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Abstract. The isoperimetric problem is one of the oldest in ge-
ometry, and it consists of finding a surface of minimum area that
encloses a given volume V . It is particularly important in physics
because of its strong relation with stability, and this also involves
the study of phenomena in non-Euclidean spaces. Of course, such
spaces cannot be customized for lab experiments but we can resort
to computational simulations, and for this purpose one of the most
widely used softwares is the Surface Evolver. In this paper we use it
to study the isoperimetric problem in a hyperbolic 3-torus T . More
precisely: up to isometries, there exists a unique tesselation of H3 by
non-ideal cubes C. By identifying the opposite faces of C we get T .
Now let Ω be a connected isoperimetric region inside T . Under weak
assumptions on graph and symmetry we find all numerical solutions
Σ = ∂Ω of the isoperimetric problem in T .
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1 Introduction

The isoperimetric problem is one of the oldest in geometry, and it
consists of finding a surface of minimum area that encloses a given volume
V . For readers not familiar with this problem we briefly comment on a
physical experiment to identify possible shapes of a soap bubble inside a
box. See Fig. 1.1.

Figure 1.1: Soap bubbles in a box [29, Fig.9].

In Fig. 1.1 one must consider that tilting the box will not change the
shape of the bubble, and gravity is negligible because the soap film weighs
close to zero. On the top of Fig. 1.1 we can easily see the three shapes
that always appear in a lab experiment: spherical, cylindrical and planar.
At the bottom, on the left-hand side we have a surface found by H. Blaine
Lawson, and on the right-hand side another one named after the German
mathematician Karl Hermann Amandus Schwarz.

The isoperimetric problem is particularly important in physics because
of its strong relation with stability, and this also involves the study of
phenomena in non-Euclidean spaces. For example, by considering homo-
geneous density we can work with either volume V or mass m. In [22]
the mathematical physicist Roger Penrose combined several results and



The Isoperimetric Problem in the Hyperbolic 3-Torus 55

evidences regarding gravitational collapse in order to conjecture that, if m
is the total mass and A the area of a black hole, then 4m

√
π ≥ A. In the

theory of General Relativity this and other inequalities are called isoperi-
metric inequalities for black holes [14]. For this problem the non-Euclidean
spaces of interest are the Schwarzschild and the Reissner-Nordstrom, and
here we cite [10] for readers who want more details.

Differently from the example in Fig. 1.1, of course one cannot cus-
tomize lab experiments with a non-Euclidean metric. But we can resort
to computational simulations, and one of the softwares most widely used
for this purpose is the Surface Evolver. Firstly introduced in 1989, now
its most recent version is 2.70 [6] with numerous applications in many
areas of knowledge such as Aerodynamics [3], Fluid Dynamics [9], [11],
[28], and Medicine [13]. It handles forces (contact, gravity, etc.), pres-
sures, densities, n-dimensional spaces (including non-Euclidean), tracking
of quantities and prescribed energies, among several other features.

The experiment of Fig. 1.1 studies the isoperimetric problem on the flat
cubic torus T0 via a cube which is a symmetric eighth B0 of its fundamental
region cube C0. The torus T0 is obtained by identifying opposite faces of
C0, and symmetry arguments show that it is enough to consider an eighth
of C0 to study the isoperimetric problem. In this paper we replace C0 with
a cube C from an essentially unique tessellation of the hyperbolic space
H3. Identifying opposite faces yields a non-smooth T , hyperbolic except
for the edge singularities. We use Evolver to mimic the experiment of
Fig. 1.1 on an eighth B of C.

In this paper we represent the hyperbolic 3-space H3 by the unit ball
in R3 centred at the origin and endowed with the Poincaré metric. It is
known that, up to isometries, there exists a unique tesselation of H3 by
non-ideal cubes C. This result is proved in Sect. 2, which also includes
two weak assumptions on isoperimetric regions inside C. The assumptions
are needed because T is too poor in space symmetries compared with a
Euclidean torus R3/G, where G is a group of translations in R3.

Notice that Fig. 1.1 does not show bubbles in R3/G, for this quotient
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space has empty boundary. In that figure all bubbles are contained in
an octant of R3/G. However, thanks to the Aleksandrov Reflection Prin-
ciple [1] the two problems are equivalent. The same principle still holds
for hyperbolic spaces (see [26]), so that we can also reduce our analysis
to an octant of C. Of course, in both cases we use the Steiner-Schwarz
Symmetrization.

However, for the Euclidean case we already have strong theoretical
results, and Fig. 1.1 depicts all possible candidates including some of the
ones found in [27]. As a matter of fact, each candidate is a one-parameter
family of surfaces, and the parameter is the comprised volume. More
precisely, [27, Prop.6.2] characterizes the stable surfaces of constant mean
curvature in R3/G with positive genus, since the sphere (also cylinder and
plane) had already been known before. The author’s new examples are
illustrated in [27, Fig.6], which includes the unduloid (the cylinder is a
special case thereof). The Lawson and Schwarz surfaces are also special
cases that belong to his characterization. But in our present work we use
this names from the topological point-of-view, because it is not possible to
derive mathematical formulas from the numerical solutions obtained with
Evolver.

To the best of our knowledge, T still lacks a corresponding result be-
cause there the space symmetries are just quite a few. But under two weak
assumptions we were able to find eight numerical candidates in Sect. 2, fur-
ther reduced to only three in Sects. 3 and 4. We indicate each of these three
one-parameter families in Fig. 1.2 by an extreme representative, namely
one that is close to surpassing the interior of the octant. They were chosen
because our families of solutions were analysed at their whole extension.
As it happens in R3/G, one family is replaced by the other when we vary
the comprised volume from zero to half of the octant’s volume.

