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Abstract. In this note, we discuss some curvature and energy gap
results for free boundary minimal submanifolds in the Euclidean ball.
We present a pinching condition on the length of the second fun-
damental form and profile function of minimal submanifolds that
restricts the topology to be either a k-disk or a k-solid tube; we
also include a discussion regarding the expected geometric rigidity
in lower dimensions. Finally, we show a pinched curvature result to-
wards graphical uniqueness of spherical caps among free boundary
CMC hypersurfaces in the Euclidean ball Bn.
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1 Introduction

In this note, we study the area and extrinsic curvatures of a k-dimensional
submanifolds with constant mean curvature in the unit ball Bn in the
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Euclidean space that meet ∂Bn orthogonally. These submanifolds are
critical points of the area functional (possibly wih volume constraints) in
the space of k-dimensional submanifolds with boundary in ∂Bn. They
are commonly known as free boundary submanifolds. See [25] and [12]
for more details. The equatorial disk Dk and the critical catenoid are the
simplest examples in the unit Euclidean ball. Besides these two standard
examples, we also have spherical caps and pieces of a Delaunay surfaces
which are free boundary examples with constant mean curvature (CMC).
Several results about the existence and construction of certain types of
free boundary CMC submanifolds in Bn have been considered recently
(see [14, 11, 15, 21, 20]).

In addition to the question of existence mentioned above, something
very important is the question of uniqueness. Related to this question, the
most classic result was proved by Nitsche [24] who showed that equatorial
disks and right angle spherical caps are in fact the only immersed free
boundary CMC surfaces in B3 that are homeomorphic to a disk (see also
Fraser-Schoen [13] for the generalization to minimal surfaces with high co-
dimensional case). For the non-trivial topology case, it has been proved
Fraser-Schoen [13] that the critical catenoid maximizes the normalized
Steklov eigenvalue in the class of annulus surfaces. Building on the result,
Tran [26] (see also [10]) proved that If Σ2 is an embedded free-boundary
minimal annulus in B3 with Morse index equal to four, then Σ2 is the
critical catenoid. In another direction, Brendle [8] proved a rigidity result
considering the area of the free-boundary minimal submanifolds in Bn.
More precisely, he proved that if Σk is a k-dimensional free boundary
minimal submanifold in Bn then |Σk| ≥ |Dk|. Moreover, the equality
holds if, and only if, Σk is contained in a k-dimensional hyperplane in Rn.
This result greatly generalizes previous result in dimension two proved by
Fraser-Schoen [12] (see also Ros-Vergasta [25]).

We are interested on topological and geometric uniqueness results like
the ones mentioned above assuming certain gap/pinching conditions in-
volving the volume, Willmore energy, and extrinsic curvatures. The orga-
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nization of this note is as follows. In Section 2 we review some O(2)×O(2)-
invariant minimal hypersurface in B4 homeomorphic to the solid tube
D2×S1 which are the model rigid candidate for the curvature gap inequal-
ity discussed in the following sections. In Section 3, we address a charac-
terization of the disk and critical catenoid proved by Ambrozio-Nunes [4]
and discuss generalizations to higher dimensions; we show a gap/pinching
condition of the second fundamental form and profile function that charac-
terizes topologically the k-disk and the k-solid tube, Theorem 3.7. More-
over, we also discuss the expected rigidity result in lower dimensions. In
Section 4, we briefly recall some rigidity and gap results involving the area
and present a gap result for the Willmore energy of 2-dimensional constant
mean curvature surfaces in B3, Theorem 4.4. Finally, we prove in Section
5 two partial results towards graphical uniqueness of spherical caps in the
class of graphical free boundary CMC hypersurfaces in Bn, Proposition
5.1 and Corollary 5.2.

2 Equivariant minimal hypersurfaces

In this section we look at minimal hypersurfaces in Rm+2 that are SO(2)×
SO(m) invariant. They are natural candidates to satisfy the curvature gap
inequality (3.5) addressed in Section 3. These surfaces were studied in [2]
and [3]. Their constructions were later extended to the free boundary case
in [15]. Following [2] and [15] we begin by recalling how these surfaces are
constructed.

If Σ is a minimal hypersurface in Rm+2 and invariant by SO(2) ×
SO(m), then Σ can be parametrized as

X : I × S1 × Sm−1 → Rm+2 ; X(t, x, y) = (a(t)x, b(t)y).

The curve γ(t) = (a(t), b(t)) satisfies the following ODE:

Lemma 2.1.
b′′a′ − a′′b′

a′2 + b′2
+

b′

a
− (m− 1)

a′

b
= 0.
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Proof. A simple computation gives that Xt = (a′x, b′y), Xx = (a(t)∂x, 0),
and Xy = (0, b(t)∂y). Hence, gtt = a′2 + b′2, gxx = a2, gyy = b2, and
gtx = gty = gxy = 0. Moreover, an unit normal vector N is given by

N =
1√

a′2 + b′2

(
b′(t)x,−a′(t)y

)
.

It follows that ⟨Nt, Xt⟩ = b′′a′−a′′b′√
a′2+b′2

, ⟨Nx, Xx⟩ = 1√
a′2+b′2

ab′, and ⟨Ny, Xy⟩ =
− 1√

a′2+b′2
a′b. A standard computation gives

0 = (m+ 1)H =
1√

a′2 + b′2

(
b′′a′ − a′′b′

a′2 + b′2
+

b′a

a2
− (m− 1)

a′b

b2

)
.

