consider the proof of local linking geometry assuming that fo < 0
holds. For the case fy < 0 the proof of local linking geometry at the origin
follows arguing by contradiction.

Let u € H' be a fixed function. Here we shall prove that there exist

00,79 > 0 small enough in such way that
I(u) < =8o||ull?, VueHY: |jul| < ro. (3.8)

The proof follows arguing by contradiction. Under these conditions there
exists (un) € H' such that

1
I(up) > _5n|’un”2§ l[unl| < 6n = n
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Thus, we mention that

I(uy) 1 1
> ——; < -, 3.9
Setting vy, := U, /||us| we obtain [|v,|| = 1, v, € H! and there exists

v € H! in such way that v, — v in H'. In this case, along a subsequence,

we obtain
(v, — v weakly in H',

vy, — v strongly in L4(£2),

vp(z) = v(z), a. e. in Q,

()| < h(z), h € LUQ),

holds true for any 1 < ¢ < 2,. Using the operator B given in (1.4) and
(3.9) we see that

B(vp,v,) 1 / 2F (, uy) (vn)?
QN [un#0]

1
_ - > = v, € H.
()2~ "

2 2

Using the terms in the previous estimate, since H' is a finite-dimensional,
we apply the growth condition (3.7) and the Lebesgue Convergence
Theorem proving that

B(v,v) > follvll3 and [Jv]l2 = 1. (3.10)

It is not hard to verify that p, = sup {B(u,u) : u € H', ||Jul|3 =1} . As a

consequence, the last assertion implies that
B(v,v) < pllvl3,0 € H. (3.11)

Hence (3.10) and (3.11) imply that fy < ug. This is a contradiction proving
that the statement in (3.8) is now verified for some dg, 79 > 0 small enough.
Now we shall prove the linking geometry at the origin in H2. Let

u € H? be a fixed function. The main objective here is to ensure that

I(u) > (51Hu|\2, Vu € H?; llul| < (3.12)
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holds true for 41,71 > 0 small enough. Arguing by contradiction we assume
that there exists (u,) € H? in such way that

I(u,) 1 1
< —: < —.
fual? = ¢ 1l =5
Setting vy, := uy/||un|| we obtain ||v,|| = 1, v, € H2. As a consequence,
2 2 Jq (un)? n

Arguing along the same lines employed in the previous case, we
deduce that B(v,v) < fo|lv|3. Here we mention that pupy; =
inf { B(v,v) : v € H?, ||v|]|2 = 1} . Hence, using the assertion just above, we

have the following estimate

pest||vl3 < B(v,v) < follvll3. (3.14)

At this stage, we claim that v is an eigenfunction associated with the
eigenvalue A\;11. In particular, v is not zero and estimate (3.14) give us
prt1 < fo. This is a contradiction proving the assertion (3.12).

It remains to prove the claim just above. Here we shall prove that v =
+¢ry1 where @41 denotes the eigenfunction associated to the eigenvalue
pre1- In order to do that, we rewrite (v,) € H? in the following form
Up, = U1 +Unz2, Where v, 1 € (pry1) and v, 2 € (Pit2,. . .). Furthermore,

the estimate (3.13) can be rewritten in the following form

B(vn,1,vn,1) +B(Un,27vn,2) < 1+1/ QF(%Un)Ui,l e
Q

2 2 ~n 2 uZ
1 2F(x,un)v%2
/ S E—
2 Q Uy,

In what follows we recall that 8 > 0 and pg4+1 > 0. Using (3.3) we
have that

k 2
0 < B (lunalP+ lenall) < 2 + [

2F (x, uy )v2
+ fo/vgjldx+/(;)de—fg/vigd:r—l—fo/vfhgdx
9) 9) Un, Q 9)
(3.15)

2F (, up)v?2
_— d:L'—fo/QU,?Ll dx

2
Un
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Here we mention that

2F (x, up)v2
lim # dx = fo/ vidx (3.16)
and
2F (x, up )v2
liminf/ w dx > fo/ v3 dx,v = vy + ve. (3.17)

The proof of inequality (3.16) follows by using the fact that H! is finite
dimensional. Hence any norm in H! is equivalent to the norm || - ||.
Under these conditions, there exist constants Ci,Cy > 0 such that
Cil|ulle < |Ju|] € O2)|lulloo holds true for each u € H!. In particular,
we obtain that |u,(2)] < |Junllee < C7 un|| — 0 a. e. in Q as n — oo.
Since 2 has finite measure the last assertion together with hypothesis ( f2)

and the Dominated Convergence Theorem imply that

2F (0, up )v2 2F(x, up,
/(Q)de—fo/v%d:v = /<($27u)—fo>v,2“dx
Q U, Q Q U, ’

+ fo/(vg’l —v)dr — 0. (3.18)
Q

Here was used also the fact that v, ; — v1 in L9(Q) for each ¢ € [1,2,)
which says that v, ;1 — v a.e. in Q and |vy,1| < h for some h € LI(Q).
Therefore, the inequality (3.16) is now verified.