From [4] we know that any isoperimetric solution must have constant
mean curvature. By looking at Fig. 1.2 left we see a numerical surface that
must be the octant of a sphere, and this because of Erhard Schmidt’s re-
sult [31] for H3. Some readers may wonder why this octant is not centred
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Figure 1.2: Extreme representatives of the three families of candidates.

at another vertex of B. For instance, at the vertex diametrically oppo-
site to the origin that octant would turn into a twentieth of a hyperbolic
sphere by Proposition 2.1. However, the Hyperbolic Metric 2.2 seems to
make equal volumes occupy more space as we move away from the origin
inside B. Though we cannot formalise this fact, it is possible to intro-
duce a reasonable hypothesis, namely Assumption 2.3. It is based upon
Example 2.4, and the reader will find all these settings in Sect. 2.

The same arguments apply to all examples in Fig. 1.2. In the middle
we have a surface of revolution around the vertical axis through the origin.
If the rotational axis where the diametrically opposite in B, then we would
have a fifth of a section instead of a fourth (see Fig. 2.2(b)). Once again,
Assumption 2.3 discards it.

Now Fig. 1.2 centre depicts a piece of surface of revolution because of
the Steiner-Schwarz Symmetrization, together with the Aleksandrov Re-
flection Principle. By successive reflections in the contact faces, we extend
this piece to a complete surface in H3. These surfaces were characterized
in [19] (even for dimensions greater than three). A further stronger result
is also given by [5] to conclude that it must be an unduloid. Of course,
we have also used Theorem 2.5 in Sect. 2, which states that the surfaces
in Fig. 1.2 meet the boundary of the cube orthogonally. This is finally
applied to the example in Fig. 1.2 right, hence by successive reflections we
extend it to a graph over the whole H2×{0} ⊂ H3. By [12, Thm B(c)] the
extended surface must coincide with a hypersphere which, however, can-
not be a companion of a plane in H3. Indeed, in the upper 3d-hyperbolic
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half-space model a plane can only exist perpendicular to the vertical axis,
whence it is a horosphere, and therefore intersects ∂∞H3 at a single point.

For this reason we consider the eight copies of Fig. 1.2 right that result
in the hyperbolic cube, which leads to the quotient 3d-space T . Due to
identification of sides the four upper pieces of surface will give a torus, and
the same for the bottom part. That is why we call it a pair of tori.

In [29] Antonio Ros raises an important question: Could the Lawson
surface be a solution of the isoperimetric problem for the cubic lattice
in R3? More precisely, let us take the torus obtained by identifying the
opposite faces of the unitary cube in R3. According to [29, p.11], with
Evolver one can get a Lawson surface of area 1.017 that encloses the volume
1/π. Technically speaking, if the corresponding theoretical surface has in
fact area slightly less than 1, then the answer will be yes. The special
value 1/π will become clear in the next paragraph.

It is easy to get the area A as a function of the volume V for the three
top shapes in Fig. 1.1: A1 = 3

√
9π/2 V 2/3 (sphere), A2 =

√
π/2 V 1/2

(cylinder) and A3 ≡ 1/4 (plane). Notice that A2 = A3 precisely when
8V = 1/π. Fig. 1.3(a) depicts them for 0 ≤ V ≤ 1/16 in blue, red and
green, respectively. Fig 1.3(b) shows what happens in the corresponding
hyperbolic case, which will be later detailed in Fig. 3.3(b).

For the Lawson surface A and V are both given by elliptic integrals,
hence the corresponding function A4(V ) has no explicit formula. That is
why A. Ros resorted to Evolver for numerical values of A4(V ). Its graph
is always above min{A1, A2, A3} but just by the aforementioned 1.7%,
exactly when A2 = A3 at V = 0.125/π. In the hyperbolic case none of the
examples in Fig. 1.2 admit an explicit A(V ), and Fig. 1.3(c) depicts the
numerical graph of the corresponding min{A1, A2, A3} in black compared
with Lawson’s example in magenta. This figure will be later detailed in
Fig. 4.1(c), but here the magenta curve is at least 10% above the black
one, whereas in the Euclidean case it is only 1.7% above. This is consistent
with the fact that close objects in the Euclidean viewpoint turn out to be
farther apart in the hyperbolic geometry.
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(a) (b)

(c)

Figure 1.3: (a) Functions A(V ) for the Euclidean box; (b) corresponding A(V ) in
the hyperbolic case; (c) V × A of isoperimetric solutions (black) and the Lawson
surface (magenta).

The numerical gap of 10% makes it easier to prove that no Lawson
surface can be isoperimetric in a hyperbolic space form: the first step is
to simplify the elliptic equations that define these surfaces by means of
a theoretical and accurate evaluation. See some examples in [24], [25].
By the way, [25] shows results whose numerical error is at most 0.05%.
Optimistically speaking, the 1.7% could even be handled by that technique.

A. Ros’s question remains open until the present day but the corre-
sponding question in the hyperbolic cube has a great chance to be answered
because of the aforementioned results that will be obtained in Sect. 4.

Fig. 1.1 indicates that soap bubbles intersect the faces of the cube along
curves of very simple topology. Our numerical solution uses the strategy
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of considering all such possible topologies, which gives five cases in the
hyperbolic case. Details are presented in the next section, but here we can
anticipate that they were named a, b, c, d and e, that three letters are
enough to describe the six intersections, and instead of 53 = 125 cases we
only have eight, as summarized in Table 2.1. Then in Sects. 3 and 4 we
reduce these cases and finally obtain Table 1.1, in which unduloid and pair
of tori replace the cylinder and the plane, respectively.