From this the lemma follows.

Let γ(s) be the curve γ(s) = (a(s), b(s)) in R2 with respect to a arc-
length parametrization and φ(s) and θ(s) be the functions defined by

1. γ(s) =
√
a2 + b2(cos(φ(s)), sin(φ(s))).

2. γ′(s) = (cos(θ(s)), sin(θ(s))).

Using that φ(s) = arctan(b(s)/a(s), we obtain

φ′ =
sin(θ − φ)√

a2 + b2
.

To compute θ′ we use Lemma 2.1

θ′ =
2√

a2 + b2

(
(m− 1) cos(θ) cos(φ)− sin(φ) sin(θ)

sin(2φ)

)
.

The behavior of the surface Σ is understood in terms of the qualitative
information given by the integral curves of the vector field (φ′, θ′) in the
plane. This is obtained by studying the integral curves of the following
vector field:

V (φ, θ) =

(
sin(2φ) sin(θ − φ) , 2((m− 1) cos(θ) cos(φ)− sin(θ) sin(φ))

)
.
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Figure 2.1: An integral curve of V (φ, θ) and the curve γ(s).

A careful analysis of the zeros of V in the region (0, π2 ) × (−π, π) is
given in [2] (see also [15]). When m ≤ 5 there exists an integral curve

{(φ(t), θ(t) : t ∈ R}

starting at the saddle point (0, π2 ) and spiraling toward the focal point
(v0, v0) where v0 = arctan(

√
m− 1), see Figure 2.1. As indicated in [3]

when m ≥ 6, the integral curves of V (φ, θ) does not intersect the diagonal
{φ = θ} when the curve γ(s) is embedded. These integral curves generates,
by Lemma 2.1, a properly embedded minimal hypersurface Σ ⊂ Rm+2

diffeomorphic to S1 × Rm and asymptotic to the minimal cone

{t (x,
√
my) : t ≥ 0, x ∈ S1, y ∈ Sm−1}.

The hypersurface Σ intersects the cone infinitely often when m ≤ 5 and is
disjoint from the cone when m ≥ 6.

As mentioned, the curve (φ(t), θ(t)), t ∈ (−∞,∞), starting at (0, π2 )

intersects the line φ = θ infinitely often when m ≤ 5. Take t0 to be the first
t for which φ(t) = θ(t), i.e., the curve γ(s(t)) intersects the circle centered
at the origin orthogonally when s0 = s(t0). It is proved in [15] that γ(s),
s ∈ [0, s0], is contained inside the ball of radius |γ(s0)|. Hence, the minimal
surface obtained from γ : [0, s0] → R2 is a free boundary minimal surface
in the ball B(0, |γ(s0)|). The argument also holds for the other values of
t solutions of φ(t) = θ(t). After scaling, we obtained an infinite family
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of O(2)×O(m) invariant free boundary minimal hypersurfaces in Bn and
they converge away from the origin to a minimal cone, see [15].

It is pointed in [15] that since the embedded curves γ(s) do not intersect
the line (s,

√
ms) for m ≥ 6, there exist no SO(2)×SO(m) invariant free

boundary minimal surfaces in Bm+2 in these dimensions.

3 Curvature gap results

In this section we study geometric properties that in a way characterize the
equatorial disk as well as others interesting symmetric hypersurfaces. In
this direction, we mention the recent work of Ambrozio and Nunes [4] on a
geometric characterization of the equatorial disk and the critical catenoid
in terms of the curvature and the support function:

Theorem 3.1 (Ambrozio-Nunes [4]). Let Σ2 be a compact free boundary
minimal surface in B3. Assume that for all points x ∈ Σ,

⟨x,N(x)⟩2|A(x)|2 ≤ 2

where N(x) denotes a unit normal vector at the point x ∈ Σ and A denotes
the second fundamental form of Σ. Then

1. ⟨x,N(x)⟩2|A(x)|2 ≡ 0 and Σ is a flat equatorial disk;

2. ⟨x0, N(x0)⟩2|A(x0)|2 = 2 at some point x0 ∈ Σ and Σ is a critical
catenoid.

The authors in [4] raise the question if the above theorem can be gen-
eralized to higher dimension and co-dimension. In [6] we extended their
result to 2-dimensional surfaces of any codimension in Bn. In this work we
answer their question at the level of topology and show some local second
order rigidity properties, see Corollary 3.8 below. Based on our findings,
see Remark 3.12, we propose the following conjecture:
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Conjecture 3.2. Let Σ3 be a capillary minimal hypersurface in the unit
ball B4 ⊂ R4. If

|x⊥|2 |A(x)|2 ≤ 3

2
(3.1)

for every x ∈ Σ3, then one of the following is true:

1. Σ3 is congruent to the equatorial disk D3.

2. Σ3 is congruent to one of the O(2) × O(2)-invariant free boundary
minimal hypersurface in B4; these are homeomorphic to the solid
tube D2 × S1.

Remark 3.3. There exist non-equatorial minimal cones in Bn homeomor-
phic to Dn−1 for every n ≥ 5, see [19]. In particular, these examples are
singular free boundary minimal disks satisfying |x⊥|2|A|2 = 0.

3.1 Curvature gap and topological rigidity

The connection between the curvature inequality (3.1) with the topol-
ogy and geometry of Σ comes from the following computation:

Lemma 3.4. Let Σk be a free boundary minimal submanifold in Bn+1 and
f : Σk → R the function defined by

f(x) =
|x|2

2
, x ∈ Σk.

