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1 Introduction

The so called Biacklund theorem was originally proved by A. V. Béck-
lund [2, 3]. One considers a line congruence, called pseudo-spherical line
congruence, in R? between two focal surfaces M and M. This is a smooth
two-parameter family of straight lines such that, for each pair of points
p € M and p € M, the vector from p to p lays in a unique straight line of
the line congruence and it has constant length independent of p. Moreover,
this line is tangent to M and M at p and p and the angle between the
normal vectors at p and p is a constant independent of p. Béacklund proved
that a pseudo-spherical line congruence exists only between surfaces whose
Gaussian curvatures are both equal to the same negative constant (this
justifies the denomination of pseudo-spherical line congruence). Moreover,
he showed that given a surface M of constant negative curvature one ob-
tains a two-parameter family of surfaces with the same constant negative
curvature, associated by a pseudo-spherical line congruence to M.

A natural question to ask is whether similar theorems are realized for
surfaces in the Lorentz-Minkowski space R$. In [16], Palmer proved that
a space-like line congruence between a time-like and a space-like focal sur-
faces in R$ exists only between surfaces whose Gaussian curvatures are
both equal to the same positive constant. In [15], McNertney considered
a space-like and a time-like line congruence between two time-like focal
surfaces in RY. Under the assumption that the shape operator of the
time-like surface is either diagonalizable over the field R or it is not diago-
nalizable over C and has one single light-like eigenvector, she proved that
both time-like surfaces must have the same positive Gaussian curvature.
In [12], Gu-Hu-Inoguchi considered a space-like and a time-like line con-
gruence between two time-like focal surfaces in R$, under the assumption
that the shape operator of the time-like surface is diagonalizable over C,
but not over R. These assumptions were required in order to consider some
special local coordinates (such as asymptotic Chebyshev coordinates), so
that the existence of the geometric line congruence between surfaces would
be equivalent to the Backlund transformation of solutions to some special
partial differential equation.

In this paper, we present a unified approach to treat all possible line
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congruences in R3 (there are six cases), which include the classical results
(s = 0) and also the analogue results in the Lorentz-Minkowski 3-space
(s = 1), without any extra condition on the shape operator. The proof,
which is based on a coordinate-free approach, proves a Béacklund type
Theorem, which states that a necessary condition for the existence of a
Bicklund type line congruence in R2, between two focal surfaces M? and
M2, where r and 7 are the indices of the pseudo-Riemannian surfaces
M? and M? respectively, is that both surfaces have the same non zero
constant Gaussian curvature, and that the constant may be positive or
negative depending on the indices r and 7. Then we prove the Integrability
Theorem which shows that starting with a space-like or time-like surface
M C R2, there exists a 2-parameter family of surfaces associated to M by
a Bécklund type line congruence.

In order to obtain the analytic interpretation of the geometric the-
ory, in terms of solutions of partial differential equations, we assume that
the surfaces have two real distinct principal curvatures. Under this as-
sumption, we consider appropriate local coordinate systems for the sur-
faces and we show that locally a space-like or time-like surface in R3 with
non zero constant Gaussian curvature corresponds to a solution of one of
the following partial differential equation: the sine-Gordon equation, the
sinh-Gordon equation, the elliptic sine-Gordon equation and the elliptic
sinh-Gordon equation. The analytic interpretation of the Bécklund type
Theorem and of the Integrability Theorem in each case provides a Béck-
lund type transformation for the differential equations. In particular, we
obtain transformations (complementary in terms of the parameter) that
provide new solutions for the sine-Gordon equation (see Theorems 7.1 and
7.2) and for the sinh-Gordon equation (see Theorems 7.3 and 7.4), from
a given solution of each equation. While in the case of the elliptic equa-
tions, we obtain a transformation that provides solutions to the elliptic
sine-Gordon equation (resp. elliptic sinh-Gordon equation) from a given
solution of the elliptic sinh-Gordon equation (resp. elliptic sine-Gordon
equation), given by Theorem 7.5 (resp. Theorem 7.6).

The commutativity property for these analytic Backlund type transfor-
mations i.e., the corresponding superposition formula for the differential
equations, will be given in a forthcoming paper.
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This paper is organized as follows. In Section 2, we introduce some
preliminaries which include the structure equations for a moving frame
adapted to surfaces in R3. In Section 3, we include the definition of a
Bicklund type line congruence in R? and we prove the Bicklund type
Theorem. Section 4 contains the Integrability Theorem. In Section 5 and
6, considering surfaces which admit two real distinct principal curvatures,
we consider the differential equations associated to the surfaces of non zero
constant Gaussian curvature and we give an analytic interpretation of the
Integrability Theorem in terms of solutions of the differential equations.
In Section 7, we explicitly give each one of the six cases. In Section 8, we
conclude mentioning some generalizations of the theory described above,
including higher dimensional results.

2 Structure Equations in R?

We denote by M? — R3 a semi-Riemannian surface of index r isome-
trically immersed in (R, (,) = daf + da3 + (—1)*da3), wherer, s € {0,1},
0<r<s<1. Weconsider X : U Cc R? — Rg’ to be a local parametriza-
tion of M2 C R2, where U is an open subset of R2.

Given a vector v € R3, we say that v is a unit vector if the absolute

S
value |(v,v)| = 1. We say that v is space-like if (v,v) > 0 or v = 0, time-
like if (v,v) < 0 and light-like if (v,v) = 0 and v # 0. We say that M? is

a space-like (resp. time-like) surface if r = 0 (resp. r = 1).

Definition 2.1. An adapted moving frame on M? C R? is a set of or-
thonormal vector fields {e1, e, es}, where e; and ey are tangent to Mf
and e3 is normal to M?2. We denote by ¢; = (e;, e;) € {—1,1} the sign of
the vector e;.