Table 1.1: The numerical solutions of the isoperimetric problem in an H3 lattice.

Combination Surface

aaa sphere
abb unduloid
bbe pair of tori

2 Preliminaries

This section is devoted to main theorems and propositions used through-
out the text.

Proposition 2.1. Up to isometries there exists a unique tesselation of H3

by non-ideal cubes C. These cubes have dihedral angle 2π/5, meaning that
n = 5 cubes meet at each edge.

Proof. For the uniqueness pick a vertex p of the tessellation incident to
w edges. Now consider the unit sphere S2 of the tangent space TpH

3.
This space is isometric to H3, whose origin is now p. Of the w edges
each pair that belongs to a face of the cubic tesselation will make this
face intersect with S2. These intersections determine a triangulation of S2

that is both equilateral and equiangular, hence one of only three possible
types: tetrahedral (n = 3), octahedral (n = 4), and icosahedral (n = 5).
However, any hyperbolic cube has an acute dihedral angle. Therefore, only
the case n = 5 is possible.
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Now define a cube of radius R by placing vertices on the 12 geodesic
rays with icosahedral symmetry emanating from p. The dihedral angle can
be computed in terms of hyperbolic trigonometry: it is a continuous and
strictly decreasing function of R. This function converges to 2π/4 = π/2

for R → 0, and to 2π/6 = π/3 for R → ∞. The Intermediate Value
Theorem gives a cube C with dihedral angle 2π/5.

Lemma 2.2. Let D be the unit disk in R2 centred at the origin. Inversion
with respect to a circumference of radius r centred in (c, 0) keeps D if and
only if c2 = 1 + r2.

Proof. Fig. 2.1 illustrates D in light grey and the circumference c+ r eiθ,
0 ≤ θ < 2π. By taking R2 as the complex plane we know that such
inversion is

z 7→ r2

z̄ − c
+ c. (2.1)

c

r

1−1

Figure 2.1: The circle D and the circumference of inversion.

In order to keep D it must interchange 1 and −1, hence c2 = 1 + r2.
Notice that (2.1) takes the origin to 1/c ∈ D. Conversely, if c2 = 1 + r2

then (2.1) becomes (cz̄− 1)/(z̄− c), which obviously keeps ∂D. But since
we wave 0 7→ 1/c < 1 then it keeps D.

Proposition 2.1 allows us to define a lattice of isometries in H3 which
keeps the cubic tessellation. Consider the three pairs of opposite faces of
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C. For each such pair there is a mirror reflection σ1, σ2, σ3 in one of the
faces, and there are also mirror reflections τ1, τ2, τ3 which flip only the pair
of opposite faces (and fix the midpoint of C). The latters are represented
by mirror reflections in the three coordinate planes in Fig. 2.2(a). From
Lemma 2.2 the formers are represented by spherical inversions such as

q 7→ r2 · q − (c, 0, 0)

||q − (c, 0, 0)||2
+ (c, 0, 0),

where c = (
√
5+2)1/2 and r = (

√
5+1)1/2. These are the values that keep

the tiling {4, 5} depicted in Fig. 2.2(b). Now we compose Ti := τi ◦ σi to
obtain a “translation”, namely an isometry of hyperbolic type. Finally we
let Γ := ⟨T1, T2, T3⟩ and take the orbit Orb(C), whence T := Orb(C)/Γ.

(a) (b)

Figure 2.2: (a) The cube C; (b) the tiling {4, 5}.1

By means of the Aleksandrov Reflection Principle [1] we can reduce our
study of the isoperimetric problem to a symmetric eighth B ⊂ C. In the
Poincaré model if C is as in Fig. 2.2(a) then B := C ∩ {x1 ≥ 0} ∩ {x2 ≥
0} ∩ {x3 ≥ 0}. If V denotes hyperbolic volume then V (C) ∼= 1.723 and

1From https://mathcs.clarku.edu/~djoyce/poincare/tilings.html

https://mathcs.clarku.edu/~djoyce/poincare/tilings.html
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V (B) ∼= 0.215. These values were obtained through the Surface Evolver,
whose details are given in Sect. 3.

The conformal metric in H3 is given by

4 I3
(1− x21 − x22 − x23)

2
, (2.2)

where I3 is the 3 × 3 identity matrix. For instance, if we consider a Eu-
clidean radius ε ∈ (0, 1) and the corresponding sphere Sε centred at the
origin, the area of and volume inside Sε ⊂ H3 are given by

A(Sε) =
16πε2

(1− ε2)2
and V (Sε) = 2π

[
2ε(1 + ε2)

(1− ε2)2
+ ln

1− ε

1 + ε

]
, (2.3)

respectively. Notice that both A(Sε) and V (Sε) are strictly increasing
with ε. As mentioned at the Introduction, in this work we adopt two
assumptions on isoperimetric regions in B.

Assumption 2.3. Any isoperimetric region in B intersects the three co-
ordinate planes.

As a matter of fact we believe that Assumption 2.3 is always true but
were not able to prove this fact yet. Up to ambient isometries it is valid
in Euclidean three-dimensional boxes, as proved in [27]. For now here is
an example that motivates Assumption 2.3:

Example 2.4. The set T1 := Sε ∩ B encloses volume V (Sε)/8. Now let
S be a sphere centred at the upper right corner of the central square in
Fig. 2.2(b), which in Euclidean coordinates corresponds to (c, c, 0) where

c =

√√
5 + 2− 4

√
5

2
. (2.4)

If T2 := S ∩ B encloses the same volume V (Sε)/8 then V (S) = 5V (Sε)/4

and therefore A(T2) > A(T1).

