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1 Introduction

An isometric immersion f: M?® — R2"*P is called a real Kaehler sub-
manifold if (M?",J) is a Kaehler manifold of complex dimension n > 2
immersed into Euclidean space with codimension p. We are interested in
the case when f is minimal but not holomorphic. By the latter condition
we mean that p is even and f is holomorphic with respect to a constant
complex structure in R2"FP.

Minimal real Kaehler submanifolds have been intensively studied since
in [3] it was shown that they enjoy several of the basic properties of
Euclidean minimal surfaces. For instance, if simply connected a min-
imal real Kaehler submanifold f: M?" — R*"*P is either holomorphic
or has a nontrivial one-parameter associated family of minimal isometric
immersions, all of them carrying the same oriented Gauss map. More-
over, f can be realized as the ‘“real part” of its holomorphic representative
V2F = (f, f): M?>* — C>*P where f: M?™ — R>"*P is the conjugate
immersion to f in the associated family.

Real Kaehler hypersurfaces f: M?" — R?**+! in particular the min-
imal ones, have been parametrically classified by Dajczer and Gromoll
[3] in terms of pseudoholomorphic surfaces in spheres by means of the so
called Gauss parametrization. A parametric classification of the complete
minimal Real Kaehler submanifold in codimension two was obtained by
Dajczer and Gromoll in [4]. A local Weierstrass type representation for
the minimal real Kaehler submanifolds of any possible codimension was
given by Arezzo, Pirola and Solci in [1]; see the Appendix of Chapter 15
in [6].

We have to recall some definitions. Let f: M?" — R?™*P be a real
Kaehler submanifold and let a: TM x TM — NyM denote its second
fundamental form taking values in the normal bundle of f. The first
normal space Ni(z) C NyM(z) of f at x € M?", k < p, is defined as

Ny (z) =span{a(X,Y): X, Y € T, M}.

If U® C Nf(z)is an s-dimensional vector subspace we denote ars = s o
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where mys: Nff(z) — U® is the projection. Then let NV.(ays) C Ty M be

the complex vector tangent subspace given by
Nelays) ={Y e T, M: ays(X,Y) = ays(X,JY) =0 forall X € T,M}

and v(ays) = dim N, (ays). The complex s-nullity vS(x) of f at x € M?",
1 < s <k, is defined by

vé(z) = max v ays).
(o) = max (o)

Recall that v¢(z) is called the index of complex relative nullity of f.

Theorem 1.1. Let f: M?" — R?*"*P p < n, be a real Kaehler submani-
fold. Assume that at each point x € U of an open dense subset U of M>"

we have that either

(1) v{(z) < 2n —2 and V5, (x) < 2n —4s for s > 1, or
(i1) V5 q(x) <2n —4s—2 for s > 0.

Then f is a minimal submanifold.

We observe that Renato Tribuzy to whom this paper is dedicated has
given many valuable contributions to the subject of isometric immersions
of Kaehler manifolds, for instance, see [2], [7], [8], [9] and [10].

2 Flat bilinear forms

Let ¢: U x V. — W be a bilinear form between finite dimensional real

vector spaces. We denote by
S(p) =span{p(X,Y): X e U, Y € V},

the vector subspace of W generated by the image of ¢. The (right) kernel
of ¢ is the vector subspace of V' defined by

N(p)={Y € V: (X, Y)=0for all X € U}
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and the nullity of ¢ is v(p) = dim N (p).
A vector X € U is called a (left) regular element of p if dimpx (V) =7,
where px: V — W is the linear map defined by pxY = ¢(X,Y’) and

ro = max{dimpz(V): Z € U}. (2.1)
The set RE(p) of regular elements of ¢ is easily seen to be an open dense
subset of U; cf. Proposition 4.4 in [6].
Let ¢: V x V — W be a bilinear form where W is endowed with an
inner product (, ) of any signature. Then ¢ is called flat if

(X, Y),0(2,T)) = (p(X,T),(Z,Y)) =0
forany X, Y, Z, T €V.
Lemma 2.1. Let ¢: V xV — W be a flat bilinear form. If X € RE(p)
then
S(elvxrerex) € ex(V) Npx (V). (2.2)
Proof: See equations (8) and (9) in [12] or Proposition 4.6 in [6]. B

Proposition 2.2. Let V be a real vector space endowed with a com-
plex structure, that is, there is J € End(V) such that J> = —I1. If
X1, JXq1, ..., X1, JXk_1, X € V are linearly independent vectors then
also X1, J X1, ..., Xk, J Xy are linearly independent. In particular, we have
that V' has even dimension.

