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On the Hochschild-Kostant-Rosenberg theorem for
differentiable manifolds

Luiz Henrique P. Pégas*®

Abstract

In these notes we will provide a set of techniques which can help
one to understand the proof of the Hochschild-Kostant-Rosenberg
theorem for differentiable manifolds. Precise definitions of multi-
differential operators and polyderivations on an algebra are given,
allowing to work on these concepts, when the algebra is an alge-
bra of functions on a differentiable manifold, in a coordinate free
description. Also, we will construct a cup product on polyderiva-
tions which corresponds on (Hochschild) cohomology to the wedge
product on multivector fields. At the end, a proof of the above
mentioned theorem will be given.

1 Introduction

In [5] the authors stablish some results relating the Hochschild homology
groups of an algebra with the exterior power of universal differentials
on that algebra in the context of regular affine algebras. From this,
the authors also deduce a dual version, which relates the Hochschild
cohomology modules of an algebra with the exterior power of derivations
on that algebra. This is what we call today the Hochschild-Kostant-
Rosenberg theorem. Since then many authors furnished similar results
with other hypothesis on the algebra. For example, in [2] the author gives
the cohomological version of the theorem in the case when the algebra is
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the algebra of (complex) functions on a compact smooth manifold. The
motivation for the present work was [6], in which the author furnished the
cohomological version of the theorem in the case when the algebra is the
algebra of functions on a smooth manifold, as a first step for the proof of
his formality theorem. When one is dealing with topological algebras (as
algebras of functions on topological spaces, for example), a direct proof
of the cohomological version of the theorem is desirable, because the
dualisation process involves continuity and completion considerations,
turning the arguments difficult to carry on.

The main purpose of these notes is to provide a set of techniques
which can help one to understand the proof of the Hochschild-Kostant-
Rosenberg theorem for differentiable manifolds. On the way to do that,
we will give precise definitions of multidifferential operators and poly-
derivations on an algebra. When the algebra is an algebra of functions
on a differentiable manifold, this allows us to work on these concepts
in a coordinate free description. Also, we will construct a cup prod-
uct on polyderivations which corresponds on (Hochschild) cohomology
to the wedge product on multivector fields. For the theorem itself, we
will follow the main ideas presented in [1].

To fully understand these notes, some background on algebra and
differentiable manifolds is desirable. In section 2 some basic concepts
are presented and some notations are fixes. So, the reader who has some
knowledge on differential geometry, derivations and differential operators
on associative algebras may go directly to section 3. In section 3 we will
define the concept of multiderivations on an associative, commutative,
unital algebra and state some results on algebras of smooth functions on
a manifold. In section 4 we will define the concept of iterated deriva-
tions and relate to derivations of higher orders on the algebra of smooth
functions on a manifold. In section 5 we will define the concept of poly-
derivations of an associative, commutative, unital algebra and we will
use it to provide a coordinate free version of polyderivations on a man-
ifold. Section 5 ends with a proof of the Hochschild-Kostant-Rosenberg
theorem for differentiable manifolds which uses the tools introduced in
the previous sections.

Throughout these notes, Homc(A, B) will denote the morphisms
from A to B in the category C and A ~¢ B will mean that A is isomor-
phic to B in the category C. As an example, Homy,,x (A, B) is the set
of K-linear transformations between the K-vector spaces A and B.



Hochschild-Kostant-Rosenberg theorem for differentiable manifolds 151

2 Algebras, Derivations and the Tangent Bun-
dle

In this section we will provide some of the standard concepts needed to
understand the techniques developed in the final sections of these notes.
It was made for setting some notations and some “ways of thinking”.
From now on, k will denote a commutative unital ring and K will denote

a field.

Definition 2.1 (Derivation on an algebra). Let (A, i, €) be an associative
k-algebra with unit e (briefly A, when the product p is clear from the
context). A derivation D on A is a k-linear map D : A — A such that

D(p) = p(D ®id) + p(id @ D)
where id: A — A 1is the identity on A.
The condition above is known as “Leibniz rule”.

Remark 2.2. The unit e on A provides an immersion e¢ : k — A, so
elements in k can be viewed as elements in A through such immersion.
If D is a derivation on A, by the Leibniz rule we have for all a € k

D(a) = aD(e) = aD(u(e®e)) = a(u(D @ e) + ple @ D)) = D(a) + D(a)
therefore D(a) = 0.