Now we present a strong result that will be widely used in our work.
According to [29], from [2], [16], [18], [21] we have:
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Theorem 2.5. Suppose M3 ⊂ C is compact and ∂M is either empty or
piecewise smooth. Then for any t ∈ (0, V (M)) there exists a compact
domain Ω ⊂ M such that Σ = ∂Ω \ ∂M minimizes area among regions of
volume t. Moreover, the boundary of any minimizing region is a smooth
embedded surface with constant mean curvature and, if ∂M ∩ Σ ̸= ∅, then
Σ meets ∂M orthogonally.

Any Σ that minimizes area under volume constraint has constant mean
curvature (CMC). For instance, see [4] to check this well-known property.
In their turn CMC surfaces follow the maximum principle (see [15]), which
is the key to conclude that ∂M ⊥ Σ whenever ∂M ∩Σ ̸= ∅. The property
of orthogonal intersections will be used extensively in this work. The
following result is an important clue on Assumption 2.3:

Proposition 2.6. Let Ω be an isoperimetric region of B and Σ = ∂Ω\∂B.
Then ∂Ω\Σ cannot contain open subsets of only zero, one, or two incident
faces of ∂B. In particular we have ∂B ∩ Σ ̸= ∅.

Proof. Let us apply Theorem 2.5 to M = B. By contradiction, consider
a continuous family {ϕt : t ∈ [0, 1]} of hyperbolic isometries that leave
invariant the zero, one, or two coordinate planes. Let ϕ0 be the identity
and ϕ1(B) ∩ B = ∅. Now if Ω intersects only zero, one, or two incident
faces, then we consider for the respective family ϕt the supremum T of
the values t such that ϕt(Ω) ⊂ B. Since ϕT keeps V (Ω) then ϕT (Ω) is
also minimizing. However, ϕT (Ω) touches ∂B tangentially, and so violates
∂M ⊥ Σ.

Because of Proposition 2.6 successive reflections of Σ in the coordinate
planes will result in a potential solution of the isoperimetric problem for
t = 8V (Ω) in the torus T (equivalently in its fundamental domain C).

Next we are going to adopt the term two-dimensional graph as the
graph of a function of one variable. Of course, the graph will be connected
if the function is continuous.
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Assumption 2.7. Let Σ be as in Proposition 2.6. Then its intersection
with any coordinate plane is either empty or a two-dimensional connected
graph.

In this paper we analyse Σ under Assumptions 2.3 and 2.7. A little re-
flection shows that for 1 ≤ i < j ≤ 3 there are only four non-empty possible
connected topological cases depicted in Fig. 2.3. Notice that Fig. 2.3(b) is
a graph in both directions since our geometry is hyperbolic. Moreover, we
shall see that the numerical candidates for this case are either unduloids
or a pair of equidistant tori.

x
i

xj

x
i

xj

(a) (b)

x
i

xj

x
i

xj

(c) (d)

Figure 2.3: The four possible non-empty graph types in Oxixj .

Not all combinations of the three axes are feasible. Table 2.1 shows the
eight possible combinations and the name we attribute for each one. The
empty graph is called “e”, the triad of letters ℓ1ℓ2ℓ3 corresponds to Ox1x2,
Ox1x3 and Ox2x3 in this order, respectively. More details on Table 2.1 will
be given in Sect. 4. There we explain why acc is called inverted Lawson,
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Table 2.1: Triad of letters and some known examples.

Combination Surface

aaa sphere
abb unduloid
abc

acc inverted Lawson
bbd Lawson
bbe pair of tori
bcd

ddd Schwarz

and why some cases like bce, ccd and dde are not included. Notice that
ℓ1ℓ2ℓ3 is always in alphabetical order because of congruence. For example,
acb is congruent to abc.

The isoperimetric problem considers V (Ω) ≤ V (B)/2 ∼= 0.108. We
could also take the origin O ∈ Ω but for the sake of visibility some cases
in Table 2.1 are studied for O ̸∈ Ω.

Before going ahead one should notice that Assumption 2.7 requires the
graph to be connected. Otherwise one should consider another two extra
cases depicted in Fig. 2.4. But later we shall see that they perform worse
than the candidates listed in Table 2.1, which thus omitted them.

x
i

xj

x
i

xj

Figure 2.4: The two possible non-connected graph types in Oxixj .
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3 Evolver datafiles

In order to study each case numerically we make use of the Surface
Evolver [7], [8]. For lengths and areas Evolver computes Riemannian val-
ues through the metric given in the datafile. However, volumes must be
achieved as a declared quantity and the computation does not use the given
metric any longer. Therefore, we implemented the submanifold quantity
sbmvol in order to have∫

M
1dV =

∫
M

8 dv

(1− x21 − x22 − x23)
3
, (3.1)

where dV and dv are the hyperbolic and Euclidean elements of volume,
respectively.

But Evolver only computes surface integrals (line integrals are in fact
sums of thin strips of surface). So we need to introduce a vector field
(q1,q2,q3) in such a way that its divergence is 8/(1− x21 − x22 − x23)

3. By
setting ρ = x3/

√
1− x21 − x22 we may first compute∫
8dρ

(1− ρ2)3
=

2ρ

(1− ρ2)2
+

3ρ

1− ρ2
+

3

2
ln

1 + ρ

1− ρ
. (3.2)

Hence, if we take q1, q2 as identically zero then q3 is given by∫
8dx3

(1− x21 − x22 − x23)
3
=

2x3
(1− x21 − x22 − x23)

2(1− x21 − x22)
+

3x3
(1− x21 − x22 − x23)(1− x21 − x22)

2
+

3/2

(1− x21 − x22)
5/2

ln

∣∣∣∣
√
1− x21 − x22 + x3√
1− x21 − x22 − x3

∣∣∣∣.
(3.3)

In this way (q1,q2,q3) are not symmetric. A better choice is to com-
pute q1 and q2 as done for q3, and then take one third of each expression.
That is what we use in the datafiles.