The proof of inequality (3.17) follows by using the Fatou’s Lemma
together with hypotheses (f1) and (f2). Namely, the hypothesis (f1)
implies that

lim 2@ (3.19)
[t|—oo 12
holds uniformly = € Q. Furthermore, by using hypothesis (f2), we also

mention that
. 2F(x,t)
lim ——~

= 3.20
e Jo (3.20)

holds uniformly x € . As a consequence, taking into account (3.19) and
(3.20), there exists C > 0 such that F(z,t)/t?> > —C for each (z,t) € QxR.
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It is not hard to verify that v, 2 — vy in H. Up to a subsequence we obtain

Un,2 — v strongly in L?(€2),

Up2(x) = v2(z), a. e. in Q,

[vn2(z)| < ha(z), ha € L2(R).
Under these conditions, we also obtain that

F(z,up)v?
<u§)”’2 > —Cv}y > —Chs € L'(Q). (3.21)
n
In particular, we know that
F(z, un(z)v; (@)
uj (z)

Recall also that u, — 0 in H as n — oo. Hence, by using the Fatou’s

hp(z) := + Ch3(x) >0,z € Q,n e N.

Lemma for the sequence (h,) given just above and taking into account
hypothesis (f2) and (3.20), we infer that

2F (x, up)v2 2F (x, up)v?
liminf/ M dr > / liminfM dr = fo/ v3 da.
Q Q Q

n—00 U% n—00 u%

The last assertion ends the proof of inequality (3.17). Now, taking into
account (3.15), (3.16) and (3.17), we obtain that

. HE+1 . HE+1
Tim. (fo|vn,1||%— 5 ||vn,1r|2) > lim ( 5 an,zll2—fo||vn,2||§>

k+1 k+1

Furthermore, by using the fact that fo < 0, we deduce

HE+1 Hk41
lonall* = follvn2ll3 > 5t 2

2 2
Ak+1 Ak+1

|[vn,2

Therefore, using that pry1 > 0, we obtain

. HE+1 . HEk+1
lim | follvnl3 ~ )\2+ lonal®) = lim /\; llon,2l1* = follv,2ll3
. HE+1 2
> nh_)n(glo 2 [lon2|] > 0. (3.22)

k+1
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As a consequence, putting the previous estimates together we obtain

: 2 Mkt 2
7ﬁa(hw@m2 AiHan,IH)ZO. (3.23)

On the other hand, using more time that fy < 0 and g1 > 0, we see that

I
follonal§ = 5z ontl[* < 0. (3.24)
k+1

Taking into account (3.22),(3.23) and (3.24) we conclude that

lim KL, o[12 = 0.

Hence v, 2 — 0 in H? and Up,1 — v in ‘H where v € (¢p41). In particular,
we have v = apy1¢,+1 for some constant ap; € R. In particular, using
the fact that ||v|| = 1, we obtain ajy; = 1. This finishes the proof. [

Proposition 3.5. Suppose that f satisfies (fo), (f1), (f2). Moreover, we
assume that py is negative and 0 & Ij, = (g, prs1] with pup < 0 < py <
fo < pga1 for some k > 1. Then the functional I has a local linking at the

oTigin.

Proof. Firstly, there exists a positive integer [ € N satisfying [ + 1 < k in
such way that pu1 < ... < <0 < g1 < pg < fo < pg+1- Under these
conditions, we consider the following subspaces H! = (@1, 2, ..., i) and
H? = (H')*. Let u € H! be a fixed function. Using the fact that 3 > 0
and (3.5) we deduce that

B

B(u,u) < (a - > ul? ¥V ueH.
Ak

As a consequence, by using the growth condition (3.7), we mention that

1 —
I(u) < 5 <a—fk> ]|u|2—(ﬁ]2€)/g\u|2dx+0/g|upd:c
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Since fy > 0 and € > 0 is small enough using (3.6) there exists a constant
C > 0 in such way that

0 < W[ (o= 2) - th-a] e

Hqu (ux — fo+e¢)+ ClullP.
2,
Now we take
fo— i — e\
o= ( IN2C ) '

Under these conditions, for any ¢ > 0 small, we observe that I(u) <
0,V u e MY ||ul| < ro.