Notation 2.3. The k-module of all derivations on A will be denoted by
Der(A).

Definition 2.4 (Inner derivations). Let (A, u,e) be an associative k-
algebra with unit e. A k-linear map f : A — A is an inner derivation on
A if and only if there exists a € A such that

f=pla®id) — pu(id ® a),
where a ® id denotes a ®id: A — AR A such that (a ® id)(b) = a ® b.

Remark 2.5. By denoting IDer(A) the k-module of inner derivations
on A, we have IDer(A) C Der(A).

Now we make precise the notion of high order differential operator
and high order derivation on a commutative associative k-algebra. The
definition, naturally, is recursive.



152 Luiz H. P. Pégas

Definition 2.6 (Higher order differential operator). Let (A, u,e) be a
commutative associative k-algebra with unit e. A k-linear map D : A —
A is a differential operator of order < r on A, with r € N\ {0} if and
only if for all a € A the map

D = D(p(a ®id)) — p(a ® D)

1s a differential operator of order < r —1. A map D : A — A is a
differential operator of order 0 if and only if there exists a € A such that
D = pa ®id).

Definition 2.7 (Higher order derivation). Let (A, i, e) be a commutative
associative k-algebra with unit e. A derivation of order < r on A is a
differential operator of order < r D such that D(a) =0, Va € k.

Theorem 2.8. Let (A, i, e) be a commutative associative k-algebra with
unit e. Then derivations on A are exactly the derivations of order < 1
on A and a differential operator of order < 1 D can be written uniquely

as D = 0+ D(e) with 0 € Der(A).

Proof. Here it is convenient to use de juxtaposition to denote the prod-
uct p. If D € Der(A) then D is a derivation of order < 1 because given
ac A .

D(b) = D(ab) — aD(b) = D(a)b

and if a € k we have D(a) = 0.
Conversely, if D : A — A is a derivation of order < 1 then the map
0=D — D(e), i.e., 0(a) = D(a) —aD(e), Va € A satisfies

d(a) = D(a) —aD(e) = fa
were f, is the element of A given by
D(ab) — aD(b) = f,b
(just put b = e) thus
D(ab) — aD(b) = 0(a)b
hence

d(ab) = D(ab) — abD(e) = D(ab) — aD(b) 4+ aD(b) — abD(e) =
= 9(a)b+ aD(b) — abD(e) = d(a)b + a(D(b) — bD(e)) =
= 0(a)b+ ad(b)

which means 0 € Der(A). O
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When the algebra (A, p) is graded we can define a derivation which
“respects” such structure.

Definition 2.9 (Graded derivation). Let (A, ) be a graded k-algebra.
A k-linear map D : A — A 1is a graded derivation on A of degree p if and
only if for all homogeneous elements a € A; and for all b € A it satisfies

D(u(a @) = p(D(a) @ b) + (~1)"(a © D))
Now it is convenient to fix some notions (and notations).

Definition 2.10 (Superalgebra). We say that a graded k-algebra (A, p)
is a superalgebra (or supercommutative) if and only if p satisfies for all
ac A, be A

wla®b) = (~1)7u(b® a)

Definition 2.11 (Lie superalgebra). A Lie superalgebra is a pair (L, , ])
where L is a Z-graded K-vector space and [, | : L x L — L is a bilinear
map such that

i) [Li, Lj] C Liyj, Vi, j € Z;
i) la,b] = —(=1)¥[b,al, VYa € L;, Vb € L;, (graded antisymmetry);

iii) [a,[b,c]] = [[a,b],c] + (=1)¥[b,[a,c]], Ya € L;, Vb € L;, Ve € L,
(graded Jacobi).

Definition 2.12 (Derivation on a Lie superalgebra). Let (L,[, ]) be a
Lie superalgebra. A K-linear map D : L — L is a derivation of degree p
on L if and only if it satisfies for all a € L; and for all b € L

D([a,b)) = [D(a),b] + (~1)"[a, D(b)]

Remark 2.13. [t is easy to see that if (L,[,]) is a Lie superalgebra,
then for any a € L;, ad(a) : L — L given by ad(a)(b) = [a,b] is a degree
t derivation on L. This is exactly what the Jacobi identity is about.