Moreover, notice that Assumption 2.3 and Theorem 2.5 enable us to
study the isoperimetric regions Ω ⊂ B in such a way that the computation
of the volume V (Ω) will not use ∂Ω ∩ ∂B. For instance, the face of Σ

on x3 = 0 makes (3.3) vanish, and the analogous holds for the symmetric
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(q1,q2,q3) used in our datafiles. Hence we can work with Σ = ∂Ω \ ∂B,
as described in Proposition 2.6.

Inside C the sphere Sε centred at the origin cannot have ε ≥ ε =

c − r ∼= 0.26. Namely, for the first line of Table 2.1 our simulation takes
ε ∈ (0, ε). With Evolver 2.70 and Geomview 1.9.4 we obtained Fig. 3.1(a).
It depicts the numerical surface, whereas Fig. 3.1(b) shows V ×A for (2.3)
and Fig. 3.1(c) the corresponding V × ∆A, where ∆A is the difference
between numerical and theoretical values of area.

In our simulation Evolver reached numerical values of volume that
coincide with the theoretical ones up to the 8th decimal. Hence we consider
them as identical. In Fig. 3.1(c) we have ∆A ≤ 0.00163, and the abrupt
change at V ∼= 0.02 just means that we refined the triangulation for that
volume. This is to guarantee that A/F ≤ 0.01, where F is the number
of triangles. The fact that V ≤ Vε

∼= 0.083 can be seen in Fig. 3.1(b),
namely less than V (B)/2 ∼= 0.108, which means a great difference from
the Euclidean case. Indeed, if that eighth of cube were Euclidean the
extreme aaa would have more than half of its volume.

Now back to Table 2.1 we consider abb. Numerically speaking this
case is rather different from aaa, in which the initial surface was just a
tiny equilateral triangle with vertices on the coordinate axes. As usual,
Evolver starts with a very simple polyhedral surface whose triangulation
must be consistently refined, equalised and submitted to energy minimisa-
tion under geometrical and quantitative constraints. After some iterations
the numerical surface may serve as evidence to help answer theoretical
questions.

For abb we could try the initial surface depicted in Fig. 3.2(a). It
consists of a rectangular blue face and a transparent triangular face on
top. This one is used by (q1,q2,q3) to compute the hyperbolic volume
but we ask Evolver to paint it in CLEAR for A(Σ) does not count it.

We end up with a numerical unduloid by starting from Fig. 3.2(a).
But it presents two numerical problems: the convergence is slow and the
resulting unduloid is just a local minimum of area under volume constraint.
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(a)

(b) (c)

Figure 3.1: (a) Case aaa for ε ∼= ε; (b) graph V ×A; (c) difference between values
of area.

The convergence problem arises from the long thin shape and the initial
contact angle of circa π/4 with the coordinate planes. It does converge to
π/2 as expected from Theorem 2.5 but not as quickly as aaa, since now
we have that long thin face.

The non-isoperimetric unduloid arises from the metric (2.2), which
makes the blue face in Fig. 3.2(a) broad on top and narrow on bottom.
That is the feature we get for the resulting surface, which is just a local
minimum under volume constraint. From the Euclidean perspective the
isoperimetric unduloid must look broader on bottom than on top, which
is the case if we start from Fig. 3.2(b). Notice that the initial surface is
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also orthogonal to ∂B, which speeds up convergence to a numerical answer
compatible with Theorem 2.5.

These strategies may look rather tricky but when dealing with numer-
ical optimisation either Evolver or any other software will strive for con-
vergence around values that are potentially local minima. Global minima
will be hardly found without applying theoretical framework.

That said, we generated unduloids of volume V (Sε) according to (2.3)
for ε varying from 2ε/5 to 6ε/5. This last one is depicted in Fig. 3.2(c).
Finally, Fig. 3.2(d) shows both aaa and abb for V × A. There the abb

and aaa curves are red and blue, respectively (cf. Fig. 3.1(b)). Notice the
turning point at V ∼= 0.022.

Unduloids like in Fig. 3.2(c) are surfaces obtained by revolution of a
stretch of hypercircle around Ox3. If we take Ox1, Ox3 as the horizon-
tal and vertical axes in Fig. 2.2(b), respectively, then hypercircles are all
equated as (

x1 + (1/ε− ε)/2
)2

+ x23 = (1/ε+ ε)2/4, (3.4)

in our case restricted to ε < ε and x3 < c − (r2 − x21)
1/2 in Euclidean

values. This motivates the following definition:

Definition 3.1. Consider the curve (3.4) in Ox1x3 for positive x3 < c−
(r2 − x21)

1/2 and ε < ε. Then Uε is the surface of revolution obtained by
rotation of this curve around Ox3. We call Uε the vertical unduloid with
axis Ox3.

Back again to Table 2.1 we now take bbe, a much easier case from
the numerical point-of-view. For V = 0 the corresponding A = A is one
quarter of the area of the central square in Fig. 2.2(b). By means of polar
coordinates we get

π +A =

∫ π/4

0

2

1− c2 cos2 θ + c cos θ ·
√
c2 cos2 θ − 1

=
11

10
π, (3.5)

where the value in (3.5) was computed via Cauchy’s Residue Theorem.
Namely, we begin with A = π/10 and A does not grow very much with
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(a) (b)

(c) (d)

Figure 3.2: (a) Initial abb; (b) with adjustments; (c) extreme unduloid; (d) aaa×
abb.