Let u € H? be a fixed function. Using the fact that 3 > 0, fo > 0 it
follows from the (3.3) and Sobolev embedding that

W) » AP [Azﬂ (a B )—<f0+s>]—cuu||p

2A%+1 _/\k‘Jrl
P e
= s o= e =
k+1

In this way, we take

1/(p—2)
s fo—¢
! N2, C ‘

k+1

As a consequence, we obtain that I(u) > 0,Y u € H?; ||ul| < r1. The

desired result follows taking » = min{rg,r}. O

Proposition 3.6. Suppose that f satisfies (fo), (f1),(f2). Moreover, we
assume that p1 is negative and 0 & I = [pp, pry1] with p1 < pp < fo <
pr+1 < 0 holds for some k > 1. Then the functional I has a local linking

at the origin.

Proof. Initially, there exists a positive integer [ € N satisfying [ +1 > k
in such way that p; < po < ... < g < fo < pr < <0 < .
Here we consider the following subspaces H!' = (p1,¢9,...,¢) and
H?2 = (HY) = (¢ri1, Prio,---). The proof follows arguing as in the
proof of Proposition 3.4. Here we omit the details. O
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4 The proof of Theorem 1.1

Initially, we shall ensure conditions (Ls) — (L4) given in Theorem 3.1
assuming that py > 0. Here we consider B,(0) C A the closed ball of

radius p > 0 centered at the origin. Let u € B,(0) be a fixed function.

Hence, using Sobolev embedding, we deduce that
I(u) < p*(C + CK?pP~?) + C|Q| < 00,u € B,(0)

where p > 0. Hence the functional I maps bounded sets into bounded

sets. Now we shall prove that

lim I(u) = —oo0, Yue H'@®H> (4.1)
[[ul[—+oc0
holds true for any m € N where H2, = (Qr11, Pkt2,- -+ Phim) for m € N

fixed. At this stage, using hypothesis (f1), for each R > 0 there exists
Cpr > 0 in such way that
Ru?

F(z,u) > T_CR’ V(z,u) € QxR.

Therefore, the last assertion yields

1) < 28 s cnlel - R [ i a.
Q

Now we observe that p1|lul? < B(u,u),u € H. Under these conditions,
using the fact that p; > 0, the bilinear form v — B(u,u),u € H
defines a new norm which is equivalent to the usual norm (1.3). Using
the equivalence for any norms in finite dimensional spaces and the last

assertion there exists a constant K > 0 in such way that
1
I(u) < B(u,u) <2 - RK> + CRr|Q|.

Hence the assertion in (4.1) is now verified for any R > 1/2K since
B(u,u) — +o0 as ||u|| — +oo. Furthermore, using Proposition 3.2,

the functional I admits the local linking geometry. Therefore the energy
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functional I satisfies hypotheses (Li) — (L4) of Theorem 3.1. As a
consequence, the functional I admits a nontrivial critical point u € H.
Moreover, we observe that u = Au = 0 on 0f), see Appendix ahead.
Hence problem (1.1) has at least one nontrivial weak solution. This ends
the proof for the case p; > 0.

At this moment we shall consider the proof when g7 is negative in such
way that 0 € I, = (ug, pry1) or 0 & I = [ug, pugr1) for some k > 1. Tt
is important to emphasize that I admits also the local linking geometry,
see Propositions 3.3, 3.4 and Propositions 3.5, 3.6. Using the same ideas
discussed just above the functional I applies bounded sets into bounded
sets. Moreover, the functional I satisfies I(u) — —oo,||u|| — oo with
u € H' @ HZ,. Here we use one more time that for any finite dimensional
space F C H any norm is equivalent to the usual norm. Hence the
functional I satisfies the properties (L1)—(L4) of Theorem 3.1 proving that

I admits at least one nontrivial critical point. This ends the proof. O

5 Appendix

The main objective in this appendix is to ensure that any critical point
u € H for the energy functional I satisfies u = 0 and Au = 0 on 02. More
specifically, we shall prove that any critical point of I give us a weak
solution for the problem (1.1) satisfying the Navier boundary conditions.
Let u € H = H{(Q) NH2(Q) be a critical point for I, i.e, we have that

a/QAuAgbd:U—l—ﬁ/quAud:U:/Qg(x,u)qbd:n.