Then ∇Σf = x⊤ for every x ∈ Σ and

HessΣ f(x)(X,Y ) = ⟨X,Y ⟩ − ⟨A(X,Y ),−→x ⟩. (3.2)

Proof. Given X ∈ X (Σ), then

X(f) =
1

2
X⟨−→x ,−→x ⟩ = ⟨X,−→x ⟩ = ⟨X,x⊤⟩.

This proves that ∇Σf(x) = x⊤. In particular, ∇Σf(x) = x for every
x ∈ ∂Σ since Σ is a free boundary minimal surface. Given X and Y vector
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fields in X (Σ) the HessΣ f (X,Y ) is given by

HessΣ f (X,Y ) = ⟨∇X∇f, Y ⟩ = ⟨∇X∇f, Y ⟩ = ⟨∇X(x− x⊥), Y ⟩

= ⟨X,Y ⟩ − ⟨∇Xx⊥, Y ⟩ = ⟨X,Y ⟩+ ⟨x⊥,∇XY ⟩

= ⟨X,Y ⟩+ ⟨A(X,Y ),−→x ⟩,

where X and Y are vector fields in X (Σ).

In order to state and prove the main result in this section we need
to introduce the definition of the set C(Σ) and briefly recall an algebraic
technical lemma.

Definition 3.5. Given a free boundary minimal submanifold Σk in Bn+1

we define m0 = infΣ
|x|2
2 and

C(Σ) = {x ∈ Σ :
|x|2

2
= m0}. (3.3)

Lemma 3.6. Let a1, . . . , an, b be a finite sequence of real numbers. If
n∑

i=1

a2i ≤
(
∑n

i=1 ai)
2

n− 1
− b

n− 1
,

then 2 ai aj ≥ b
n−1 for every i, j ∈ {1, . . . , n}.

Proof. See Lemma 4.1 in Chapter 2 of Chen [9].

Theorem 3.7. Let Σk be a free boundary minimal submanifold in a convex
domain Ω ⊂ Rn+1 and such that

|A|2(x) |x⊥|2 ≤ k

k − 1
(3.4)

for every x ∈ Σk, then one of the following is true:

1. C(Σk) = {x0} and Σk is diffeomorphic to the disk Dk.

2. C(Σk) is a closed geodesic and Σk is diffeomorphic to S1 × Dk−1.
Moreover, (3.4) becomes equality when x ∈ C(Σk) and

HessΣ f

∣∣∣∣
C(Σ)⊥

=
k

k − 1
Id
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In particular, if |A|2(x)|x⊥|2 < k
k−1 , then Σ is diffeomorphic to Dk.

Proof. We first show that (3.4) implies that HessΣ f ≥ 0. Let {e1, . . . , ek}
be an orthonormal basis of eigenvectors of HessΣ f at x ∈ Σ with respective
eigenvalues λ1, . . . , λk. We want to show that λi ≥ 0 for every i. By
Lemma 3.4 we have that λi = 1 + ⟨A(ei, ei),

−→x ⟩ which implies
k∑

i=1

λ
2
i = k + 2

k∑
i=1

⟨A(ei, ei),
−→x ⟩+

k∑
i=1

⟨A(ei, ei),−→x ⟩2

= k +
k∑

i=1

⟨A(ei, ei),
−→x ⟩2 ≤ k + |x⊥|2

k∑
i=1

|A(ei, ei)|2 ≤ k + |x⊥|2|A|2.

On the other hand, we have
(∑k

i=1 λi

)2

= k2 since Σk is minimal. Hence,

k + |x⊥|2|A|2 ≤ k2

k − 1
⇒

k∑
i=1

λ
2
i ≤

(
∑k

i=1 λi)
2

k − 1
.

Therefore, equation (3.4) with Lemma 3.6, where λi = ai and b = 0, imply
that 2λiλj ≥ 0. Consequently, the eigenvalues λi, i = 1, . . . , k, have all
the same sign and since

∑k
i=1 λi = k we conclude that λi ≥ 0 for every i.

Next we show that the set of critical points of f : Σ → R coincides
with the C(Σk). Indeed, let γ(t) be a geodesic in Σ joining critical points
x0 and x1 of f where x0 is in C, such geodesic exists as the geodesic
curvature of ∂Σ is positive by the free boundary condition and since Ω

is convex. It follows that (f ◦ γ)′′(t) ≥ 0 which implies that (f ◦ γ)′ is
non-decreasing. But since (f ◦ γ)′(0) = (f ◦ γ)′(1) = 0, we conclude that
f ◦γ = const, this implies that f(x1) = m0 and x1 ∈ C(Σk). In particular,
every geodesic segment with extremities points at C(Σk) is contained in
C(Σk), i.e. C(Σk) is a totally convex set of Σk.

If C(Σk) = {x0}, then f has only one critical point x0 ∈ Σ. By
standard Morse theory, Milnor [23], we conclude that Σk is diffeomorphic
to a disk Dk. More generally, if |A|2(x)|x⊥|2 < k

k−1 , then we choose b from
Lemma 3.6 to be

b

n− 1
=

1

2
inf
Σ

(
k

k − 1
− |A|2(x)|x⊥|2

)
.
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This implies λiλj > 0 for every i, j. Hence, C(Σ) = {x0} and Σ is diffeo-
morphic to Dk be the discussion above.

