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INDECOMPOSABLE BARIC ALGEBRAS*

Henrique Guzzo Junior ®

Abstract

We introduce the concept of indecomposable baric algebras and prove
a Krull-Schmidt theorem for algebras satisfying ascending and descending
chain conditions.

1. Baric Algebras

Baric algebras play a central role in the theory of genetic algebras. They were
introduced by I.M.H. Etherington (3], aiming for an algebraic treatment of
Population Genetics. But the whole class of baric algebras is too large, some
conditions (usually with a background in Genetics) must be imposed in order
to obtain a workable mathematical ob ject. With this in mind, several classes of
baric algebras have been defined: train, Bernstein, special triangular, etc. But
there are relevant examples in Genetics which do not give rise to baric algebras,
see [5]. As a sample of the recent work in tht; field of genetic algebra, see (2],
(6], [8], [9] and [10].

Let F be a field of characteristic not 2, A an algebra over F, not necessarily
associative, commutative or finite dimensional. If w:4 — F is a nonzero
homomorphism, then the ordered pair (A4, w) will be called a baric algebra over
F’and w its weight function. For & € A, w(z) is called the weight of . The set
N ={z € A|w(z) =0} is a two-sided ideal of 4 of codimension 1.

A baric homomorphism from (A,w) to (A w') is a homomorphism of F-

algebras p: 4 — A’ such that o’ o ¢ = w. In particular, p(ker w) C ker ',

“This is an announcement of the results of the paper “Indecomposable baric algebras”, by
myself and R. Costa, to appear in Linear Algebra and its Applications.
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If ¢ and ¢’ are baric homomorphisms, the same holds for ¢ o ¢’ and for ¢!,
when ¢ is bijective.

Every baric algebra (A,w) can be decomposed as A = Fc @ N, where ¢
is any element of A with w(c) = 1: for ¢ € A, z = w(z)c + (z — w(z)c) and
z — w(z)c € ker w. From this, every left ideal of N, say J, such that ¢J C J is
also a left ideal of A. Similarly for right ideals, with the condition Je C J. The
converse is also true. Many (but not all) baric algebras relevant in Genetics,
have an idempotent e such that w(e) = 1. In this case, the subspace Fe is
a commutative subalgebra of A. We will always assume the existence of an
idempotent of weight 1. There is a natural method of obtaining such algebras.
If N is any F-algebra, N — N and p: N — N are F-linear mappings,
define on the vector space F' @ N a multiplication and a weight function by

(,0)(8,) = (oB,ab+ aA(D) + Bp(a));  wl@ma)=a (1)
where @, B € F, a, b € N. Clearly w is a non-zero homomorphism, e = (1,0)
is an idempotent of weight 1, (1,0)(0,n) = (0, A(n)), (0,7)(1,0) = (0, p(n)), for
all n € N. We denote this algebra by [N, A, p]. Every baric algebra (A, w) with
idempotent e of weight 1 is obtained by this method, taking N = kerw, A = L,

and p = R., where L and R are left and right multiplication operators. For

easy reference, we denote this class by Q.
Proposition 1 Let N; and N, be F-algebras, A;, p;: N; — N; F-linear map-
pings.

a) Suppose : [Ny, A1, p1] — [Na, As, p2] is a baric homomorphism. Then there

ezist a homomorphism 6: Ny — N, and ¢ € N, such that

i) ¢+ da(c) +p2(c) = ¢

ii) The following diagrams are commutative:
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b) Conversely, given a homomorphism 6: Ny — N, and ¢ € N; such that
t) and ii) hold, then 7 :[Nl,,\l,pl] — [N2, A, pa] defined by o(a,a) =
(a,ac + 6(a)) is a baric homomorphism.

Corollary With the above notations, ¢ is monomorphism (resp. epimorphism)

if and only if 6 is monomorphism (resp. epimorphism).

2. The Krull-Schmidt Theorem

Suppose (A,w) s a baric algebra with idempotent e of weight 1,50 A = Fe @ N
where N = kerw. The additive group (N, +) can be endowed with a structure
of Abelian M-group, see [7,chap V, Def.1]. The set M is formed by all right and
left multiplications R, and L,, where a belongs to AUF and ¢ : N x M —» N
definide by ¥(n, T') = T(n). In this case, the M-subgroups of (N, +) are the two-
sided ideals of the algebra A , contained in N. These are exactly the two-sided
ideals of N which are invariant under L, and R, (in short, invariant), The M-
endomorphisms of (N, +) are the mappings ¢ satisfying p(n+n') = p(n)+¢(n'),
p(an) = ap(n), p(na) = p(n)a and p(an) = ap(n) where n,n' € N, a € F
and a € A. This set of conditions is equivalent to ¢ being F-linear, p(nn') =
p(n)n’ = np(n') and p(en) = ep(n), p(ne) = p(n)e.

According to (7, chap. V, §12] an Abelian M-group N is decomposable if
there are two non trivial M-subgroups N; and N; of N such that N = N, N,.