Proof: 1f JXj, = Y1) a;X;+Y 521 bjJX; for 0 # (ay, ..., ap, b, ..., bp_1)
then

k—1

(1+ap) Xk + Y ((ara; — b)) X + (arb; + a;)J X;) = 0,
j=1

and this is a contradiction. B

In the sequel UP denotes a p-dimensional vector space endowed with
a positive definite inner product. Then WPP = UP & UP is endowed with
the inner product of signature (p,p) given by

<<(§17‘£2)7 (7717772)» = <§17771>UP - <§27772>Up-
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Proposition 2.3. Let p: V2" x V2" — UP be a symmetric bilinear form
and J € End(V) a complex structure. Let o: V2" x V2 — WPP be the

associated bilinear form given by
U(X7 Y) = (p(Xa Y)a p(Xa JY))

and let Vi, Vo C V2" be vector subspaces where Va is J-invariant. Then
the bilinear form oo = oy, xv,: Vi X Va = S(0g) C WPP satisfies:

(i) The vector subspace N (o9) of Va is J-invariant.
(ii) There exists a complex structure T € End (S(0yp)).
(iii) The vector subspace S(og) C WPP has even dimension.

Proof: We prove part (ii). If (§,n) € S(op) let X; € V1, Y; € Vo, 1 <@ <,

be such that
V4

¢
E&m) =Y oo(Xi,Yi) =D (& mi)-
=1

i=1

Then
¢ ¢

> o0(Xi, JY:) =Y (mi,—&) = (n, =€) € S(o0),

i=1 i=1
and hence T' € End(S(0y)) defined by T(¢,7) = (n, =€) satisfies T? = —1.

Now part (ii7) follows from Proposition 2.2. 1

Let a: V2" x V2" — UP be a bilinear form and let J € End(V) be a
complex structure. In the sequel B: V?* x V2" — WPP is the associated

bilinear form given by
B(X,Y) = (a(X,Y)+a(JX,JY),a(X,JY) — a(JX,Y)). (2.3)

Notice that Proposition 2.3 applies to 8. It follows from Proposition 2.2
that the subspace

NB)={X e V¥ :a(X,JY)=a(JX,)Y) foral Y € V*"}
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is even dimensional. We also have that 3 verifies

B(X, X) = (£,0), B(X,JX)=—(0,5), (2.4)
B(X,Y) = (&n) if and only if B(Y,X) = (£, —n) (2.5)

and
B(X,Y) = (&n) if and only if B(X,JY) = (n,—=¢&). (2.6)

From (2.6) we obtain that
B(X,Y) = B(S,T) if and only if B(X,JY) = B(S,JT) (2.7)
whereas from (2.5) and (2.6) that
B(X,Y) = B(JX, JY). (2.8)

Proposition 2.4. Assume that B: V2" x V2 — WPP js flat. If a vector
subspace L C V2" satisfies B|pxz, = 0 then L C N'(3).

Proof: 1t B(X,Y) = (&,7n), we obtain from (2.5) that

(B(X,Y), BY, X)) = lIgllEw + InllZw.

Thus
B(X,Y) =0 if and only if (B(X,Y),5(Y,X))) =0. (2.9)

Hence, since

(B(X,2),8(Z, X)) =(B(Z,2), (X, X)) =0
if Z€ Land X € V? then (X,Z)=0. 1

Proposition 2.5. If 3: V2" xV?" — WPP p < n, is flat then v(B) = 2n—
ro where ro is given by (2.1). In particular, we have v(5) > 2n—dim S(5).

Proof: Let L = ker Bx where X € RE(S) and By : V2" — WPP is the
linear map given by BxY = B(X,Y). Notice that N (8) C L. By (2.2) we

have

(B(X,Y), B(Y, X)) =0
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for any X,Y € L. Then (2.9) gives |« = 0 and therefore L = N'(8) by
Proposition 2.4. Then v(f) = dim L = 2n — 7. I

The following result gives an alternative presentation and proof of

Lemma 7 in [11].