Let’s now study the case where C(Σk) contains more than one point.
We claim that C(Σk) is a smooth simple closed geodesic. If not, then C(Σ)

must contain a smooth 2-dimensional surface as a submanifold since C(Σk)

is a totally convex set. It follows that dim(Ker(HessΣ f)) ≥ 2 at points
in that surface. Let e1 and e2 be two null eigenvectors of HessΣf , then
by Lemma 3.4 we have ⟨A(e1, e1),

−→x ⟩ = −1 and ⟨A(e2, e2),
−→x ⟩ = −1. By

the Cauchy-Schwarz inequality we obtain |A(ei, ei)|2|x⊥|2 ≤ 1 for i = 1, 2.
Consequently,

2 >
k

k − 1
≥ |A|2|x⊥|2 ≥

(
|A(e1, e1)|2 + |A(e2, e2)|2

)
|x⊥|2 ≥ 2.

We reach a contradiction and the claim is proved. Since there are no other
critical points besides C(Σ), Morse theory as in Milnor [23] guarantees a
diffeomorphic retraction of Σ onto C, this forces Σ to be diffeomorphic to
S1 × Dk−1.

At C(Σk) we have that N =
−→x
|x| is an unit normal vector for Σk, this

implies that eigenvectors of HessΣ f are the eigenvectors of AN := −∇N .
As λ1 = 0, we obtain that∣∣∣∣∇2

Σ f |C(Σ)⊥

∣∣∣∣2 = k∑
i=2

λi = k + |x⊥|2 |AN |2 ≤ k2

k − 1
=

(trace∇2
Σ f |C(Σ)⊥)

2

k − 1
.

Since dimC(Σk) = k − 1, we conclude that HessΣ f |C(Σ)⊥ = λ Id. More-
over, as Σk is minimal we obtain trace HessΣ f = k which implies that
λ = k

k−1 and the Theorem is proved.

Corollary 3.8. If Σn is a free boundary minimal hypersurface in Bn+1

such that

|A|2(x) |x⊥|2 ≤ n

n− 1
(3.5)

for every x ∈ Σn, then one of the following is true

1. C(Σ) = {x0} and Σ is diffeomorphic to a disk Dn.
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2. C(Σ) is an equatorial circle in Sn(2m0) and Σ is diffeomorphic to
S1 × Dn−1. Moreover, (3.5) becomes equality when x ∈ C(Σn) and
B(x) is constant along C(Σ) with only two principal curvatures:

−1

2m0
and

1

2(n− 1)m0
.

Proof. The only part to prove is that C(Σn) is an equator in Sn(2m0).
Since C(Σn) is a geodesic in Σn and since Σn is tangent to Sn(2m0) along
C(Σ) we conclude that

∇R3

γ′(t)γ
′(t) ∈ TΣ⊥ = TSn(2m0)

⊥,

where γ(t) is a parametrization of C(Σn). This shows that C(Σn) is also
a geodesic in Sn(2m0), hence, an equator. From (3.2) we have that λi =

1 + ⟨x,N⟩λi, where λi are the principal curvatures of Σn. As λ1 = 0 and
λi =

n
n−1 for i > 1, the item (2) follows.

Remark 3.9. Theorem 3.7 e Corollary 3.8 also hold for non-compact
properly embedded minimal submanifolds in Rn+1. In this setting the
pinching curvature implies Σ is either diffeomorphic to Rk or to S1×Rk−1.

Example 3.10. Let’s compute the quantity |z⊥|2 |A(z)|2 for the minimal
surfaces Σm+1 ⊂ Rm+2 constructed in Section 2.

|z⊥|2 = ⟨z,N⟩2 = (−b′a+ a′b)2

= (a2 + b2)(− sin(θ) cos(φ) + cos(θ) sin(φ))2

= (a2 + b2) sin2(θ − φ).

Recall that |A|2 = |dN |2 and

|dN |2 = ⟨dN(Xs), Xs⟩2

gss
+

⟨dN(Xx), Xx⟩2

gxx
+

m−1∑
i=1

⟨dN(Xyi), Xyi⟩2

gyiyi
.

Using the expressions for ⟨dN(Xs), Xs⟩, ⟨dN(Xx), Xx⟩, and ⟨dN(Xyi), Xyi⟩
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we obtain

|A|2 = (b′′a′ − a′′b′)2 + (
b′

a
)2 + (m− 1)(

−a′

b
)2

=

(
(m− 1)

a′

b
− b′

a

)2

+ (
b′

a
)2 + (m− 1)(

a′

b
)2

= (m2 −m)(
a′

b
)2 + 2(

b′

a
)2 − 2(m− 1)

a′b′

ab

=
1

a2 + b2

(
(m2 −m)

cos2(θ)

sin2(φ)
+ 2

sin2(θ)

cos2(φ)
− 2(m− 1)

cos(θ) sin(θ)

cos(φ) sin(φ)

)

=
1

a2 + b2

(
(m2 −m) cos2(θ) cos2(φ) + 2 sin2(θ) sin2(φ)

cos2(φ) sin2(φ)

− 2(m− 1)
cos(θ) sin(θ) cos(φ) sin(φ)

cos2(φ) sin2(φ)

)
.

Therefore,

|z⊥|2|A(z)|2 = sin2(θ − φ)

(
(m2 −m) cos2(θ) cos2(φ) + 2 sin2(θ) sin2(φ)

cos2(φ) sin2(φ)

− 2(m− 1)
cos(θ) sin(θ) cos(φ) sin(φ)

cos2(φ) sin2(φ)

)
.