Consider a local parametrization X : U C R? — R3 of M? and a
moving frame {ej,e9,e3} adapted to X(U) and let w;, 1 < i < 3, be the
dual frame. Observe that w3 = 0 when restricted to X (U) and

dX = wie] + woes. (2.1)
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Consider the connection forms defined by

3
dei == Zejwijej, 1 S 7 S 3. (22)
J=1

The following structure equations hold (see for example [17]),

wij = —Wji, (2.3)

dwi = €qwa A woat, (2.4)

dws = €9w1 A wia, (2.5)

w1 A w1z + wo A wog = 0, (2.6)

dwis = €3wi3 A w3z = —Kereawy A wa, (2.7)
dw1s = €awia A was, (2.8)

dwas = €1wa1 A w13, (2.9)

where K is called the Gaussian curvature of M2 C R3.
We can write the fundamental forms of the immersion M? — R? as
follows

I = <dX,dX> = 1wy ® w1 + €awa X wa,
Il = (—de3, dX) = w1 ® w13 + wa ® wa3,

where ® denotes the tensor product.

3 Backlund type Theorem

In this section, we introduce the definition of a Bécklund type line
congruence in R? and provide a unified proof for the Bicklund Theorem,
for space-like or time-like surfaces in R3.

Definition 3.1. Let M2, M2 — R3 be two semi-Riemannian surfaces that
are isometrically immersed in Rg’ with 0 <r,7r<s<1 Letvy: M, — M;-
be a diffeomorphism such that for each p € M, p = ¢(p) # p and let
v(p) € R? be the vector from p to p. We say that ¢ is a Béicklund type
Line Congruence (BLC) if there exist constants A > 0 and A > 0, such
that:
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1. The line in R? determined by v(p) is tangent to M and M at p and
P respectively.

2. For all p e M, |v(p)| = +/|{v(p),v(p))| = A
3. The normals N (p) and N (p) are not collinear and (N (p), §/(7)) = A,

The constant X is called the distance of the line congruence. We say that
the BLC in R? is space-like (vesp. time-like) if for all p € M the vector

v(p) is space-like (resp. time-like), i.e.,

e (MDY gy

Possible cases of BLCs. By definition six cases may occur, namely:

1. A Euclidian BLC between Euclidian surfaces (s =0, e =1, r =7 = 0).
A space-like BLC between space-like surfaces (s =1, e =1, r =7 =0).
A space-like BLC between time-like surfaces (s =1, e =1, r =7 = 1).
A time-like BLC between time-like surfaces (s =1, e =—1,r =7 =1).

ARl

A space-like BLC where M is a space-like surface and M is a time-like
surface (s=1,e=1,r=0,7=1).
6. A space-like BLC where M is a time-like surface and M is a space-like
surface (s=1,e=1,r=1,7=0).

Remark 3.2. The first condition of Definition 3.1 implies that there are
no time-like BLC when either M or M is a space-like surface, i.e. € =
—1 implies that s = r = ¥ = 1. Moreover, the cases 5 and 6 above
are equivalent since they correspond to switching the surfaces M and M.
However, we will keep both cases due to the analytic interpretation that

will be given in Section 6.

Let us introduce some notation. Consider £ € {1,—1} and denote

) cosgp ifE=1, ) sing if§=1,
Cﬁ(qﬁ)‘{ cosho ifé——1, °nd S5(¢)_{ sinh¢ if € = —1,

(3.1)
where ¢ € (0,7) if £ =1 or ¢ € [0,400) if £ = —1. Then

CZ(¢) +£SE(9) = 1.
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The next lemma allows one to determine an angle between a pair of
independent vectors in R3.
Lemma 3.3. Let N,N € R3, s € {0,1}, be two linearly independent and
unitary vectors in R2, let € = £1 be the sign of the vector normal to the
plane spanned by N and N. Suppose that (N, N) > 0. Then there erists a

unique angle ¢, such that

Ce(—l)s(¢)7 if <N7N> = <]Y7]\:[>7
S-1(@), i (N,N) # (N, N).

Proof. We consider three cases, depending on the normal vectors.

(N,N) = { (3.2)

i) Suppose that N and N span a Riemannian plane then, e(—1)* = 1 for all
s € {0,1}. Moreover, the Cauchy-Schwarz inequality, |(N, N)| < |N||N],
implies that there exists ¢ € (0,7) such that (N, N) = cos ¢.
ii) Suppose that N and N span a semi-Riemannian plane and (N, N) =
(N,N), then s = 1, e = 1 and the backwards Cauchy-Schwarz inequality
[14] holds, i.e., [{N, N)| > |N||N|. Thus, there exists an angle ¢ € (0, 4+00)
such that (N, N) = cosh ¢.
i4i) Suppose that N and N span a semi-Riemannian plane and (N, N) #
(N,N), then s =1, ¢ = 1 and (N, N) can be any real number, hence there
exists ¢ € [0, +00) such that (N, N) = sinh ¢.

Hence, in each case the assertion of equation (3.2) holds. O

In a BLC between the surfaces M and M, the linearly independent
normal vectors (N and N) span a plane, whose normal direction in R? is
given by v(p). On the other hand, up to orientation of the surfaces we
can always have (N, N) > 0. Hence, Lemma 3.3 allows one to consider an
angle, as in (3.2), between the normal vectors in a BLC, which depends
on the type of congruence, the index of the surfaces and the index of the
ambient space R3.

Now we consider a Bicklund type Theorem for surfaces in RS which
gives a necessary condition, on the Gaussian curvature, for the existence
of a BLC in R? between two surfaces in R?. We state and present a unified
proof that deals with all possible cases of BLCs in R2.

Theorem 3.4 (Bicklund type Theorem). Let M2, M2 — R2, with 0 <
r,7 < s < 1, be pseudo-Riemannian surfaces of RS. Suppose that M
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and M are related by a Bicklund type line congruence in R3. Then both
surfaces have the same constant Gaussian curvature, K = K, given by

82 _qys(e) . _
—1)s+H1 2= —
K — ( CQ) (d)) 2 9 Zf’r ,r’ (33)
- 7)\12 ) Zf’r ?é Fa
where X\ is the distance of the line congruence, ¢ is the angle between the
normals and € = 1 if the line congruence is space-like or ¢ = —1 if the
congruence is time-like. In case e = —1, then s =r =7 = 1.

Proof. Suppose that M and M are related by a BLC. Let {e1, e2,e3} be a
local moving frame adapted to M such that, e3 = N is normal to M, and
for each p € M, e1(p) = @, where v(p) € R? is the vector from p to p.
Let ¢; denote the sign of e;, hence

€1 = €.