Proposition 2.6. Assume that §: V2" x V2 — WPP, p < n, is flat. If
v(B) = 2(n — p) there exists a basis {X;, JX;}1<i<n of V2" such that

(i) N(B) = span{X;, JXj, p+1<j<n}.
(1) B(Y:,Y;) =0 if Yy, € span{ Xy, J Xy} wherei # j andk =1, .
(111) {B(X;,X;), 8(X;,JX;),1 < j <p}is an orthonormal basis of WPP.

Proof: Assume that the result holds for p = n. By part (i) of Proposition
2.3 the vector subspace N(3) is J-invariant. By Proposition 2.2 there is a
decomposition V2" = V02p ® N (B) where V02p is J-invariant. The bilinear
form By = Blvyxvp: V02p X V02p — WPP is flat and N (By) = 0. In fact,
if Z € N(By) decompose X € V2" as X = X; + Xy with X; € Vozp and
Xo € N(B). Since B(Z,X3) = 0 we have from (2.5) that 5(Xs,Z) = 0.
Then Z € N(B) since 8(X, Z) = (X1, Z)+ (X2, Z) = 0, and thus Z = 0.

By the initial assumption there exists a basis {X;, JX;}1<j<p of V¥
such that parts (i7) and (éi7) hold. Then, by Proposition 2.2 we can com-
plete the basis of V02p to a basis {X;, JX;} 1<j<n of V2" such that also
part (¢) holds.

By the above, it remains to argue for the case p = n, that is, when
v(B)=0.

Fact 1. If p > 2 there exist non-zero vectors X,Y € V2 such that
B(X,Y)=0.

If X € RE(B) and since v(f) = 0, then from Proposition 2.5 the map
Bx: V% — WPP is an isomorphism. Since RE(f) is open and dense in
V2 there is a basis Z1, ..., Za, of V2P such that Zy ¢ span {Z1,.JZ;} and
{B(Zy, Zj) }1<j<2p is for k = 1 as well as for k = 2 a basis of WPP. Let
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A = (a;5) be the 2p x 2p matrix given by

Z27 Zamﬁ AW

Let A € C be a eigenvalue of A where (v!,... ,v?) € C? is the corre-

sponding eigenvector. Extending /3 linearly from V2’ ® C to WPP @ C, we

have
2p

ZUJB Z27 _AZ’UBZb

j=1

Hence 3(S,T) = 0 where § = Z, — AZy and T = Y7, v/ Z;. Then
B(S1,T1) = B(S2,T2) and B(S1,T2) + B(S2,T1) =0 (2.10)

where S = S1+iSsand T =T+l f X =S —JSsand Y =T + JTh,
we obtain using (2.7), (2.8) and (2.10) that

B(X,Y) = B(S1,T1) + B(S1, JT2) — B(JS2, T1) — B(J S2, JT>)
= B(S1,T1) + B(S1, JT2) + B(Se, JT1) — B(S2,T>) = 0.

Similarly, for X’ = S + JS; and Y’ =T — JT5 we obtain S(X',Y’) = 0.

The vectors X and X’ are both non-zero. For instance, if X = 0 then
JSo +1iSo =85 =79 — \Z.

Thus JSs = Zo—Re(A\)Z1 and So = —Im(A\)Z;. Then Z5 € span{Zy,JZ; },
and this is a contradiction. Finally, if Y =Y’ = 0 then T = 0, and this is

a contradiction.
Fact 2. There exists Zg € V? such that dimker Bz, = 2(p — 1).

Fact 2 holds for p = 1. In fact, given 0 # X € V? we have from Propo-
sition 2.4 that 5(X,X) # 0. From (2.4) the vectors B(X, X), 58(X, JX)
are linearly independent, and thus ker Bx = 0.

For p > 2 we argue by induction. Assume that Fact 2 is true for any
g < p—1. By Fact 1 there are nonzero vectors X,Y € V2P such that
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B(X,Y) = 0. By part (iii) of Proposition 2.3 the dimension of Bx (V) is
even. If dim Bx (V) = 2r then r < p since BxY = 0. Moreover, we have
that Ny = ker By # V?P. If otherwise, we would have from (2.5) that
X € N(B) and hence X = 0. Thus dimNx =2p—2r, 1 <r <p-—1.