V . Of course, it is constant in the Euclidean case. In Fig. 3.3(a) we
see A ∼= 0.38 for the extreme value V ∼= 0.15, which already surpasses
V (B)/2 ∼= 0.108. The turning point between abb and bbe is at V ∼=
0.058, as shown in Fig. 3.3(b). It summarizes the three main cases for our
discussions in the next section.

Of course, from (3.4) we see that the surface in Fig. 3.3(a) is a piece
of hypersphere equated as

x21 + x22 +
(
x3 + (1/ε− ε)/2

)2
= (1/ε+ ε)2/4, (3.6)
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(a) (b)

Figure 3.3: (a) Extreme bbe; (b) joint graph of aaa, abb and bbe.

where ε < ε and x1, x2 vary inside the positive quadrant of the central
square in Fig. 2.2(b).

4 Results

At the Introduction we mentioned an important result from [29, p.11]:
with Evolver one obtains a Lawson surface of area 1.017 that encloses the
volume 1/π. Namely, if the area of the theoretical surface lies under 1,
then Lawson’s example becomes an isoperimetric solution in the unitary
Euclidean cube.

Fig. 4.1(a) summarizes the corresponding three cases for a cubic lattice
of R3. Lawson’s hyperbolic surface is depicted in Fig. 4.1(b) with A ∼=
0.399 for V ∼= 0.113, already above V (B)/2 ∼= 0.108. Similarly to the
other numerical examples the Lawson and Schwarz surfaces are obtained by
letting Evolver expand a given prototype, as can be seen from Figs. 3.2(a)
and (b), whence this one generated the family of unduloids with an extreme
member depicted in Fig. 3.2(c). Our Evolver scripts include a routine to
save computed area values A, each one corresponding to a given volume
V , all sorted on a list. The obtained pairs (V,A) are plotted with Octave,
as depicted in Fig. 3.2(d). The script files will be made available at https:

https://sites.google.com/site/vramos1970
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//sites.google.com/site/vramos1970 in the short future.

For reasons that will soon be explained the minimum of the three
graphs in Fig. 3.3(b) will be called the isop-curve. This curve is compared
with the graph V ×A in magenta of our simulation of Lawson’s case (see
Fig. 4.1(c)).

(a)

(b) (c)

Figure 4.1: (a) The Euclidean case from [29, Fig.10]; (b) extreme Lawson;
(c) bbd×isop-curve in magenta and black, respectively.

In Fig. 4.1(a) the turning points occur at circa 0.15 and 0.3, respec-
tively. Since V (B) ∼= 0.215 our first and second turning points occur for the
ratios 0.022/V (B) ∼= 0.102 and 0.058/V (B) ∼= 0.27, respectively. Roughly
speaking, they happen earlier than for the Euclidean case. This explains
why the bbd-curve is visibly above the isop-curve in Fig. 4.1(c).

We used (2.3) to make the bbd-curve start at V (Sε) ∼= 0.016 for ε =

https://sites.google.com/site/vramos1970
https://sites.google.com/site/vramos1970
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3ε/5. In Fig. 3.2(d) the unduloid started at V (Sε) ∼= 0.005 for ε = 2ε/5.
In theory an unduloid can have arbitrarily small volume but numerical
simulations will only be meaningful if we avoid extreme cases. With the
Lawson surface there is an additional problem: it simply does not exist
when V is too little. In our simulations, for V slightly below 0.016 (ε <

3ε/5) the initial surface converges to a degenerate surface consisting of an
eighth of Sε connected to (ε, 0, 0) and (0, ε, 0) by tiny tubes.

The analogous problem occurs with acc. Topologically speaking, this
case is obtained through a Euclidean reflection of bbd in the plane de-
termined by the points (ε, 0, 0), (0, ε, 0), (c, 0, c) and (0, c, c), where c is
defined in (2.4). This plane works as a mirror that inverts the way we see
the Lawson surface, hence the name inverted Lawson.

In the Euclidean cube of edgelength c the inverted Lawson is again the
Lawson surface but translated by (c, c, 0). However, in the hyperbolic cube
we get a different graph V ×A for the inverted surface. This is due to the
metric (2.2), which requires more area A(Ω) to comprise the same volume
V (Ω) when Ω leaves the origin (see Example 2.4 in Sect. 2). Fig. 4.2(a)
shows an inverted Lawson close to the extreme case of collapsing its handle
around O with the origin itself. Fig. 4.2(b) shows the V ×A graph for acc
in blue, together with the other graphs in Fig. 4.1(c).

(a) (b)

Figure 4.2: (a) Extreme inverted Lawson; (b) acc in blue, bbd and the isop-curve.

Since we have just recalled Example 2.4, notice that its arguments also
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work for unduloids:

Example 4.1. Take Uε, U instead of Sε, S, respectively, where Uε is given
by Definition 3.1 and U is the “inverted U ”, as explained right above.
Namely, V (U) = 5V (Uε)/4 and therefore A(U ∩ B) > A(Uϵ ∩ B). In the
case of a horizontal unduloid, namely with axis either Ox1 or Ox2, area
and volume remain unchanged for the “inverted” surface.

In Example 4.1 the assertion about horizontal unduloids comes from
the fact that their “inversion” can be equated. For the axis Ox2 it is the
composition of two isometries inH3: 90◦-rotation (x1, x2, x3) 7→ (x2,−x1, x3)

followed by the spherical inversion

q 7→ 2r(c+ r) · q − (c+ r, 0, 0)

||q − (c+ r, 0, 0)||2
+ (c+ r, 0, 0).