Note that as observed in Remark 3.2, when e = —1, then s =r =7 = 1.
We shall consider a local moving frame {é1, é2,é3}, adapted to M, such
that é; = —e; and é3 = N is the normal to M. We denote by & the sign
of ;. In order to express {€;} in terms of the orthonormal basis {e;}, we
must find functions y;, ¢ = 1,2,3, such that és = 2?21 pjej. It follows
from the third condition of Definition 3.1 that we must have us = esA,
where A = (N, N). The orthogonal condition (€3,&;) = 0 implies that
p1=0. Since (—1)® = eeges, the relation €3 = (€3, €3) implies that

Mg = 6(—1)8 (63€3 — A2) . (3.4)

Observe that the right hand side of (3.4) is positive due to (3.1) and (3.2).
Finally, we choose € to be orthornomal to €; and &3 in R?. So we have,

€1 —1 0 0 €1
€2 = 0 6(—1)SA —€342 ey |, (35)
€3 0 149 es\ es3

where pg satisfies (3.4).
Let X be a local parametrization of M2 C R3. Then

X:X+)\el



148 F. Kelmer, L. A. Rodrigues and K. Tenenblat

is a local parametrization of M2 C R3. Taking the exterior differentiation
we have

dX = dX + \de;.

Considering the dual frame, and using equations (2.1) and (2.2), this ex-
pression may be writen as

W1€] + Wae2 = wiel + waea + A (eawizes + €3wizes) .

Using the relation (3.5), this is equivalent to the system of one-forms,

w1 = —wi,
Wy + €9 w19 = 6(—1)SA(I)2, (3.6)
Awis = —H2ws.

Solving the last two equations for ws we have,
— 62)\_1/L2(,U2 = e3Awiz + How12. (3.7)

Now we are going to express the connections @;; in terms of the co-
frame w;. Using (2.2), we have wj3 = (déj,e3) and by using equations
(3.5) and (3.7), we can check that

@13 = 2\~ piows,
holds. In a similar procedure, by using (3.4), we have
Wo3 = 663(—1)8(,«)23.

Finally, using these two relations and the structure equations (2.6) on the
right-hand side of the expression dwis = €3w13 A w3s we have,

dire = €3\ pawr A wis.
Thus, by (3.6)
dio1p = 63)\72;1%(211 A Wa.
Comparing this equation to the Gauss Equation (2.7) and using the fact
that €263 = (—1)°, we have that K = —ezé3(—1)*A"2u3. Furthermore,
considering (3.4) and the identities ezé3 = (—1)"" we conclude that,
B (_1)r+fA2 -1
K == 6#'
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By the symmetry of this expression, with respect to r and 7, we conclude
that K = K. Finally it follows from Lemma 3.3 that we may set

Ce(—1)5(¢)a if r = T,

A=(N,N)=

curvature as

K =

(-1

Se(—l)s (@), if r 7é T,

and using the identity Cg(gb) + fsg(qb) =1 for £ = +1, we may write the

2 1(9)

)\2

_C24(9)

AQ

This completes the proof.

9

ifr=r,

ifr #£7.
O

We summarize the Bécklund type Theorem for all possible types of

BLC in Table 3.1.

Bicklund type Theorem in R>
R BLC 1st surface | 2nd surface | Gaussian curvature

1 Euclidian | Euclidian | Euclidian | K = K = =952 ¢ € (0,)
s=0 e=1 r=20 =0

2 space-like | space-like space-like | K = K = Smh sinh’ 9 b€ (0,400)
s=1 e=1 r=20 r=0

3 space-like | time-like time-like K=K-= smh sinh’ 9 e (0,400)
s=1 e=1 r=1 r=1

4 time-like | timelike | timelike | K=K =352 ¢ ¢ (0,7)
s=1 e=—1 r=1 r=1

5 space-like | space-like time-like K=K-= —COSA#7 ¢ € [0,+00)
s=1 e=1 r=20 r=1

6 space-like | time-like space-like | K =K = COSh ¢ ¢ e [0,+00)
s=1 e=1 r=1 =20

Table 3.1: Parameters and curvature for each kind of BLC.

4 Integrability Theorem

In the previous section, we obtained the Biacklund type Theorem (The-

orem 3.4) which gives a necessary condition on the Gaussian curvature for
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the existence of a BLC between two surfaces in R2. In this section, we
prove the so called Integrability Theorem, which shows that by starting

with a given surface M, in R3 of nonzero constant Gaussian curvature,
3

S

one can construct new surfaces My in R2, which are locally related to M
by a BLC in R3.

From now on, without loss of generality, we will consider M? C R? to be
a surface with normalized constant Gaussian curvature K = § € {—1,1}.
Therefore, the parameters ¢ and \ are related by the expression (3.3), with

K =9.

Theorem 4.1 (Integrability Theorem). Let M2(§) < R? be a surface
with constant Gaussian curvature K = 6 = £1, where r,s € {0,1} and

<r<s= ) =
{O_T_S 1 i 6=1, (A1)

0<r<s<1 4 §=-1.

Let pg € M2 be a non-umbilic point. Consider a unit tangent vector vy €
Ty M? which is not a principal direction, with (vo,vo) = €, such that

s os=1,
6—{1 i 6=1, (4.2)

and a constant ¢ such that

O,m) if (-1 =1,
peq [0,400) if e(—1)=-1 §=-1, (4.3)
(0,400) if e(-1)*=-1 §=1.

+

Then, there exists a surface M2 C R3, with index 7 satisfying

(1) =a(=1)*F ", (4.4)
which is related by a BLC to some open neighborhood of pg € M2, such

that the line of the congruence at pg is the direction of vy and the distance
of the congruence is given by

fe(ﬁb) Zf(s = 17
1(¢)  fd=-1 ands=0, (4.5)
C_1(¢p) ifo=-1 ands=1.

S
A=1¢ S
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Moreover, ¢ is the angle between the normals at corresponding points and
the inner product between the normals is

Ce(9) ifo=1,
A=4¢ Ci(¢) ifd=—-1 ands=0, (4.6)
S_1(¢) ifd=—-1 ands=1.

In particular, A and A are related by the relation
5 [(—1)*tTA% — N3] = 1. (4.7)

Proof. Fix 0, r, s, € and ¢ satisfying (4.1) - (4.3). Define A and A by
the relations (4.5) and (4.6) respectively. Notice that A # 0 and the
trigonometric identity CZ(¢) + £SZ(¢) = 1, with & = +1, implies that
and A are related as follows: —eA\2+A? =1if § = 1 and A2+ (—1)°A%? =1
if = —1. When 0 = 1 we have s = 1, hence we can rewrite these relations
as in (4.7).