If we restrict to the case m = 2, which corresponds to a 3-dimensional
minimal surface Σ3 ⊂ R4, then we get

|z⊥|2|A(z)|2 = 2 sin2(θ − φ)

(
cos2(θ) cos2(φ) + sin2(θ) sin2(φ)

cos2(φ) sin2(φ)

− cos(θ) sin(θ) cos(φ) sin(φ)

cos2(φ) sin2(φ)

)

|z⊥|2|A(z)|2 = 2 sin2(θ − φ)

(
4
cos2(θ + φ)

sin2(2φ)
+

sin(2θ) sin(2φ)

sin2(2φ)

)

= 2
4 sin2(θ − φ) cos2(θ + φ)

sin2(2φ)
+ 2 sin2(θ − φ)

(
sin(2θ)

sin(2φ)

)

= 2

((
sin(2θ)

sin(2φ)
− 1

)2

+ sin2(θ − φ)
sin(2θ)

sin(2φ)

)
. (3.6)



Curvature pinch for minimal submanifolds 25

Let us show that |z⊥|2|A(z)|2 = 3
2 for every point z ∈ C(Σ3). First, note

that
(a(0)x, b(0)y) = lim

t→−∞

(
a(s(t))x, b(s(t))y

)
∈ C(Σ3).

Let λ1 be a eigenvalue of dN associated to the principal direction C(Σ3)

and z0 ∈ C(Σ). It follows that ⟨z0, N⟩λ1 = 1 by (3.2). Using that γ′(0) =

|γ(0)|(1, 0), γ′(0) = (0, 1) and applying the L’Hôpital’s rule we obtain that
the other two eigenvalues of dN are equal to −a′′(0) at C(Σ3). Since Σ3

is minimal, we obtain that 2 a′′(0) = λ1. Therefore,

|z⊥0 |2|A(z0)|2 = ⟨z,N⟩2(λ2
1 + 2 (a′′)2) = 1 +

1

2
=

3

2
. (3.7)

In particular, if one can show that the right hand side of (3.6) is a monotone
decreasing function on [0, s0], then Σ3 will satisfy |z⊥|2|A(z)|2 ≤ 3

2 . Let’s
show that this is true for every s ∈ [0, δ) where δ is very small. By (3.7)
and L’hôpital’s rule we have that

lim
s→0

(φ′(s), θ′(s)) =
1√

a2 + b2
(1,−1

2
).

Similarly, using the formulas for θ′(s) and φ′(s) computed earlier we obtain
that lims→0(φ

′′(s), θ′′(s)) = (0, 0). Let h be the function h(s) = sin(2θ(s))
sin(2φ(s)) ,

then

h′(s) = 2
cos(2θ)

sin(2φ)
θ′(s) + sin(2θ)

(
1

sin(2φ)

)′
φ′(s).

L’hôpital’s rule once more gives that h′(0) = 0. The second derivative is

h′′(s) =

(
− 4

sin(2θ)

sin(2φ)
θ′ + 2 cos(2θ)

(
1

sin(2φ)

)′
φ′
)
θ′ + 2

cos(2θ)

sin(2φ)
θ′′ +

(
2 cos(2θ)

(
1

sin(2φ)

)′
θ′ + sin(2θ)

(
1

sin(2φ)

)′′
φ′
)
φ′ + sin(2θ)

(
1

sin(2φ)

)′
φ′′.

All quantities above have a limit as s → 0 by L’hôpital’s rule. Since
(φ′(0), θ′(0)) = 1√

a2+b2
(1,−1

2) and (φ′′(0), θ′′(0)) = (0, 0) we obtain

h′′(0) =

(sin(2(π2 − 1
2

t√
a2+b2

))

sin(2 t√
a2+b2

)

)′′
(0) =

1

2(a2 + b2)
.
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As (|z⊥|2|A(z)|2)′(s) = 4(h−1)h′+2 sin(2θ−2φ)(θ−φ)′h+2 sin2(θ−φ)h′,
we first obtain that (|z⊥|2|A(z)|2)′(0) = 0. Similarly,

(|z⊥|2|A(z)|2)′′(s) = 4h′2 + 4(h− 1)h′′ +

4 cos(2θ − 2φ)(θ − φ)′2h+ 2 sin(2θ − 2φ)(θ − φ)′′h+ sin(2θ − 2φ)(θ − φ)′h′

+2 sin(2θ − 2φ)(θ − φ)′h+ 2 sin2(θ − φ)h′′.

(
|z⊥|2|A(z)|2

)′′
(0) = − 1

a2 + b2
− 9

2(a2 + b2)
+

1

a2 + b2
= − 9

2(a2 + b2)
< 0.

Hence, (|z⊥|2|A(z)|2)(s) is a decreasing function on [0, δ) for some δ > 0

very small. Therefore, Σ3 satisfies t |z⊥|2|A(z)|2 ≤ 3
2 in a neighborhood

of C(Σ).

Remark 3.11. The function |z⊥|2|A(z)|2(s) is not a decreasing function
on the whole interval [0,∞) since |z⊥|2(s) vanishes infinitely often. Re-
gardless of that, we still expect Σ3 to satisfy |z⊥|2|A(z)|2 ≤ 3

2 . The argu-
ment above showed that a capillary piece of Σ3 in the unit ball B4 satisfies
the curvature inequality |z⊥|2|A(z)|2 ≤ 3

2 .