For the axis Ox1 it is (x1, x2, x3) 7→ (−x2, x1, x3) followed by

q 7→ 2r(c+ r) · q − (0, c+ r, 0)

||q − (0, c+ r, 0)||2
+ (0, c+ r, 0). (4.1)

Because of Examples 2.4 and 4.1 we had already expected the acc-
graph to lie above the bbd-graph as depicted in Fig. 4.2(b). For the sake
of concision we could then have skipped the numerical analysis of acc.
Nevertheless, it is important to include it here for two reasons: it justifies
why Table 2.1 omits even some feasible cases (like ccd and dde), and it
helps to check the reliability of our numerical simulations as we are going
to do right now.

Indeed, acc above bbd was already expected but we can look even
closer. The factor 5/4 is due to the five-fold symmetry on the corners
instead of the four-fold symmetry at the centre of any square in Fig. 2.2(b).
In the Euclidean case any 3D-manifold whose dimensions increase by the
same factor λ will get A, V increased by λ2 and λ3, respectively. For a
cylinder of constant height we have the same factor λ for both A, V if top
and bottom do not count. Roughly speaking the Lawson surface is close
to a pair of horizontal unduloids connected by a very small piece of sphere.
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By means of Taylor expansion we rewrite (2.3) as

A(Sε) = 16πε2 +O(ε4) and V (Sε) =
32

3
πε3 +O(ε5). (4.2)

Namely A grows by (5/4)2/3 ∼= 1.16 when V grows by 5/4, but its contri-
bution to the Lawson surface must be less than that. As we have already
explained in Example 4.1, the pair (V,A) remains unchanged for horizontal
unduloids. Therefore A must grow very little for the inverted Lawson, as
we see in Fig. 4.2(b). The growth ratio varies from 1.03 to 1.05 according
to our numerical tests.

A little reflection shows that bce is the “inversion” of bdb, this one
congruent to the Lawson surface, and now we have arguments to skip bce.
Table 2.1 also omits ccd because it is the “inverted” bcd. One obtains
dde by taking the “inversion” of abc with respect to the rectangle (ε, 0, 0),
(0, 0, ε), (c, c, 0), (0, c, c), hence this one was omitted from Table 2.1 as well.

Now we are going to study ddd, namely the Schwarz surface in Ta-
ble 2.1. For reasons that we have already explained for the case of the
Lawson surface, it is already expected that the Schwarz surface does not
exist for too little volume. Indeed, our numerical experiments show that
the initial surface degenerates to a piece of sphere connected to (ε, 0, 0),
(0, ε, 0) and (0, 0, ε) by tiny tubes when V is very small. We begin with Vε

for ε = 4ε/5 until ε = 11ε/10 when the volume surpasses V (B)/2 ∼= 0.108.
See Fig. 4.3(a) for an illustration and also Fig. 4.3(b) for its graph V ×A

in red.
For the readers who want to have an overview of Schwarz’s surface with

zero CMC inH3 here is a nice picture by Konrad Polthier (Freie Universität
Berlin): http://www.polthier.info/articles/teaser/H3wrfeb_tiny.jpg

Now what is the inverted Schwarz? By looking at Figs. 2.3(a) and (c)
we realise that it should be again acc, which was called inverted Lawson.
However, by arguments already given in this section we know that “inver-
sion” leads to a non-isoperimetric Σ and for this reason we do not care
about the apparent dubious meaning of acc. The inverted Schwarz can
then be skipped, even if Fig. 2.3 leaves only acc as a way to codify it. For

http://www.polthier.info/articles/teaser/H3wrfeb_tiny.jpg
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(a) (b)

Figure 4.3: (a) Extreme Schwarz; (b) ddd in red and the previous curves.

the same reason we shall not differ sub-cases when dubious triads ℓ1ℓ2ℓ3

appear again.
Back to Table 2.1 we now study the remaining cases abc, bcd and bce.

Topologically speaking Fig. 4.4(a) shows that these surfaces are Lawson’s
example reflected by (4.1). But differently from the previous inverted
cases now we must analyse these ones numerically. Fig. 4.4(b) compares
abc with Fig 4.1(c).

(a) (b)

Figure 4.4: (a) Extreme abc; (b) abc in blue, bbd and the isop-curve.

By looking at Figs. 4.4(b) and 4.2(b) we realise that abc is quite similar
to the inverted Lawson. But abc lies above bbd almost as a parallel curve
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while acc rises more quickly and is closer to bbd for small values of V .
Anyway, we still can argue that abc needs more area for the same volume
of bbd because the contact of abc with the origin is not as “large” as in the
case of bbd. Together with the metric (2.2) this explains why abc performs
worse than bbd.

Finally we are going to study bcd, which is in fact a degenerate case.
From Figs. 4.5(a) to (c) one promptly recognises that its topology was
discarded as a possible CMC surface in a Euclidean three-dimensional box,
as proved in [27, Prop.6.2]. Indeed, there the only examples of genus three
that are stable CMC surfaces must have the same topology of Schwarz’s
surface, which is obviously not the case in Figs. 4.5(a) to (c). We refer the
reader to [27, Fig.6] for an illustration.

However, since we cannot adapt all of the arguments in [27] to the
hyperbolic geometry, and similar CMC surfaces were already found in
Euclidean boxes (see the gyroids of [17, Fig.2]), then we must include
the numerical analysis of this case. The volume V ∼= 0.058 is fixed and
the area A decreases in Figs. 4.5(a) to (c). Namely, no CMC surface can
be found in B with that topology.

(a) (b) (c)

Figure 4.5: The degenerate case bcd: (a) initial smoothed surface; (b) evolving
once; (c) close to degeneration.