Let Uy = m(Bx(V)) where 71 : WPP — UP is the projection onto the

first component. We claim that s = r and that
Bx(V)=Uj a@U] ={8(Z,X): Z € V*}. (2.11)
To prove the claim, we first show that
Bx(V)+{B(Z,X): ZcV*}=U; U}, s>r. (2.12)

If B(X,Z) = (&n) then (2.6) gives n € Uy, and hence (§,n) € Uy & U;.
From (2.5) if 8(Z, X) = ({,n) then ¢ € U;. Moreover, since 3(X,JZ) =
—(n,¢) from (2.5) and (2.6), then n € U}, and thus (¢,n) € Uj @ U;. For
the other inclusion, let (£1,&2) € U @ Us. Then there are Z1, Zy € VP
such that B(X,Z;) = (&,m:), @ = 1,2. Then using (2.5) and (2.6) we
obtain that

(61.6) = L (B(X. 21 — o) + B(Z1 + 25, X)),

and (2.12) has been proved. If UP = U; & UY™* is an orthogonal splitting,

we show that
S(Blnyxny) CUY P U™, (2.13)

The flatness of 5 gives
(B(X,2),B(5,T)) = (B(X,T),B(5,2)) =0

for any S,T € Nx and Z € V2. Moreover, from (2.5) we have 3(S, X) =
0, and thus

<<ﬁ(Z7X)>/8(S>T)>> = <<5(Za T)vﬁ(st)» =0,

and then (2.12) gives (2.13).
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N is J-invariant by Proposition 2.3 and |y, x Ny N)Q(p_QTxN)Q(p_QT —
U™ @ UP™® is flat. Then Proposition 2.5 gives that L = N (B|nyxNy)
satisfies dim L > 2s — 2r > 0. On the other hand, since S|pxz = 0 it
follows from Proposition 2.4 that L € N(8) = 0, and thus s = r. Then
(2.11) holds since the first equality follows from (2.12) and the second
equality by (2.5).

The assumption of induction applies to S| ny xny : Nx X Nx — Uéjfr @
U™ since r > 1 and N(B|nyxnNy)=0. Therefore there exists Zy € Nx
such that

dimker By, |y, =2(p—7 —1). (2.14)

We have that

(B(S,X), B(%0,T)) = (B(S,T), 6(Z, X))) = 0

for any S,T € V?. It follows from (2.11) that Bz (V) Cc U™ @ U™,
Proposition 2.4 gives Bz,Zy # 0. Hence, in view of (2.14) there is a
basis X1 = Zo, X2 = JZo, X3, ..., Xo(p—r) of Nx such that 5(Zo, X;) =0,
3<j<2(p—r). Since N(B|nyxny) = 0, we have from Proposition 2.5
that

span{B(X;, X;) 1 <i,j<2(p—r)}=UV"US™". (2.15)
By (2.4) we may set 8(Zy, Zo) = (£,0). Then (2.5), (2.6) and (2.8) give

B(Z0> JZO) = (07 _5)7 5(JZ07 ZO) = (0,5) and ﬁ(JZO, JZO) = (57 0)
(2.16)
Flatness yields

<</8(X37Xt)76(207 W)>> = «B(Xsa W), B(Z()aXt)» =0 (2'17)

for 3 < s,t <2(p—r)and any W € V. From (2.15), (2.16) and (2.17)
we obtain
span {f(Xs, X¢): 3<s,t <2(p—r)}
— (span{€}) N UL~ @ (span {€}) - N UG~
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It follows from (2.15) and (2.17) that By, (V) = span{{} @ span {¢}, and
this gives the proof of Fact 2.

We conclude the proof by means of a recursive construction. Notice
that it suffices to construct an orthogonal basis of WP since by (2.4) it can
be replaced by an orthonormal one. By Fact 2 there is X; € V2?7 such that
Nx, = ker By, satisfies dim Nx, = 2p—2 and by Proposition 2.3 the vector
subspace Nx, is J-invariant. Proposition 2.4 gives 5(X1, X1) = (£1,0) # 0
and (2.6) that B(X1, JX1) = (0, =&1). If p=1, then X, JX is the desired
basis. If p > 2 we have by flatness that

<</8(X17X1)76(NX17NX1)>> =0= <<6(X1’ JXl)?ﬁ(NXUNXJ»'
Since N'(8) = 0 we have from Proposition 2.4 that the bilinear form
B = /3’le XNx; * Nx, x Nx, — (span {gl})J— @ (span {é‘l})J—

satisfies N'(8) = 0. By Fact 2 there is X5 € Ny, such that dimker By, =
2p—4. As above, we have that 8(Xa, X2) = (£2,0) # 0 and 5(Xs, JX3) =

(0, —&2), where & is perpendicular to &;. Since Ny, is J-invariant, then
B(X1, X2) =0 = B(X1,J X2).