In differential geometry, the concept of tangent vector on a manifold
at a point is often given by using equivalence classes of curves or simply
stating the property of being a derivation at a point. In these notes
we will use an equivalent (for finite dimensional differentiable manifolds)
and well known definition for tangent vectors which is slightly different
from the usual definition, but reveals some interesting aspects. The
construction given here follows [10].



154 Luiz H. P. Pégas

Let M be a differentiable manifold. For each p € M, define the R-
vector space V), tangent at p as the following. Define the relation ~ on
C*°(M) by f ~ g if and only if there exists an open neighbourhood U
of p such that f|iy = g|y. This is an equivalence relation (the reader is
invited to prove this, it is not hard) and the equivalence classes induced
are called germs of functions at p. The algebraic operations on C°°(M)
can be used to induce a R-algebra structure on J, = C*°(M)/ ~. Let
I, be the ideal of JF, of germs of functions that vanish at p. As I, is
an ideal of J, and Ig is an ideal of I),, we have that I,/ Ig is a R-vector
space. Then we define V,, = (Ip/Ig)*, i.e., Vp is the vector space dual to
I,/ I]%. We will prove that V), is finite dimensional. From now on, we will
denote by (U, p, m) a local chart on a differentiable manifold M where
U is an open subset of M, ¢ : U — Uy is a diffeomorphism from U to an
open subset Uy of R™ or simply (U, ¢) if the dimension of M is clear.

Proposition 2.14. Let (U, p,m) be a local chart of M around p. De-
noting the i-th canonical projection on R™ by t* : R™ — R and the i-th
coordinate function on U by x' = t' o then the set of equivalence classes
of #' fori=1,...,m in Ip/Ig constitute a basis for such space.

Proof. Givenf € Ip/Ig, let f € C°°(M) be a representing element. Note
that f(p) = 0. Without loss of generality we can suppose ¢(U) convex!
and o(p) = 0. The coordinate expression of f is given by f o p~! :
©(U) — R, which by the Taylor formula gives, for y = ¢(q),q € U

m o1 .
(o = S M2 iy
i=1 0
m . ; 1 82 o1
+ gzjlt(y)t (y)/o (1—s) (6{51'89; )Syds
o 1
oot = S AEED el +
=1
- 1 J ! 82(]('0(,0 1)
PO R T

Tt is necessary because we want to use Taylor’s formula with integral remainder.



Hochschild-Kostant-Rosenberg theorem for differentiable manifolds 155

z*(q) +
©(p)

+ ) xi(Q)xj(Q)/o (1 - S)a (aftzafﬂ )

ds
sy

1,7=1

Because f € C°(M) and z*(p) = 0, the term

Z " m]/ 32 (fop™)
o' ot

1,7=1

ds

sy

represents the zero class in I,/ I]f. From this we infer that we can write

. - Ifop™ i
_; ot *

©(p)

where x' is the class of z* in I,,/I}. Hence the set {x'},i = 1,...m spans
I,/ Ig. To show the linear independence, notice that

Zazx —O:>Zal 612

where [2'] is a representative of x* in I,,. In coordinates, we have:

m . m . m .
(Z aw") op 1= Z a;(z" o go_l) = Z a;t"
i=1 i=1 i=1

which shows that >, a;[t'] € I</2>(p)’ because the map ¢! : p(U) —
U induces an algebra homomorphism (¢~ 1)* : F, — Fo@p) given by

(™ H)*([f]) = [f o ¢~ 1]. Thus, the first order terms vanish, which means
that foreach j =1,...,m

0 [~

and therefore a; =0, for allt=1,...,m. O
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From this we conclude that V), is finite dimensional and dim(V},) = m.
An element £, € V), is called a tangent vector on M at p.

For each p € M we can associate to each tangent vector & € V), a
linear map v, : F, — R, given by

Up(f):{o yifdece fle(r)=cVeeM

gp([f]) ) if f € Ip

where [f] denotes the class corresponding to the germ f in I,/ Ig. Since

all germs can be written as f = f + f(p), where fe I, and f(p) is
the germ of the constant function whose value is f(p), v, satisfies the
following property

vp(fg) = v

( +9
= f(p)vp(g) +g
= g(p)vp(f) + f

When a linear map w : F, — R obeys

w(fg) = g(p)w(f) + f(p)w(g)

we call w a derwation on F, at the point p.