Remark 3.12. The computations in Example 3.10 imply that a mini-
mal hypersurface Σ3 ⊂ B4 satisfying item (2) in Corollary 3.8 must be
tangential to second order with the unique (up to scaling) O(2)×O(2) in-
variant minimal hypersurface along the equatorial circle C(Σ). We expect
that these tangential contact points to have infinite order. If this is true,
then the second rigidity statement in Conjecture 3.2 would follow from the
analiticity of the minimal surface equation.

3.2 An interesting example

Example 3.13. The n-dimensional catenoid, denoted by Σc, is the mini-
mal surface SO(n)-invariant in Rn+1. By Lemma 2.1, Σc can be parametrized
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by {(r, b(r)y) : r ∈ I, y ∈ Sn−1} where b(s) satisfies

1

1 + b′2
b′′ − n− 1

b
= 0, b(0) > 0, b′(0) = 0.

Note that γ(r) = (r, b(r)) satisfies ⟨γ, γ′′⟩ ≥ 0. A simple computation will
give the following:

HessΣc f (∂s, ∂s) = 1 + a a′′ + b b′′,

where f(x) = 1
2 |x|

2 and γ(s) = (a(s), b(s) is a arc length parametrization
of γ(r) = (r, b(r)). Since ⟨γ, γ′′⟩ ≥ 0, we conclude that ∇2

Σc
f ≥ 0.

Proposition 3.14. Let Σn be a minimal hypersurface in Rn+1 which sat-
isfies HessΣ f ≥ 0. If dim C(Σ) = n − 1, then Σn is isometric to the
n-dimensional catenoid.

Proof. Since HessΣf ≥ 0 and dim(C(Σ)) = n − 1, we have that C(Σ) ⊂
Sn−1 up to scaling. Without loss of generality, let us assume that C(Σ) =

Sn−1. Let Jθ : Sn−1 → Sn−1 be an one parameter family of isometries
of Sn−1, i.e., Jθ is a curve on SO(n). Noting that Jθ is also a curve on
SO(n + 1) also. Consider the function ϕ defined on Σ given by ϕ(x) =

⟨dJθdθ (x), N(x)⟩. Since Σ is a minimal hypersurface, we have

∆ϕ+ |A|2 ϕ = 0.

Note also that ϕ ≡ 0 on C(Σ). Let us now look at the gradient of ϕ on
C(Σ). If v ∈ C(Σ) = Sn−1, then v(ϕ) = 0 since Jθ ∈ SO(n). Assuming
now that v ∈ TxΣ and is orthogonal to C(Σ), then

v(ϕ) = ⟨∇v
dJθ
dθ

,N⟩+ ⟨dJθ
dθ

, dN(v)⟩ = 0 + 0 = 0,

since v is a principal direction of Σ by Lemma 3.2. By Aronsajn [5],
the function ϕ can only vanish to finite order on C(Σ). On the other
hand, since ϕ = ∇ϕ = 0 on C(Σ), we obtain by Lemma 1.9 in [18] that
{ϕ = 0} ∩ {∇ϕ = 0} has Hausdorff dimension at most n − 2. As this
contradicts that dim(C(Σ)) = n − 1, we have that ϕ ≡ 0. Hence, Σ is
SO(n) invariant, i.e. Σ is isometric to a n-dimensional catenoid.
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Remark 3.15. If Σn is a free boundary minimal hypersurface in Bn+1

satisfying HessΣ f ≥ 0, then one can easily check that

|HessΣ f |2 ≤ (trace(HessΣ f))2.

Since HessΣ f(X,Y ) = ⟨X,Y ⟩ + ⟨A(X,Y ),−→x ⟩ by Lemma 3.4, we obtain
that |HessΣ f |2 = n+|x⊥|2|A|2. On the other hand, since trace(HessΣ f) =

n by the minimality of Σ, we conclude that

|x⊥|2 |A(x)|2 ≤ n(n− 1).

In contrast with our previous pinching curvature assumption, this inequal-
ity is not strong enough to imply that HessΣf ≥ 0

4 Willmore Energy

In this section, we will prove a ε-regularity for free boundary cmc surfaces
which can be interpreted as a natural generalization of the case of minimal
surfaces in B3 proved by Ketover in [21, Proposition 2.1]. The quantity
to consider in this case is the Willmore energy instead of area. At the end
we state a higher dimension and co-dimension generalization regarding the
area of minimal submanifolds in Bn obtained by these authors in [7].

Definition 4.1. Let Σ2 be a surface with boundary in a space form
Mn+1(c). The Willmore energy W(Σ) of Σ is defined as follows

W(Σ) =

∫
Σ
(H2 + c) dΣ +

∫
∂Σ

kg dσ ,

where kg is the geodesic curvature of ∂Σ.

The following result is a sharp inequality for the Willmore energy.

Theorem 4.2 (Ros-Vergasta [25], Fraser-Schoen [14], Volkmann [27]). Let
Σ2 be a free-boundary surface in a ball Bn+1. Then

W(Σ) ≥ 2π .

Equality holds if, and only if, Σ is umbilical: either an equatorial disk or
a spherical cap.
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In the case of free boundary minimal submanifolds in Bn we have
similar rigidity result due to Brendle:

Theorem 4.3 (Brendle [8]). Let Σk be a k-dimensional free boundary
minimal surface in Bn. Then

|Σk| ≥ |Dk|

Moreover, the equality holds if, and only if, Σk is contained in a k-dimensional
plane in Rn.