We look for an orthonormal moving frame {ej, €2, e3} adapted to M2,
with €; = (e;, e;) such that

(=), ifs=1,

6]_ — 6, 62 = 61(_1)T and 63 = { (71)7’4-37 lf 5 — —17

(4.8)
such that ej(po) = vo and the relation
Wi = —)\_1(62002 + 63AW13) (4.9)
holds, where A and A are related by (4.7).
Let J denote the ideal generated by the 1-form
Y =wig + /\_1(62002 + 63/\0)13). (4.10)

Observe that J is closed under exterior differentiation. In fact, taking the
exterior differentiation and using the structure equations (2.7), (2.4) and
(2.8) (where K = § and ¢; is given by (4.8)) we have

dy = —de1eaw1 A wa + wig A (—)\_1(,01 + 6263)\_1AUJ23) .
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Hence, using (4.10) to substitute w2, it follows from the structure equa-
tions (2.6) and (2.7) that

_ €
=-1
The relation for A and A given by (4.7) implies that dy = 0(modJ). It
follows from Frobenius Theorem (see for example [13]) that, on a neighbor-

dry [6eA? + 1+ (—1)0A%] w1 A wa, (modJ).

hood W of py, there exists a moving frame {e1, e2, e3} with initial condition
e1(po) = vo such that (4.9) is satisfied. We may consider a subset of W,
if necessary, so that e; is not a principal direction at each point of W.
Observe that the vector fields es and e3 are determined by e; and v =0
is a differential equation for the vector field e;, which can be written as

(dey, ez + X tesAes) + A Legws = 0,

where wo is dual to es. This justifies the existence of the moving frame.
Now, consider X on W given by

X =X + dey, (4.11)

where X : M — R? is a parametrization of M. Note that X is regular. In
fact, taking the exterior differentiation of (4.11) and using equations (2.1),
(2.2), (4.9) and (4.8) we have

dX = wie1 + wis ((—1)S+16A€2 + (_1)r+s/\e3) ,

where we used the fact that eezes = (—1)°. Since e; is not a principal
direction of M?, wy and w3 are linearly independent 1-forms, thus M2 :=
X (V) is regular. In order to determine the index 7, we choose a moving
frame adapted to M2 as follows:

€1 = —eq,
e2 = (—1)*TleAey + A\(—1)"e3 (4.12)
€3 = Aeg + (—1)T+SA63.

Hence the index 7 of M2 may be computed by the relation (—1)" = && =

€€y. Equations (4.12) and (4.8) imply that €&y = A2ees + eA2(—1)"+* and
eeg = (—1)". Therefore,

(—1)" = (—=1)" [A® + eA*(-1)*] .
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Thus, from (4.7) we conclude that 7 satisfies (4.4). Moreover, (4.11)
implies that

VX —X.X —X)| =\

and (4.12) with (4.8) imply that (N, N) = A, where N = e3 and N = &3
are normal vector fields to the surfaces M? and M2 respectively. Thus,
W C M2 and M2 are related by a BLC in R? with constants A, A and
the line of the congruence is in the direction of e;. This concludes the
proof. O

Remark 4.2. The proof of the Integrability Theorem shows that given a
surface M2(5) C R3, of constant Gaussian curvature K = § = +1, where
r,s and § satisfy (4.1), there exists a two-parameter family of surfaces M
which is related locally to M by BLC in R3. The two parameters are
¢ (or equivalently the constants A and A related by (4.7)) and the one
that corresponds to choosing the unit tangent vector vy, where (vg, vo) =
€ = +1. Then, Theorem 3.4 implies that each surface M has Gaussian
curvature K = 6. Moreover, the proof shows that M is obtained by
integrating (4.9). This procedure is called a Bdcklund Transformation.
Observe that when § = 1 and r = 1 then one can choose the unit vector
vg to be spacelike or timelike i.e., ¢ = £1. Otherwise, vg is spacelike i.e.,
e =1 (see Table 3.1).

5 Associated partial differential equations

In this section, by considering an appropriate local coordinate system
on surfaces which admit two real distinct principal curvatures, we show
that locally a space-like or time-like surface in R3, with non zero con-
stant Gaussian curvature corresponds to a solution of a partial differential

equation.

Theorem 5.1. Let M2(5) C R2 be a surface with constant Gaussian cur-
vature § = £1, 0 < r < s < 1, such that (4.1) holds. Suppose that
M? has two distinct real principal curvatures. Then, there exists a local

parametrization X (x1,xs) of M? such that fori € {1,2}, <|§(—zl|, é—i"> =
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(=1)=V7e, e = +1 and a differentiable function o(zy,z) that is a solu-

tion of the differential equation
e[=6azo; + (1) agyn,] = Si(a), where 1= (=1)"TTs.  (5.1)

Moreover, in these coordinates, the first and second fundamental forms of
M? are given, up to orientation T = +1, respectively, by

I = eGP (5)dat + (~1)eSP (5 )das,

11 = TSZ(E)Cl(E) ledzt — (—1)"elda3)] .
Conversely, for fized integers 6 = +1, r,s € {0,1}, ¢ = £1 such that
(4.1) - (4.3) are satisfied, consider | = (—1)"t5+1§ and let a(z1,72) be a
non zero solution of (5.1). Then, there exists a surface M2 C R3 with
Gaussian curvature K = 0, whose fundamental forms are given by (5.2).

Proof. Let X (u,v), (u,v) € W C R? be a local parametrization of M2
such that the coordinate curves are lines of curvature. Consider a moving
frame {e1, e, e3} such that e; and e are principal directions and denote
by k1 and ko the distinct principal curvatures.

In order to obtain the dual frame and the connection forms in the
basis {du,dv}, one can use equations (2.1), (2.2) and the fundamental
form, I = (dX,dX) and 1] = (—des, dX), respectively. These 1-forms can
be expressed as follows

wy = Adu, wy = Bduv,
w31 = —ek1 Adu, wse = —(—1)"eko Bdv,
where A = €(X,,e1) and B = (—1)"e(X,,e2). Once we know the dual

frame, then the connection form w9 is uniquely determined by equations
(2.3), (2.4) and (2.5), and it is given by

(5.3)

A, B,
wig = —efdu + (—1)Tejdv. (5.4)

We notice that the structure equations (2.8) and (2.9) expressed in the
basis {du,dv} are equivalent, respectively, to the following equations.