Conversely, if w is a derivation on JF, at p, we can associate to w a
unique tangent vector 7, such that n,([f]) = w(f) for all f € F,. To see
this, note that if ¢ is the germ of a constant function

w(c) =w(c-1)=cw(l) =cw(l-1) =cw(l) + cw(l) = 2w(c)
and therefore w(c) = 0. By writing f as f = f + f(p), we have:

w(f) =w(f + f(p) = w(f) +w(f(p)) = w(f)

therefore the value of w is determined by its value at I,. If f € Ig, there
exists g, h € I, such that f = gh. Hence

w(f) =w(gh) = h(p)w(g) + g(p)w(h) =0
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thus, w vanishes on Ig. However, f = f + f (p) gives

w(f) =w(f = f(p)) = w(f)

which shows that if f = § mod 12, then w(f) = w(g) and w induces

a unique linear map 7, taking elements in I,/ Ig to real values. In other
words 1, € V).

So we stablish a one-one correspondence between derivations on J,
at p and elements in (I,/I2)*. It is not hard to see that the set of such
derivations at a point, with the usual operations of addition and product
by scalars, turns out to be an R-vector space and the association that
sends elements in (I,/I2)* to derivations on F, at p above mentioned
is a R-vector space isomorphism. Thus, we can speak of elements in V),
acting on a germ f € J,, once we implicitly understood the association
above constructed. Further, define the action of a tangent vector v, € V,,
on a function f € C*°(M) by

vp(f) = vp(f)

where f is the class of f in J,. So, v,(g) = vp(f) when g € f. Linearity
and Leibniz rule follow straightforwardly from the definition.

From those facts, if M is a m-dimensional differentiable manifold, we
can construct the differentiable vector bundle (€, M, n, GL(R™)) with
total space & = UpemVp, base space M, projection 7 given by m(v,) = p
and typical fibre R™, with differentiable structure obtained from the
structure on M. Indeed, let (U, ¢) be a local chart on the m-dimensional
differentiable manifold M around p € M. By using the same notations
of proposition 2.14, given f € C°°(M), take elements %\p e V, for
1 =1,...,m, such that

0
oxt

p

n(f)=n (Z —a(fgtf_ )

1=1

allowing to write
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and we call this formula the coordinate expression of n with respect to
the local chart (U, ¢) and we call the values n(z*) coordinates of n. Hence
we can define a map ¢ : 71 (U) — R™ given by

p(n) = (n(zh), ..., (™))
Finally, define the map ¢ : 71 (U) — R™ x R™ given by

o(n) = ((pom)(n),¢(n)) (2.2)

Let 2((M) be the atlas of M. To each local chart (Uy,, o) we associate
the map ¢, : 7 1(U,) — R?*", constructed as above. Declare a set
V C &€ open on € if and only if there exists an open set V[ on R™ and
an index « such that V = ¢ (V4). The collection of those sets is a base
for the topology on € which makes £ a topological manifold. Besides,
if (Ua,®a), (Us,ps) € A(M), then the map ¢go ¢ ! 1 do(n 1 (Uy)) —
¢s(m~1(Ug)) is C°°. This shows that the collection (771 (U, ), o) defines
a differentiable atlas on €.

With this structures, we see that (&, M,n, GL(R™)) is a differen-
tiable vector bundle with typical fibre R™, total space &, which is a
2m-dimensional differentiable manifold, base space M, projection 7 :
& — M, which is a differentiable surjective submersion, trivializations
given by the maps ¢o = (pq © T, @n), structure group GL(R™) in which
compatibility conditions of trivializations are satisfied, since map such
as ¢god, ! are diffeomorphisms. To fix notations, we will write TM = &
and call T'M the tangent bundle of M, since its elements can be regarded
as tangent vectors at points in M. From now on we will denote the vector
space tangent at p by T,M =V,

We will use this

Definition 2.15 (Vector fields). Let M be a m-dimensional differen-
tiable manifold. The C* sections of m of (TM, M, 7, GL(R™)) are called
vector fields on M. We denote the R-vector space of vector fields with the
usual operations of addition and product by scalars pointwise by X(M).
Also, X has a C°°(M)-module structure given by pointwise product by
functions.