We observe that J. Zhu [29] obtained Brendle’s sharp area lower bound
in the context of space forms for codimension one free boundary minimal
hypersurfaces. For the higher codimensional case, Freidin-McGrath ([16],
[17]) obtained some partial results.

The main result in this section is the existence of a gap result for the
Willmore energy of constant mean curvature surfaces.

Theorem 4.4. There exists ε > 0 so that whenever Σ is a free boundary
surface with constant mean curvature in a unit ball B3 satisfying

2π ≤ W(Σ) < 2π + ε,

then Σ is either an equatorial disk or a spherical cap. The constant ε is
independent of the value of the mean curvature.

Remark 4.5. We note that, as the Wilmore energy is conformal invariant
in dimension two. In particular, the result above is also true for space
forms.

The key in proving Theorem 4.4 is the following excess inequality
proved by Vokmann [27]:

W(Σ)− 2π ≥
∫
Σ

∣∣∣∣−→H − (x− x0)
⊥

|x− x0|2

∣∣∣∣2dΣ. (4.1)

The equality W(Σ) = 2π if, and only if, Σ is a spherical cap or a flat disk.



30 Ezequiel Barbosa and Celso Viana

Proof of Theorem 4.4. Assume for every i that Σi is a free boundary sur-
face with constant mean curvature Hi and

W(Σi) → 2π. (4.2)

We start showing that (4.2) implies that |Σi| ≤ C0 for some C0 > 0.
Indeed, the free boundary condition and the 1Âª Minkowski formula gives
that

2|Σi| = |∂Σi| −
∫
Σi

⟨Hi, x⟩dΣi ≤ |∂Σi|+
(∫

Σi

H2
i dΣi

) 1
2

|Σi|
1
2 . (4.3)

By our assumption |∂Σi| ≤ 3π and
∫
Σi

H2
i dΣ ≤ 3π. Hence, |Σi| ≤ C after

dividing both sided by |Σi|
1
2 . Following [21], we show that (4.2) and (4.1)

imply curvature estimates for Σi.

Lemma 4.6. Either Σi is totally umbilical or there is C > 0 such that

sup
Σi

|AΣi | ≤ C. (4.4)

Assuming Lemma 4.6, one can finish the proof of the theorem. Indeed,
by Lemma 4.6 and Theorem 6.1 in [22], the sequence Σi converges to a
weakly embedded free boundary surface Σ∞ in B3 with constant mean
curvature and satisfying W(Σ∞) = 2π. Here, weakly means that Σ∞

might have some tangential self-intersection. Theorem 4.1 in [27] deals
with immersed surfaces and it follows that Σ∞ is either a spherical cap or
a flat disk. Therefore, Σi is topologically a disk for i large enough and the
result follows from Nitsche’s Theorem.

Proof of Lemma 4.6. Let λi = supx∈Σn
|Ai|2(x) and assume that λi di-

verges to ∞. For each i choose xi ∈ Σi with the property that supΣi
|Ai|2 =

|Ai|2(xi) and consider the new surface Σ̂i = λi(Σi − xi) which satisfies

sup
ˆx∈Σi

|A|(x) ≤ 1 and |AΣ̂i
|(0) = 1. (4.5)

The surface Σ̂i is a free boundary surface with constant mean curvature
Ĥi in the region λi(B

3
1(0) − xi). Property (4.5) implies by Theorem 6.1
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in [22] that Σ̂i → Σ∞ graphically in the interior. Σ∞ is either weakly
embedded without boundary or it is weakly embedded in a half space
and with boundary contained in a plane. By regularity results for free
boundary surfaces, see [1], we also have smooth convergence up to the
boundary. It follows from (4.5) that

|AΣ∞ |(0) = 1 and lim
i→∞

Ĥi = H∞.

By the excess formula (4.1), we conclude that∫
Σ∞

∣∣∣∣−→H∞ − x⊥

|x|2

∣∣∣∣2 dΣ∞

≤ lim inf
i→∞

∫
Σ̂i

∣∣∣∣−→Ĥ i −
x⊥

|x|2

∣∣∣∣2 dΣ∞ = lim inf
i→∞

∫
Σi

∣∣∣∣−→H i −
(x− xi)

⊥

|x− xi|2

∣∣∣∣2

≤ lim inf
i→∞

W(Σi)− 2π = 0.

Hence,
−→
H∞ = x⊥

|x|2 . If Σ∞ is non-compact, then
−→
H∞ = 0 and this implies

that Σ∞ is a plane, a contradiction since AΣ∞(0) = 1. Hence, Σ∞ is
compact and

−→
H∞ = x⊥

|x|2 . Applying Proposition 4.1 in [27], we conclude
that Σ∞ is a spherical cap or an equatorial disk. The strong convergence
implies that Σi is a topologically a disk and, hence, a spherical cap by
Nitsche’s Theorem.

We briefly mention that we have similar rigidity estimate in every dimen-
sion and codimension if we restrict to the area functional. The proof builds
on the methods developed in Brendle [8] and the key point is to deal with
the lack of similar excess inequality such as (4.1) in this other setting.

Theorem 4.7 (Barbosa-Viana [7]). There exists ε(k, n) > 0 such that
whenever Σk is a k-dimensional free boundary minimal surface in Bn sat-
isfying

|Σk| < |Dk|+ ε(k, n),

then Σk is, up to ambient isometries, the equatorial disk Dk.
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5 Towards graphical uniqueness for spherical caps

Proposition 5.1. Let Σn be a free boundary constant mean curvature
hypersurface in Bn+1 with H > 0. If Σ is a graph , then

⟨x,N⟩
1− |x|2

≥ H

2n
.