)y Ay
b —ky A
(k2)u Bu_
byt B
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Let o be a function such that k1 = 7.5/(5)/Ci(5), where | = —e3d,
€3 = (es,e3) and 7 = sign kj. Since €3 = ( 1)"*s, it follows that [ =
(=1)7Tst15. Then Gauss Equation (2.7) implies that kiks = (—1)"+46
and hence ky = —I7C(5)/Si(5). Therefore, this system is equivalent to

0

0
%IHA—G—IHCZ( ) 07

0 0

Hence, there exist functions U(u), V' (v) > 0 such that A = Cj(§)U(u)
and B = Sj(§)V(v). This allows us to consider a reparametrization of
X with parameters (z1,22) such that de; = U(u)du and dzxy = V(v)dv.
Thus, it follows from (5.3) and (5.4), that the dual frame and the connec-
tion forms are given by

= Cy(5)dxy, wp = Si(5)dxa,
le (—=1)"e
wiz = Eamdazl + Tamd:ﬁg, (5.5)

w31 = —GTSl(%)dxl, w32 = (—I)TETlCl(%)dxg.
Therefore, the first and second fundamental forms of X (x1,x2) are
I = eCH(E)dar? + (—1) eS,( )dxo?,

2
II:TSI( )Ci(=) (edzi? — (=1)" efdx22).

o
7)

Moreover, it follows from (2.7) and (5.5) that the function « satisfies

—0(—1)"€qp 0y + l0€pyny = (—1)"Si().

Therefore, a(z1, z2) is a solution of (5.1).

Conversely, for fixed integers 6 = +1, r,s € {0,1}, e = £1 such that
(4.1) - (4.3) are satisfied, consider [ = (—1)""T1§ and let a(x1,22) be
a non trivial solution of (5.1) defined on an open subset of R2. We de-
fine the 1-forms wi, wa, wi2, w31 and w3y as in (5.5). A straightforward
computation shows that these forms satisfy the structure equations (2.3)-
(2.9), with K = ¢, i.e., the Gauss and Codazzi equations are satisfied.
Therefore, the fundamental theorem of surfaces implies that there exists a
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surface M? C R? with Gaussian curvature K = ¢ and whose fundamental
forms are given by (5.2).

O

In Theorem 5.1, in order to obtain the differential equation (5.1), we
considered an appropriate local parametrization for surfaces which admit
two real distinct principal curvatures. We observe that there exist time-like
surfaces with positive constant Gaussian curvatures that are non-umbilic
and do not satisfy this condition. For instance, one can have a time-like
totally quasi-umbilic surface [10] (this is, a time-like surface whose shape
operator is non-diagonalizable over C) or, a time-like surface whose shape
operator is diagonalizable over C but not over R [12].

6 Backlund Transformations in Local Coordinates
and Analytic Interpretation

In this section, we provide the analytic interpretation of the Integrabil-
ity Theorem (Theorem 4.1), in terms of a local coordinate system on the
surface. Then, we show how to use the Integrability Theorem to explicitly
construct the two-parameter families of surfaces with the same Gaussian
curvature mentioned in Remark 4.2. Finally, we provide the analytic ver-
sion of the integrability theorem by considering the associated differential
equations and their corresponding Bécklund transformations.

Theorem 6.1. Under the hypothesis of Theorem 4.1 consider a surface
M2(5) C R2, with curvature K = § = 41, where r,s € {0,1}, r <
s, satisfy (4.1). Let po € M and vg € Tp,M be a unit tangent vector
at the point py, such that € =< wvg,vg > satisfies (4.2). Assume that
M? has two real distinct principal curvatures and let X (z1,x2) be a local
parametrization of M, containing po = (29, 29), as in Theorem 5.1 and let
T be the sign of the principal curvature ki associated to the direction Xy, .
Let a(x1,x2) be a solution of the differential equation (5.1) corresponding
to the surface X (x1,x2). Then the following system for the function o is
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integrable
oy = (=1)° 5% = %S< br(3)CU5) ~ 2T Cy(5)81(5)
0y + 0y = =301 (5)S1(8) = ZEAS(y ($)C(S),

where S¢, C¢ are given by (3.1) and the constants X and A satisfy (4.7).
Moreover,

_ Crny (% Sy (%
X=X+ w&, —i—L(Q)Xx , (6.2)
G(3) ’
2

is related to X by a BLC in R3.

Proof. As in Theorem 5.1, the vector fields

X,
Ci(§)

are the principal directions of M, where | = (—=1)""t1§ for i = 1,2,
< &,6 >= (=1)"V7e, e = £1 and a(zy,z2) is a solution of (5.1). The
1-forms associated to this frame are given by (5.5).

e; =

It follows from the Integrability Theorem that there exists a mov-
ing frame e, es, e3 adapted to M, on a neighborhood of pgy, such that
e1(z9,29) = v° and equation (4.9) is satisfied for the 1-forms wy,ws and
w12, where A and A are related by (4.7). Hence, in order to determine the
vector field ey, we look for a function o/ such that

/ /

« o
e = C( 1)r( )€1+S( 1)(2)_2,
/ /
€2 = (—1)vur15(,1)1~(%)él—i—()’(fl)r(%)@7

and the associated 1-forms

wy = C(—l)r(%/)wl + (=1)"S 1y (%)
wy = —S(_1)r (%)@ + C(,l)r(%’)@

wiz = (—1)"€ d(%/) + w12,

wig = C(_1yr (3)@13 + S(_1yr (%) @23,
wag = (1) S 1y (%)@ + C oy (& )was,
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satisfy the Béacklund Transformation (4.9). Observe that from the expres-
sion of e1, we get (e1,e1) = € and (eg, e2) = (—1)"e.