This leads to the following

Theorem 2.16. Let M be a m-dimensional differentiable manifold and
C°°(M) the R-algebra of C*° functions on M. Then

%(M) ~Veck DGT(COO(M))
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The reader is invited to prove the above theorem using the tools (and
definitions) given here as an exercise.

Following these steps, we can now construct a differentiable vector
bundle over a differentiable manifold M, whose differentiable sections
correspond to derivations of order < r on the algebra of functions C*°(M)
(definition 2.7).

First, we will need the notion of higher order derivation at a point.
Let p € M and J, be the R-algebra of germs of functions at p. If I,
denotes the ideal of germs of functions vanishing at p we have (as above)
a natural R-vector space structure on I,/ I, since I (here r € Z, r > 1)
is an ideal of I,. By denoting JJ = (I,/I;™!)*, we can repeat all what
we have done on V), and define derivations of order < r at p.

Definition 2.17. Let F, be the germs of functions at a point p in an
m-dimensional differentiable manifold M. We say that an R-linear map
D, : ¥, = R is a differential operator of order < r, r > 1, at p if and
only if for all g € F,,, the map dy : F, — R given by

dg(f) = Dp(gf) — 9(p) Dp(f)

1s a differential operator of order < r — 1 at p, and called a differential
operator of order 0 at p if it is a product by a germ of functions at p. D,
15 called a derwwation of order < r at p if, in addition, it is identically
zero on germs of constant functions.

The previous definition should be compared with Definition 2.7.

Proposition 2.18. J7 is finite dimensional.

Proof. Let (U,p) be a local chart around p € M. Without loss of
generality, we can suppose ¢(U) convex and ¢(p) = 0. As before, denote
the coordinates on U by z' = t' o ¢, where t* : R™ — R is the i-th
projection on R™. The claim follows by showing that the set of classes of
the functions z*, i =1,...,m, 2’27, 1 <i<j<m, ...,z ...z, i3 <
.. <, isa basis for Ip/I;;H. Let fel,/It Let f e C®(M) be a
representing element of this class. By the Taylor formula, the coordinate
expression of f on U is written by

_ (foso1 S P(foe |
=1 ij=1 0
LS e [ Ot (fop™)
— 1 br41 e\
+ " ; 1x T /0(1 s) S Hrn Syds
Lyeensbpgp1=
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By taking the quotient, we note that the last term on the right hand side
vanishes on I,/ I};H. Hence, the class of f is written

m

8(f090 82 ) i, .
fo= Z ot T+ = Z 8t18t3 Oxa: + ...+
=1 1,7=1
S r(.fw_%) i g

r! - ot . ..ot

8L yeeeylp=
which shows that 2%, i = 1,...,m, 22,1 < i< j <mn, ...,z ...

i <<y spans p/ I rl . since f o ¢~ 1 is differentiable.

To show the linear mdependence note that

Zazaz + Z ai;x 4+ Z Qi =0 =

1<i<5<m 115 <4y
= g a;xt + E a;jx L g ai, . q,xt . xt e I;H =
1<i<j<m 1< <ipr
) ) j 4t ir r+1
= alt + a;;t't oot R R AL A I@(p>
1<e<5<m 11 <...<ip

Thus, the terms of order < r are zero, which leads to

82
otkot! Y. ayt't || =0
1<i<j<m 0
0 ( m )
- a,'tz == 0
7 Z ?
ot — 0
hence
Ajy...jr = 07 ceey ARl = 07 a; = 0

for all possible combinations of indices. So, I,/ I;;‘H is finite dimensional,
therefore Jj is finite dimensional also. ]



Hochschild-Kostant-Rosenberg theorem for differentiable manifolds 161

Let §, € J,. Associate to &, a linear map D), : I, — R given by

0 Jifdece fle(x) =cVzeM

K {quf]) ffer,

where [f] denotes the class of f in Ip/I;;H. By writing germs f € J), as
f=7Ff+ f(p), with f € I, given g € F,, we have

o(F) = Dylaf) — 9p) Do) = ~
D) + 9B)Dy(F) + F()Do(3) + 2 (2)g(p) Dy(1) — g(p)Dy( ) =
D) + F)Do3) = (55 + £ ) (3): (23)

Note that, given f1 € I, for all fy € I,, we have

A

55N (fo) = &(frfo) — A& fo) = &l fifo)

and successively we can see that, given f1,..., f;