We conclude this section with a brief comment on the cases depicted
in Fig. 2.4. One of them is combined with aa and presented in Fig. 4.6.
It looks like a Lawson surface rotated by 45◦ around Ox3. What is a con-
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gruence in the Euclidean case changes drastically in B. Fig. 4.6 shows an
example with V ∼= 0.04 and A ∼= 0.328, namely well above the correspond-
ing V for the magenta curve in Fig. 4.1(c). The magenta curve starts at
V ∼= 0.016 but now what happens for V slightly below 0.04 is that the
surface degenerates to a pair of eighths of sphere centred at O and (c, c, 0)

and connected by a tiny tube.

Figure 4.6: The case aa plus a discontinuous graph.

A little reflection explains the bad performance of the cases in Fig. 2.4:
they make Ω have less contact around O with the fundamental planes
compared with any option in Table 2.1. Indeed, the example in Fig. 4.6
is above all others in that table if we look at V = 0.04 in Figs. 4.3(b)
and 4.4(b). That is why we have not included the cases of Fig. 2.4 in
Table 2.1.

Let us now resume our discussion at the beginning of this section. Law-
son’s result can be found in [20] but for convenience of the reader we shall
reproduce it here:

Theorem 4.2. There exist two doubly periodic surfaces of constant mean
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curvature one and genus two contained in a slab of R3. The ambient
translational fundamental cell is a hexagonal or square prism (of infinite
height), respectively.

Namely, we had been focusing our attention to just one of Lawson’s
examples because our study is devoted to the cubic lattice. It is important
to mention, however, that in [30, p358] the author comments on some com-
puter simulations for the isoperimetric problem in a skewed Euclidean box.
These were performed with the Surface Evolver by Pascal Romon (Uni-
versité Paris-Est Marne-la-Vallée), who has found an isoperimetric surface
of genus two [30, Fig.3], precisely the hexagonal example of Theorem 4.2.
See [30] for details.

5 Conclusions

As already mentioned, the open question from [29, p.11] has a great
chance to be answered in B according to the evidence shown in Fig. 4.1(c).
There the bbd-curve is at least 10% above the isop-curve, whereas in the
Euclidean case it is only 1.7% above. Indeed, close objects in the Eu-
clidean viewpoint turn out to be farther apart in the hyperbolic geometry.
Curiously in both cases the closest approach happens at the turning point
between the two surfaces of genus one.

Neither the hyperbolic nor the Euclidean geometry have positive sec-
tional curvatures. The Lawson surfaces have a chance to be isoperimetric
in some lens spaces, even though they are just the quotient of S3 by a finite
cyclic group, which however gives bidirectional translations. Indeed, Γ in
Sect. 2 could have been defined just as ⟨T1, T2⟩ instead of ⟨T1, T2, T3⟩. In
this case aaa in Fig. 3.1(a) will rise indefinitely in the vertical direction.
The same holds for the examples discussed in [27], [29] but since these
works inspired ours we have considered a cubic tesselation.

Regarding L(p, q) we mention the recent result [32], which excludes
the Lawson surfaces for infinitely many cases. There the author solves
the isoperimetric problem for lens spaces with a large fundamental group:
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either geodesic spheres or tori of revolution about geodesics. He also proves
that the only candidates in L(3, q) are geodesic spheres of flat tori, q = 1, 2.

Notice that such a tesselation exists in S3 as it does forH3 but without a
group that acts totally discontinuously. Hence we cannot have translations
because of fixed points. In order to see this, first consider the tiling in
Fig. 2.2(b) and the corresponding tiling of S2 depicted in Fig. 5.1(a). Of
course, compactness implies there are six spherical squares and the south
pole is centred at the bottom square, the darkest one in Fig. 5.1(a). Any
edge of the tiling belongs to a plane of R3 given by xi = ±xj , i ̸= j.
Hence continuous displacements that keep the tiling must come from 90◦-
rotations about the fundamental axes, and any such rotation will have two
fixed points.

For the corresponding cubic tesselation of S3 ⊂ R4 consider (0, 0, 0,±1)

as the north N and south S poles, respectively. The stereographic projec-
tion S3 \ {N} → R3 that keeps the equator S2 × {0} will take its inside
to the unit ball in R3, so that S corresponds to the origin. This ball is
shown by grid lines in Fig. 5.1(b), and without loss of generality our tes-
selation contains the spherical cube centred at S and depicted there. It
has dihedral angle 2π/3, hence by spherical reflections we get eight cubes
that cover the whole S3. Now take any spherical displacement that keeps
the tesselation. The origin will slide along a fundamental axis but the
spherical cubes that are crossed by the other axes will remain invariant.
Hence we shall get fixed points in the three-dimensional case as well.

As a matter of fact the unit ball can be viewed as a spherical cube
of dihedral angle π, so that together with its reflection in S2 one gets a
tesselation of S3 with only two cubes. However, for a new space form we
must take the quotient by the group ⟨id,A⟩ (identity and antipodal maps).
Hence the quotient will have a non-orientable boundary, which is the pro-
jective plane. However, the interest in the isoperimetric problem relies
mostly on spaces whose geometry fits in the following sequence of gener-
alisations: from Euclidean to spaces forms, from these to homogeneous
spaces, and from these to Lie groups in general.
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(a) (b)

Figure 5.1: The unit ball containing the spherical cube with dihedral angle 2π/3.

This has to do with the amount of results available for these geome-
tries. For instance, in homogeneous spaces we still count on the maximum
principle for CMC surfaces, and on the fact that they are minima of area
under volume constraint. The Surface Evolver works in any finite dimen-
sion and it displays three-dimensional projections specified by the user.
But of course our understanding and our control of the numerical compu-
tation will always work better in the third dimension. There the richest
homogeneous spaces have four-dimensional isometry group, and for them
much about CMC surfaces is already known. See [23] for a good start.
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