By substituting these 1-forms into (4.9) and using the linear indepen-
dence of dry and dxo we obtain that o/ satisfies the system of differential
equations given by (6.1). The Integrability Theorem implies that there
exists o’ which is a solution to this system and moreover that X given by
(6.2) is related to X by a BLC in R2. O

In the proof of Theorem 6.1, one can see that the system of equations
(6.1) is equivalent to (4.9), since it was obtained from this equation by con-
sidering an appropriate local parametrization X (x1,x2) for surfaces which
admit two distinct real principal curvatures. For the analytical interpre-
tation of the Integrability Theorem for time-like surfaces with positive
constant Gaussian curvature which do not admit such a parametrization
we refer the reader to [15|, when the shape operator of the surface is
non-diagonalizable over C and to [12], when the shape operator is diago-
nalizable over C but not over R.

Now each surface considered in Theorem 6.1 corresponds to a solution
of equation (5.1) and the system of equations (6.1) provides a transforma-
tion between the functions o and /. Therefore we can rewrite the theorem
in its purely analytic version.

Theorem 6.2. Consider fived constants § = +1, e = +£1,r,s € {0,1}, r <
s, satisfying (4.1) and (4.2). Let a(x1,x2) be a solution of the differential
equation (5.1) i.e.

6[—504901351 + (_1)S+1O‘xzw2] = Sl(a)7 (6'3)

where | = (=1)"T5TL§ and S is given by (3.1). Then the system of equa-
tions (6.1) for o/ (x1,x2) is integrable, with T = +1, and & is a solution
of

e[-dal, ., + (-1l ] = Sy (a). (6.4)

2T2

Although this theorem is just the analytic version of Theorem 6.1, one
can also prove it directly as we will see below. Before proving Theorem 6.2,
we point out that whenever [ = (—1)" (i.e. § = (—1)**!), then (6.3) and
(6.4) coincide and (6.1) is a two parameter self-Bicklund transformation,
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where one of the parameters is determined by A and A satisfying (4.7) and
the other is the initial condition of o/ at a point. It provides a procedure
of obtaining new solutions of (6.3) from a given one, by integrating (6.1).
Otherwise, when [ # (—1)" (i.e., § # (—1)*™!), then Theorem 6.2 shows
that (6.1) is a two-parameter Bécklund transformation from solutions of
the equation (6.3) into solutions of a different equation, namely (6.4) where

(—1)r = —L.

Proof. The proof of Theorem 6.2 is a straightforward computation. In fact,
considering the system (6.1), we obtain the derivative of the first (resp.
second) equation with respect to xo (resp. x1), where we substitute the
expressions of o), and o}, given by the system. Assuming that o(x1,z2)
is a solution of (5.1) and using the relation between A and A given by
(4.7), the expression of [ and the identities

CE(B) +€S¢(B) =1, 2C¢(B)Se(B) = Se(28),

dCe dse
ﬁ = —£5¢(B), % = Ce(B),
we conclude that o}, ., = a,,, i.e. that (6.1) is integrable.

Now considering the system (6.1), we obtain the derivative of the first
(resp. second) equation with respect to 1 (resp. z3), where we substitute

/

o, and o). Then using the identities above, the relation (4.7) and the

expression of [, we conclude that o/ (x1,z9) satisfies the equation

-0, .+ (=1l = eS(_1yr(a).

1,1 T2T2

7 Six cases

As an immediate consequence of the results proved in Sections 5 and 6, we
get the following results which are obtained by restricting Theorems 5.1
and Theorem 6.2 to each one of the cases considered in Table 3.1. Recall

that without loss of generality, we have normalized the Gaussian curvature
to be K =4 = £1.
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Before stating each case, we observe that the first four cases give an
analytic Bécklund transformation which provides new solutions of the as-
sociated differential equation from a given solution of the same equation.
However, cases 5 and 6 give a transformation which provides new solutions
of the elliptic sine-Gordon equation (resp. elliptic sinh-Gordon equation)
from a given solution of the elliptic sinh-Gordon equation (resp. elliptic

sine-Gordon equation).
Considering s = 0, e =1, r =0 and § = —1 then [ = 1 and
(4.7) implies that A% + A\? = 1 hence, A = cos ¢ and \ = sin ¢.
Theorem 7.1.
a) Non zero solutions a(x1,x2) of the sine-Gordon equation
gy — Ogor, = SINQ, (7.1)

are in correspondence, up to rigid motions, with parametrized sur-
faces X (x1,x2) in R with Gaussian curvature K = —1 and funda-
mental forms

I= cosQ(%)d:c%—i—sinQ(%)dx%, 1 = TSiD(%) cos(z)(d:cl dz3),
where T = £1.

b) For any solution a(x1,x2) of (7.1), the following system of differen-
tial equations for o/ (x1,x2), where ¢ € (0,7), is integrable

alxl + o, = g 2¢ sin( %,) (%) 27S-lcnoz¢ COS(% /Sln(%),
@, = it cos(§) sin(§) + Figsin( ) cos(5).

Moreover, o is also a solution of (7.1).

This is the classical Backlund transformation for the sine-Gordon equation,
when 7 = —1, found for example in [17], Theorem 5.1, page 44.

Considering s=1,e=1,r=0and § = 1 then [l = 1 and

(4.7) implies that A2 — X2 = 1, hence A = cosh¢ and A = sinh¢. Then
Theorems 5.1 and 6.2 reduce to
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Theorem 7.2.

a) Non zero solutions a(x1,x2) of the sine-Gordon equation
Opyzy — Qggr, = —SiDq, (7.3)

are in correspondence, up to rigid motions, with parametrized space-
like surfaces X (x1,x2), in R} with Gaussian curvature K = 1 and
fundamental forms

I= cos%%)da:%—i—sin%%)dw%, I = Tsin(%) cos(2)(dx1 dx3),
where T = *£1.

b) For any solution a(x1,x2) of (7.3), the following system of differen-
tial equations for o/ (x1,x2), ¢ € (0,00), is integrable

27 cosh a
{ oy, + gy = smh¢ sm(%) s(5) + Tsi(;o}f¢>¢ cos( %) sin(5),
0[

5 )5S
04252 + Qg = sm2h¢> COS( )Sln(%) — 2;‘;10}?2)¢ Sin(%) COS(%)_

Moreover, o/ is also a solution of (7.3).