The inequality is strict unless Σ is a spherical cap. In particular, Σ is
strictly star-shaped.

We remark that Σ does not need to be a disk in Proposition 5.1 since the
result is independent of the number of boundary components of Σ. The
proof of Proposition 5.1 is inspired by previous work of G. Wheeler and
V.-M Wheeler [28] which proved that a smooth free boundary minimal
graph in Bn is an equatorial disk.

Under a stronger star-shaped property, we obtain:

Corollary 5.2. Let Σn be a free boundary constant mean curvature hy-
persurface in Bn+1. If Σ is a graph and satisfies

⟨x,N⟩
1− |x|2

≥ |A|2

2H
, (5.1)

for every x /∈ ∂Σ, then (5.1) becomes equality and Σ is a spherical cap.

Proof of Proposition 5.1. Let Φ be the function defined as

Φ =
1

2
(|x|2 − 1)H + n⟨x,N⟩.

It is well known that ∆⟨x,N⟩ = −|A|2⟨x,N⟩−H and ∆ |x|2
2 = n+H⟨x,N⟩.

Hence,

∆Φ = −(n|A|2 −H2)⟨x,N⟩. (5.2)

The free boundary condition implies that Φ restricted to ∂Σ is identically
zero. Arguing by contradiction, let us suppose that Φ < 0 in some open
set U ⊂ Σ. Hence, Φ = 0 at ∂U . From (5.2), we immediately obtain

∆Φ2 = −2Φ(n|A|2 −H2)⟨x,N⟩+ 2|∇Φ|2.
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Since Σ is a graph, let us consider the function φ2 = 1
⟨N,a⟩2 . Here we are

assuming that ⟨N, a⟩ > 0 also on the boundary. One can easily check that
∆⟨N, a⟩+ |A|2⟨N, a⟩ = 0. Hence,

∆φ2 = 2|A|2φ2 + 6|∇φ|2.

Now we define the function Q = Φ2 φ2 and verify that

∆Q = Φ2

(
2 |A|2 φ2 + 6 |∇φ|2

)
+ 2⟨∇Φ2,∇φ2⟩

+

(
− 2Φ (n|A|2 −H2)⟨x,N⟩+ 2|∇Φ|2

)
φ2.

∆Q = −2φ2
(
n|A|2 −H2

)
nΦ

(
Φ

n
− |x|2 − 1

2

H

n

)
+ 2Φ2|A|2φ2

+ Φ2|∇φ|2 + 2φ2|∇Φ|2 +
〈
∇Q

φ2
− Φ2

φ2
∇φ2,∇φ2

〉
+ ⟨∇Φ2,∇φ2⟩

= φ2ΦH
(
|x|2 − 1

)(
|A|2 − H2

n

)
+

2φ2H2Φ2

n

+ 4φΦ⟨∇Φ,∇φ⟩+ 2φ2|∇Φ|2 + 2Φ2|∇φ|2 +
〈
∇Q,

∇φ2

φ2

〉

= φ2ΦH(|x|2 − 1)

(
|A|2 − H2

n

)
+

2φ2H2Φ2

n
(5.3)

+2|φ∇Φ+ Φ∇φ|2 +
〈
∇Q,

∇φ2

φ2

〉
≥

〈
∇Q,

∇φ2

φ2

〉
.

The Maximum Principle applied to (5.3) implies that Q does not have an
interior maximum in U . Since Q ≥ 0 over Σ and Q|∂Σ = 0, we obtain that
Q ≡ 0. Hence, Φ ≡ 0 and by (5.2) we obtain that either n|A|2 −H2 ≡ 0

or ⟨x,N⟩ ≡ 0 (minimal cones). Therefore, Σ is a spherical cap on U , a
contradiction since Φ ≡ 0 on spherical caps. The second statement follows
from the Maximum Principle applied to (5.2)
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Proof of Corollary 5.2. It follows from Proposition 5.1 that

Φ =
1

2
(|x|2 − 1)H + n⟨x,N⟩ ≥ 0.

Recall the function Q = Φ2φ2. The free boundary condition implies that
Q restricted to ∂Σ is identically zero. A straightforward rearrangement in
equation (5.3) using definition of Φ gives

∆Q = φ2ΦH

(
(|x|2 − 1)|A|2 + 2H⟨x,N⟩

)

+ 2|φ∇Φ+ Φ∇φ|2 +
〈
∇Q,

∇φ2

φ2

〉
≥

〈
∇Q,

∇φ2

φ2

〉
.

By the Maximum Principle, Q has an interior maximum only if it is con-
stant. Since Q ≥ 0 over Σ and Q|∂Σ = 0, we obtain that Q ≡ 0 and Φ ≡ 0.
By (5.2), we obtain that n|A|2 −H2 ≡ 0; hence, Σ is a spherical cap.

Remark 5.3. The proofs of Proposition 5.1 and Corollary 5.2 straight-
forwardly extend to the setting of capillary constant mean curvature hy-
persurfaces in the ball Bn+1, i.e., surfaces that meet the boundary ∂Bn+1

at a constant angle θ ∈ (0, π2 ]. The key point is to consider the function
Φ = 1

2(|x|
2− 1)H +n

(
⟨x,N⟩− cos(θ)

)
which still obeys the equation (5.2)

and satisfy the crucial Dirichlet boundary condition needed in the proof.
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