If p = 2 then X;,JX1, X2, JX5 is the desired basis. If p > 3 we just

reiterate the construction. I

In the sequel, let v: V2" x V2" — WPP be the bilinear form associated

to the symmetric bilinear form a: V2" x V2" — UP given by
A(X,Y) = (a(X,Y),a(X, JY)). (2.18)

Proposition 2.7. Let the bilinear forms v, 3: V2" x V2" — WPP be flat
and satisfy that

(B(X,Y),~(2, 1)) = (BX,T),7(2,Y)) (2.19)

for any X, Y, Z, T € V*. If Vi = m(S(B)) and v, denotes taking the
Vi -component of a then N'(B8) = Ne(awy).
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Proof: We first show that
S(8) = Vi & V7. (2.20)
If (¢,m) € S(B) then (&,0),(0,£),(n,0) € S(B). In fact, if

En) =D BXeYi) =D (&),
p

k
we obtain from (2.5) and (2.6) that

DBk, Xi) = (& —n), Y B(Xk, JYi) = (n, =€),
k

K
> BTk, Xy) = (0, €).
K

It follows that S(5) C V1@ V. For the other inclusion, let (§,n) € Vi & V.
Then there are 6,0 € UP such that (£,6), (n,0) € S(B), and by the above

(&m) € S(B).
From (2.19) and (2.20) we have S(y|yxn(g) € Vit @ Vi~ Thus

((X,Y), ) = (v(X,Y), (£,0)) =0

and
(X, JY), &) = ={(7(X,Y),(0,£))) =0
for any X € VY € N(B) and ¢ € Vi. Thus N(8) C N.(ay,). The

remaining inclusion follows from (2.3) and (2.20).

3 The proof

Proposition 3.1. Let f: M?" — R2"P be o real Kaehler submanifold.
At x € M?" the bilinear forms B,~v: TuyM x T,M — WPP = N¢M(z) &
NyM(x) defined by (2.3) and (2.18) are flat and the condition (2.19) is
satisfied.
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Proof: The curvature tensor of a Kaehler manifold M?" satisfies
R(X,Y)=R(JX,JY) and R(X,Y)JZ =JR(X,Y)Z

for any X,Y,Z € T, M; cf. Proposition 15.1 in [6]. Then straightforward

computations using the Gauss equation give the result. I

Proof of Theorem 1.1: We claim that V*(x) = m1(S(B)) satisfies s = 0.
Suppose otherwise that s > 0. From Proposition 2.5, Proposition 2.7 and
(2.20) we obtain

vE(2) > v (avp (2)) > v(B) = 2(n — s).

In particular, s # 1 since otherwise we have a contradiction with the
assumptions of the theorem.

Suppose that s > 2. If we have v(8) > 2(n — s) then again from
Proposition 2.5, Proposition 2.7 and (2.20) we obtain

v 1(z) 2 vi(z) > v(avy (2)) 2 v(B(x)) > 2(n — s+ 1)

and this is contradiction with both parts of Theorem 1.1. Hence v(8) =
2(n — s).

Let {X;, JX;}1<i<n be the basis of T, M given by Proposition 2.6 and
& =m(B(X;,X;)) for 1 <j <s. If i # j we obtain from (2.4) and (2.19)
that

0= (v(X, X;), B(X;, Xi)) = (V(X, Xq), B(X;, X)) = (Ag; Xi, X)

and
0 = (1(X, JX), (X, X)) = (Ag T X0, X)

for any X € T, M. Then
span {X;, JX;, 1 <i<nandi# j} Cker A, Nker A¢,J

and thus
dim(ker Ag; Nker A¢,J) =2n -2, 1 < j <s.
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Then vg (z) > 2(n — so) for any 1 < so < s. In particular, we have
v¢_(x) > 2(n—s+1) and this has been seen to be a contradiction. Thus
s =0, that is,

a(JX,Y) = a(X,JY) (3.1)

for any X,Y € X(M). In particular, the submanifold is minimal. |

Remark 3.2. Theorem 1.2 in [5] or Theorem 15.7 in [6] give that the

condition (3.1) of f being pluriharmonic is equivalent to minimality.

Remark 3.3. We observe that Theorem 1.1 does not apply for p =1 since

in this case the nonflat examples have v{ = 2n — 2.
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