In our context, this concept is translated to the following definition:

Definition 1 A baric algebra (A,w) with an idempotent of weight 1 is decom-
posable if there are non trivial two-sided ideals Ny and N, of A , both contained
in N = kerw, such that N = N; @ N,. Otherwise, it is indecomposable.

Clearly all two dimensional algebras are indecomposable.
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Theorem 1 For any member (A,w) of 2, the following conditions are equiva-

lent:
a) (A,w) is decomposable.

b) There exists a M-endomorphism 6 of the M-group (N,+) such that 6* =
6, 0+£0, idy.

c) There exists : N — N, a homomorphism of F-algebras, such that 6> =
6, 6 #0, idy, 8(N) is two-sided ideal of N and for some idempotent e of
weight 1 in A, §(en) = ef(n), 6(ne) = 6(n)e for alln € N.

d) There exists a baric endomorphism p: A — A such that ¢* = ¢, ¢ #
ida, @(N) is a nonzero two-sided ideal of N.

There is a natural method of obtaining decomposable algebras. Suppose
(A1, w1) and (A;,w;) belong to Q, with idempotents e; and e, resp, so 4; =
Fe; @ N; and A; = Fe; @ N;. Consider N = N; @ N,, endowed with the

componentwise multiplication. Let A, p: N — N be the linear operators
A(n1,n2) = (e1n1, e2n2),  p(n1,n2) = (n1€1,n263)
So in [N, A, p], according to (1), we have the multiplication:
(a,n1,m2)(a’, 0y, ny) = (@, nin} + aein) + a'nier, nany + aesn) + a'nze;)

Clearly N; and N, are two-sided ideals of [N, A, p]. If A; and A, are at least
two dimensional, [N, A, p] is decomposable. This algebra is called the join of
(A1,w1) and (Az,ws) and is denoted (A; V Az,w; V w;) or simply A; V A,.
The idempotent (1,0,0) is the join of €; and e;, denoted e; V e;. It is not
difficult to prove that this construction is independent of the idempotents e,
and e;. If €} and e} are also idempotents in A; and A, then e; = €} + ¢,
where ¢; € kerw;. Take now ¢ = (c1,¢3), 6 = ile&N2 and apply Prop.1.
Conversely, every decomposable baric algebra can be obtained by this method,

taking Ay = Fe@ N, and A; = Fe@ N, if N = N, DB N,.
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The join A; V A, can be identified with a subalgebra of the usual direct
sum A, P A; = Fe; @ Fe; @ N, @ N,. The element e; + e, is an idempotent,
F(e1 + €2) @ N1 @ N is baric (send e; + €; to 1 and the elements of N; @ N,
to 0). An isomorphism is (a,u,v) € A,V Ay — a(e; +e) +u+v € F(e +
e2) D N1 D N,.

Proposition 2 Let F be a field, (Ai,w;) F-algebras in Q, i =1,2,3. We have

the folloviing baric tsomorphisms:
(i) (FVAl,tdewl) = (Al,wl)
(ii) (A.l\/Az,wl sz) = (AzVA.l,UJ2V(U1)

(iii) ((A1 \) Az) \ Aa,(wl \% UJz) \% W3) = (Al \% (Az \% Aa),wl \% (w; \% w:g))

Condition (iii) allows us to define recursively the join (A; V ... V Ap,w; V
. Vw,) of n members of Q. When all A4; are finite dimensional, we have
dimF(A;V ... VA,) = (Xn:dimFA.-) —n+1.
Which algebras A in Qiz:m be obtained by joining a finite number of inde-

composable algebras? As expected, some finiteness condition should be imposed

on A.

Definition 2 A baric algebra (A,w), with N = kerw, satisfies d.c.c. if the
M-group (N, +) satisfies d.c.c., as stated in [7, p.153].

This means that strictly descending chains of two-sided ideals of A , con-

tained in N, must be finite.

Proposition 3 If (A,w) is a baric algebra in Q satisfying d.c.c, there ezist m
indecomposable baric subalgebras (A;,w;) of (A,w) such that (A,w) = (A, V
c VAmwi V... V).
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Proposition 4 Let (A,w) and (A;,wi) (1 =1, ... ,m) be members of 2, e € A
idempotent of weight 1 and suppose there is a baric isomorphism (A,w) = (A, V
. VAp,w V... Vwyg). Then there ezist two-sided ideals Ny, ... ,N, of A,

contained in N = kerw, such that:
a) N=N1® @Nm

b) The baric subalgebra Fe@ N; is isomorphic to (A;,w;)

Definition 3 A baric algebra (A,w), with N = kerw, satisfies the ascending
chain condition a.c.c. if the M-group (N,+) satisfies a.c.c., as stated in [7,

p.154]

Theorem 2 (Krull-Schmidt) Suppose (A,w) € Q satisfies both d.c.c. and
a.c.c. and let (Ay,w1), ... ,(An,wn),(B1,71) ... ,(Bm,Tm) be indecomposable

members of ) such that
(Aw) 2 (A1V ... VA1V ... Vwy)

(A,W) = (BIV VB,,.,,‘hV V‘)‘m)

Then n = m and for some permutation i — i’ of indices, we have (A;,w;)
(Biryyit) foralli=1, ... ,n.
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