Considering s = 1, e =1, r =1 and § = 1 then [ = —1 and
(4.7) implies that A2 — X\2 = 1, hence A = cosh¢ and A = sinh¢. Then
Theorems 5.1 and 6.2 reduce to

Theorem 7.3.

a) Non zero solutions a(x1,x2) of the sinh-Gordon equation
Qpyz; — Qggr, = —sinh a, (7.5)

are in correspondence, up to rigid motions, with parametrized time-
like surfaces X (x1,72) in R} with Gaussian curvature K = 1 and
fundamental forms given by

I= cosh2(2 )da?— smh2(2 yda2, I = Tsinh(%) cosh(%)(dxf—dxg),

where T = +1.
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b) For any solution a(x1,x2) of (7.5) the following system of differential
equations for o/ (x1,x2), where ¢ € (0,00), is integrable

oy, + gy = smh¢ s1nh(%)/cosh(%) + 278;;&52‘75 COSh(%/ sinh(§),
o, gy = —ﬁ cosh(% ) sinh(§) — =5 sinh () cosh(
(

Moreover, o is also a solution of (7.5).

Considering s =1, e = —1,r=1and § = 1 then [ = —1 and

(4.7) implies that A2 + A\? = 1, hence A = cos¢ and A = sin¢g. Then
Theorems 5.1 and 6.2 reduce to

Theorem 7.4.
a) Non zero solutions a(x1,x2) of the sinh-Gordon equation
Olzyzqy — Qgoz, = Sinha, (7.7)

are in correspondence, up to rigid motions, with parametrized time-
like surfaces X (w1,x2) in R} with Gaussian curvature K = 1 and
fundamental forms given by

I = —cosh?(%)da? + sinh?(%)da3,
IT = 7sinh(%) cosh($)(—dz? + da3),

where T = £1.
b) For any solution a(x1,x2) of (7.7)
Oz — Qgoz, = sinha. (7.8)

Then the following system of differential equations for o' (x1,x2),
where ¢ € (0,7), is integrable

agtl + aa}g = 81121¢ Slnh(%) (%) + 221(1310;)(;5 COSh(%,) Slnh(%),
0, + 0y = — g cosh(§) sinh(§) — ZERE sinh (%) cosh(§).
(7.9)

Moreover, o is also a solution of (7.7).
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The Bécklund transformation above, with 7 = —1, was obtained in [15].

Considering s =1, e =1, r=0and 6 = —1 then [ = —1 and
(4.7) implies that —A% + \? = 1, hence A = sinh ¢ and A\ = cosh ¢. Then
Theorems 5.1 and 6.2 reduce to

Theorem 7.5.

a) Non zero solutions a(x1,xz2) of the elliptic sinh-Gordon equation
Ay 2q + Agoxy = sinh a, (710)

are in correspondence, up to rigid motions, with parametrized space-
like surfaces X (z1,22) in R with Gaussian curvature K = —1 and
fundamental forms given by

I= cosh2( )d:cl—i—smh2( yda2, I = Tsinh(%) cosh( )(da3+dz2),
where T = %1.

b) For any solution o(xy,x2) of (7.10) the following system of differ-
ential equations for o/ (x1,x2), where ¢ € [0,00), is integrable

. 2 a3 h
al — ag, = Cos2h¢sm(%) h(g) + Z§£¢(icos(% sinh(%),
aly, + gy = CObh(ﬁcos(%)smh(%)—i— Zj;ﬁ(f sin(%) cosh(2).

Moreover, o/ is a solution of the elliptic sine-Gordon equation

/

!
Qpiaq + Qpony

=sina’. (7.12)
The system of equations (7.11) is a Bécklund transformation that for a
given solution « of the elliptic Sinh-Gordon equation (7.10), it provides a
solution ' for the elliptic sine-Gordon equation (7.12). This transforma-
tion with 7 = —1 was obtained by Tian [20].

Finally, considering s =1, e=1,r=1and § = —1 then | =1
and (4.7) implies that —A? + A\?> = 1, hence A = sinh¢ and A = cosh ¢.
Then Theorems 5.1 and 6.2 reduce to



164 F. Kelmer, L. A. Rodrigues and K. Tenenblat

Theorem 7.6.

a) Non zero solutions o(x1,x2) of the elliptic sine-Gordon equation
(7.12) are in correspondence, up to rigid motions, with parametrized
time-like surfaces X (w1, x9) in R$ with Gaussian curvature K = —1

and fundamental forms given by
I= cos%%)dw%—sin%%)dw%, I7 = Tsin(%) cos( )(dz?4-dx3),
where T = £1.

b) For any solution o(x1,x2) of (7.12) the following system of differ-
ential equations for o/ (x1,x2), where ¢ € [0,00), is integrable

27 sinh .
{ Ay — Oy = cosh¢ smh(%) s(5) + Zs‘slﬁf cosh(%) sin($5),

=)
oy, + Oy = Cosh¢ cosh(o‘ )sin(§) + 72205;E};¢ sinh( %) cos(5).

Moreover, o is a solution of the elliptic sinh-Gordon equation (7.10).

As an application of Theorem 6.2, we conclude this section by provid-
ing some examples of solutions of the differential equations. The Bécklund
transformation (6.1) between the differential equations (6.3) and (6.4) was
obtained from a BLC between two surfaces. However, the Backlund trans-
formation (6.1) holds for every initial solution « of (6.3). In particular for

the solution o = 0, which is not associated to any surface.

Example 7.7. Consider o = 0 a trivial solution of (6.3). Then (6.1)
reduces to
/ 2 o
Qp = XS(—l)T(§)7 (7.14)
{ oy = =BG (),

whose solutions are given by

, 4 arctan exp &(1, z2), if (-1)" =1,
— 7.15
(1, 72) { 21ntanh (—%5(1‘1,36'2)) ) if (=1)" = -1, ( )

where

1 A
&(z1,20) = Xml — 5TX:C2 +c,

and c is a constant that depends on a given initial condition.
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Case 1. Given ¢ € R and ¢ € (0,7), then

1
x1+TC98¢x2+c> , T = =1,
sin ¢

o/ (21, 22) = 4arctan exp < .
s

in ¢

is a solution of o4, — gz, = sina.

Case 2. Given ¢ € R and ¢ € (0,00), then

1 cosh ¢
— =41
sinh ¢x1 T sinh ¢x2 + C) ’ T ’

o/ (21, 22) = 4arctan exp (

is a solution of o4, — Qgyz, = —sina.