holds for any function ¢ € H. From a standard point of view the trace
theorem implies that v = 0 on 9. It remains to show that Au = 0 on
0. In order to do that we consider v = —Au and h(z) = g(z,u). It is
not hard to verify that v € L?(Q) and h € L?(2). Furthermore, we also

have

/ v[—aAp — Bl dr = / h(z)pdx, Vo€ H. (5.1)
Q Q
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Let w € H{(Q)NH2(Q2) be the unique weak solution for the elliptic problem

{ —aAw — pfw = h(z) in Q, (5.2)

w = 0 on Of).

In order to ensure the existence of solutions to the elliptic problem (5.2)
for each h € L?(Q) we can apply the Ekeland Variational Principle. For
the uniqueness of solutions to the elliptic problem (5.2) we take w; and

wy two weak solutions proving that

—aAw —pPw = 0 in €,
w = 0 on 0N.

where w = w; — wy. Taking w as testing function we get
/ a|Vw|? = pw? dz = 0.
Q

On the other hand, using the hypothesis p; > 0 we deduce that —oco <
B < aXj. In particular, for each 8 < 0, it follows from the last estimate
that

a/Q ]Vw|2dx < 0.

This implies that w = 0. Furthermore, choosing 0 < 8 < aA;, we obtain

that
0< <a—ﬂ> / \Vw|*dx < 0
A/ Jo

holds true. Hence the last estimate implies also that w = 0. As a
consequence, wi = ws in ) proving that the elliptic problem (5.2) admits
exactly one weak solution for each h € L?(().

On the other hand, using the weak formulation for (5.2) we obtain

/ —awA¢ — fwodr = / h(z)¢ dx (5.3)
Q Q

holds for any ¢ € H. Putting together the identities (5.1) and (5.3) we
deduce that

/Q(v —w)(alA¢p — Bp)dx =0, Yo e C°(Q).
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At this stage, using Du Bois Raymond’s Lemma [11], we infer that v = w
a.e. in £2. As a consequence v = w in H which says that v = —Au = 0 on
oN.

Now, we shall prove an auxiliary results used in the present work.

Namely, we consider the following result:

Proposition 5.1. Let u € H be a fized function and Ay the first positive
eigenvalue on (—A, H}(Q)). Then

Vullde > M\ [ vw?dx 5.4
[Vl

Q Q

/]Au\de > Al/\vuy2da; (5.5)
Q Q

/|Au|2 dx > )\%/’LLQdiL‘. (5.6)
Q Q

Proof. Firstly, the estimate (5.4) follows from the definition of A\; > 0
which is given by
Jo IVul? d

A =
! ueH\{0}  [ou?dx

Now, we shall prove the estimate (5.5). Consider a function ¢ €

C5°(€2). Hence the derivative ¢,, = §¢
Z;

satisfies

/ V(a2 dz > Ay / (60,)? d.
[9] Q

Therefore, by using the previous identity, we have that

N
3 /Q V(o) P > Ay /Q (Gn)? 4.+ (bon)2dr.  (5.7)
=1

Recall that V¢ = %, . % . As a consequence, we obtain
8331 6a:N
0? 0?
Vo|* = —¢+...+—¢ = (¢uy)? + .o+ (Puy)*

2 2
Oxy oy,
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Combining this identity with (5.7) we get

N
> [ 9@z [ [P . (5.8)
=1

Now, by using the Green’s identity on the left hand side of (5.8), we infer
that

N

As a consequence, we obtain

N
=3 [ @)80ndo = [ Voia. (5.9)
=1

It is not difficult to show that

o ( % 0 (_&¢
Al¢z;) = 1 (83&18%) et dzn ((%Naxz‘)

N

0 %

- 0~ (ag),..

. 7 | = (Ad)a,
ox; = Bacj
It follows from the estimate (5.9) that
N
i=1 79 Q

Furthermore, by using the Green’s identity once again, we deduce that

/(Aqﬁ)mz((ﬁw@) dr = — / (AD) (¢, )a; dz
Q Q

Using the last assertion together with (5.10) we obtain

/ |A¢|* dx > /\1/ \Vo|* dx, Yo € C(Q)
Q Q

In particular, by using the fact that C§°(2) is dense in H, we obtain that
(5.5) is now verified. The inequality (5.6) follows by using the estimates
(5.4) and (5.5). This ends the proof. O
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