5;i_i(fo) =& (fifie1--- fo)

for all fo € I,. Now

0%, (fo) = & (fr- - fo) =0

which shows that 51r_1 is a differential operator of order < 1 at the point

p, viewed as restricted to I,. Restricting to I,, by construction, (5;:’

being a differential operator of order < r — ¢ at p implies that 5};i;r1 is

a differential operator of order < to » —i + 1 at p. Hence, we have &,
differential operator of order < to r at p and also, if 6 : I, — R is an
operator such that for all f € I, 6(f) =& (f1-.. fif), with fi,..., fix €
I, then ¢ is a differential operator of order < r — k at p. Putting on
equation 2.3, we see that A, is a differential operator of order < r —1 at
p, leading to the conclusion that D), is a differential operator of order <
r at the point p.

Conversely, let w : ), — R be a derivation of order < r at the point
p. Then f € JF, gives

w(f) =w(f+ f(p)) = w(f)
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which shows that the value of w depends on its evaluation at I, only. We
also have that if f &€ Ig“ then there exists fi,..., fr4+1 € I, such that
f=fi...fr+1 and therefore

w(f) =wlfr . fra1) =05 L (o )+ P (fr - fr) =
=5 (fre fr) =02 ) = = 03, (1) =
= fi(p)g =10

for some g € F,, where 0",

fr—ito
fori=1,...,r. So, if f =g mod I;™" in I, then w(f) = w(g) and w can

is a differential operator of order < r — i,

be viewed as an element in (I,,/I;7')*. Tt follows that there exists an one
to one correspondence between derivations of order < r at the point p
and elements in .J;.

We define the action of a derivation of order < r at the point p, D,
on a function f € C°°(M) as given by

Dy(f) = &([f])

where &, is the element related to D, by the above correspondence and
[f] is the equivalence class of the function f in I,/I’t!.
We can now prove the following theorem.

Theorem 2.19. Let M be an m-dimensional differentiable manifold.
There exists a differentiable vector bundle J"(M), whose base space is
M and whose space of differentiable sections I'(J"(M)) is isomorphic, as
R-vector space, to the space of derivations of order < r on C*°(M).

Proof. Let us take the differentiable vector bundle J" (M) = U Iy,
peM

with JI = (I,/I;*')* whose coordinate functions ¢ : 7~ 1(U) — RX,
with 7 the projection of J"(M) on M and U an open subset of M,
are of the form ¢(wp) = (2*(w(wp)), wp(z"), wp(z'a?), ..., wp(a™ ... z")),
where the indices are increasing, 1 to m, for all w, € J;. Note that
K=Y ()

Let w : M — J"(M) a differentiable section of J"(M). To w we
associate the map D : C°°(M) — C°°(M) given by

D(f)(p) = w(p)(f) YfeC*M)

The map D above defined is a derivation of order < r on C*°(M).
To see this, first note that if ¢ is a constant function, then

D(c)(p) =w(p)(c) =0 VpeM
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hence D vanishes on constants. Second, given g € C*°(M), the operator
A, given by

Ag(f) = D(gf) —gD(f) VfeCT(M)

is such that

Ay(f)lp) = D(gf)(p) gP)D(f)(p) = w(p)(9f) — 9(p)w(p)(f) =
p)(f)

which is a differentiable section (by construction) of J"~(M). However,

I'(JY(M)) = X(M) and theorem 2.16 shows that I'(J!(M)) a2y .x Der(C>(M

Therefore, by induction, D is a derivation of order < r on C*°(M).
The assignment w +— D is clearly linear. Let’s show it is injective.
Suppose D associated to w is identically zero. We have

0 , VfeC*®M)
0 , VfeC®M), VpeM
f)=0 , VpeM, Vf e C*(M)
0, YV/peM

0

Let’s show it is surjective. Let D : C*°(M) — C°°(M) be a derivation
of order < r on C*°(M). For each p € M, define w), : ¥, = R by

wp(f) = D(f)(p) VfeCTM)

where f on the left hand side is for the equivalence class in J, of the
function represented by the symbol f on the right hand side. w,, is well
defined because if f,g € C°*°(M) are such that f = g in F,, we can take
a local chart (U, ¢) around p such that U C W, where W is an open
subset of M in which f and g coincide, ¢(p) = 0 and ¢(U) is convex.
Now, on U, f and g are written