Case 3. Given ¢ € R and ¢ € (0,00), then

1 cosh ¢
! = 2Intanh [ — =+1
o (x1,x2) ntan 251nh¢$1 + TQSinh¢x2 +c, T ,

is a solution of ag,z, — Qzyz, = —sinha.

Case 4. Given c € R and ¢ € (0,7), then

1
o/(a;l,a:g) = 2Intanh <_281n¢$1 —+ TQC;SI1¢¢m2 + c> , T =41,

is a solution of gz, — Qzyz, = sinha.

Case 5. Given ¢ € R and ¢ € [0,00), then

1 inh
o (x1, 1) = 4arctan exp <cosh¢x1 + Tiihixg + c> , T = =41,

is a solution of a5, + Qzyz, = sina.

Case 6. Given ¢ € R and ¢ € [0, 00), then

1 sinh ¢
! =2Intanh (| —————x1 — =+l
o/ (x1,x9) n tan ( 2coshd>$1 T2COSh¢x2 +c> , T ,

is a solution of ag, 4, + azye, = sinha.

We observe that explicit solutions of the sine-Gordon equation and the
corresponding surfaces can also be found for example in [17].
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8 Some generalizations

We conclude by pointing out some generalizations of the Bécklund
type Line Congruence. Buyske (1994), in |7], dropped the tangential con-
dition of Line Congruence and obtained a Backlund type of transformation
between Linear Weingarten surfaces. However, this result was originally
obtained by Bianchi see [6], who considered the lines of the congruence to
have a constant angle (not necessarily orthogonal) with the normal vec-
tor field of each surface. He also obtained similar results for surfaces in
3-dimensional space forms. Zuo, Chen and Cheng considered line congru-
ence in the de Sitter and anti-de Sitter Spaces [21].

Tenenblat and Terng (1980) generalized the line congruence for n-
dimensional sub-manifolds M™ of Euclidian space R?"~! in [18], obtaining
a higher dimensional version of the classical Backlund theorem. The di-
mension 2n — 1 is due to results of Cartan [8], which show that n —1 is the
smallest codimension for such an immersion to exist, when the sectional
curvature of M is K = —1. Such immersions are associated to a system
of differential equations for an orthogonal matrix valued function with n
independent variables, which is called the Generalized sine-Gordon equa-
tion (GSGE), whose Bécklund transformation was obtained as the analytic
interpretation of the geometric theory.

The notion of a geodesic congruence in a space form was considered by
Tenenblat (1985) in [19], for manifolds M™ with constant sectional curva-
ture K immersed in a space form M?"~1 of constant sectional curvature
K, with K < K. Such submanifolds are associated to a system of differ-
ential equations for an O(n) valued matrix function which is the GSGE
when K # 0 and it is called the Generalized wave equation (GWE), when
K = 0. The analytic interpretation of the Béacklund theorem provides a
Bécklund transformation for the solutions of the GWE. We observe that
for n > 2, the GWE is a system of nonlinear differential equations and it
reduces to the wave equation when n = 2. The Béacklund transformation
provides a method of obtaining, from a given solution of the GSGE (resp.
GWE), new solutions of the same equation.

In 9], Campos-Tenenblat (1994) considered pseudo-spherical geodesic
congruences for n-dimensional Riemannian manifolds M™ of constant sec-
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tional curvature K, isometrically immersed in a (2n — 1)-dimensional
pseudo-Riemannian manifold M2"~1 of constant sectional curvature K,
K # K. Assuming the normal bundle is flat and the principal normal
curvatures are different from K — K, in [4] Barbosa-Ferreira-Tenenblat
showed that such immersions are associated to a system of partial differ-
ential equations satisfied by an O(n — ¢, ¢) matrix valued function. This
system was initially called the Generalized equation and later the Gener-
ating equation in [17] (see Chapter II). This denomination is due to the
fact that by choosing the constants K, s and ¢, 0 < g < n—1, it generates
distinct systems of differential equations. In particular, when ¢ = s = 0
and K < K it reduces to the GSGE when K # 0 and to the GWE when
K = 0. Similarly, when ¢ = n—1, s = 0 and K > K the generating
equation reduces to the generalized elliptic sinh-Gordon equation and to
the generalized Laplace equation when K # 0 and K = 0 respectively.
The Bécklund transformation for the Generating equation was obtained
by Campos-Tenenblat in [9] (see also Chapter IV in [17]). The gener-
alized elliptic sinh-Gordon and Laplace equations were also investigated
by Dajczer-Tojeiro in [11]| for submanifolds M™ of the Riemannian space
forms M, with K > K.

One should mention that in 1986, the linearization of the Béacklund
transformation of the GSGE and the GWE was the key factor used by
Ablowitz-Beals-Tenenblat in [1], in order to apply the inverse scattering
method to solve an initial boundary-value problem for both equations (see
also Chapter III in [17]).

If we restrict ourselves to the differential equations that are satisfied by
the metric of the manifold M (i.e. the Gauss equation), one has a system
of equations for a unit vector valued function v defined on an open subset
of R™, which is called the Generating Intrinsic equation introduced in 1998
(see chapter V in [17]). The generic solutions of this system (i.e. solutions
v whose coordinate functions do not vanish) are in correspondence with
metrics of constant sectional curvature, on subsets of R"™. Moreover, solu-
tions of the Generating Intrinsic equation are in correspondence with the
solutions of the Generating equation. In fact, any manifold M™ of constant
sectional curvature K, contained in a space form M 82"_1, with curvature
K, K # K provides a solution of the Generating equation and hence of
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the Generating Intrinsic equation which is satisfied by its metric. Con-
versely, given a generic solution of the the Intrinsic Generating equation,
there exists a unique submanifold associated to the given solution, which
is determined by its metric up to rigid motion of M. Therefore, any such
manifold is determined by its metric satisfying the Gauss equation, which
is the Generating Intrinsic equation.

We observe that the intrinsic generalization for the wave and the sine-
Gordon equations was originally introduced by Beals-Tenenblat in 1991 [5],
where the authors obtained transformations which provide new solutions
for these equations from a given one. Moreover, they showed that solutions
for these equations can be obtained by applying the inverse scattering
method.
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