+§:8foso
1=1 1,j=1

1 m . 1 3r+1(f o ()0—1>
_ 1 Tl . r
o W A(l o) G ar

7/17 7ZT+1 1

1 201
+Zaf90)

(3]
YR xx + ...+

0

sy

))-
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and

m
Agop )| ;1 P(gop ™)
9 = 9w+ =, Ty 3 e | T
=1 1,]=
1 m 1 87“—}—1 1
4+ = Z i i+ / (1 o )r (g © 90 )
T. 0 8t11 815’”1
11,.. >r+1 1 sY

where t* : R™ — R is the i-th canonical projection on R™. Hence, on U,

mafosol W L P(fow™) )
D — N4 = — D(z'x?) + ...
(f) > D(a') + 5 Z Dt Ot (@@ -
1=1 0 6j=1 !
L om | | 1 Ot (fop™h
1 i1 Tpt1 — g\
+ o E D(x R ¥ ) /O (1 S) atu . 8tiv"+1 Sde
'Lla Y
and

D)+ L i P(goe™)

m S|
D(g) = Z—ﬁ(g 2 ) >

ot

0

m i . 1 Tﬁrﬂ(gog&_l)
Z Pt +1)/0 =) g g

7’17 Y sY

)
I
[y

_|_
ilH

But since D is a derivation of order < r, we have

D(z™ ... 2"+ (p) =0

for all relevant combinations of indices. As f and g are in the same germ
of functions at p, all partial derivatives up to order r of its coordinate
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expressions coincide, leading to

wp(f) = D(f)(p) =

‘ moog20e -1
Dl)p)+5 Y Fer)

i=1 0 i,j=1 0
TR L ! T (fop™)
- r+1 _ e\ —
T D L )<p)/0 (1 -y o2 g
ila ai’r‘+1—1 SY

2 < otioti
2,7=1

m o =1 ‘ m o920 =1
—I—Z@(Q—M‘OD(xZ)(p)—f_lza(g © )

0

1 & W ! " (gop™)
_ r+1 _ e\
+ 5 Z Dz ...z )(p)/0(1 ) o A | 0
11541 =1 sy

As D is a derivation of order < r, it follows by induction on r that w,
is a derivation of order r at p. Hence, w, € J,, for all p € M. Let
w: M — J(M) be the map given by w(p) = wy,. For all f € C*(M),
we have

w(p)(f) = wp(f) = D(f)(p)

showing that p — w(p)(f) is differentiable, because D(f) is, and so w is
a differentiable section of J"(M).

Hence, I'(J"(M)) is isomorphic, as R-vector space, to the space of
derivations of order < r on C°°(M). [

It follows from the last theorem that if M is a m-dimensional mani-
fold, a derivation of order < r, D : C*°(M) — C°°(M) is written locally

as . .y
D(f) :Z Z ail...ik(m,---,xm)axil

... Oxtk
k=1 1311§§zk§m

with a;, . ;, differentiable [7].

3 Multidifferential Operators

Let (A, p, e) be an associative commutative unital K-algebra. Denote

C™(A, A) = Homy,x(A®™, A), Vn € Z,n>0

D(z'z?)(p) + ...

D(z'2z7)(p) + ...

_|_

+
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C*(A,A) =P C(A A
n>0
Definition 3.1 (Partial composition). Let f € C™ (A, A) and g €
C"t1(A,A). For1<i<m+1, the i-th partial composition of f and g
is the linear map o; : C™ (A, A) @ C"T1(A, A) — C™ (A, A) given
by
foig=flid" ™ @g@id]" )

where id 4 denotes the identity of A.

Definition 3.2 (Total composition). The total composition (or dot prod-
uct) o : C*(A,A) ® C*(A,A) — C*(A,A) is the linear map which,
for each f € C™YA,A) and g € C"Y(A, A), associates f o g €
C™MTHl(A) A) given by

m—+1

fog=>Y (=1)""fo;g

1=1

Definition 3.3 (Cup product). The cup product is the degree 0 K-linear
map —: C*(A, A)@C*(A, A) — C*(A, A), which to each f € C" (A, A)
and g € C""Y(A, A), associates

feg= DM, o(f®g)

ie., if ag,...,Qm,Amat,-- - Gmant1 € A, we have

(fvg)(a0®"'®am®am+l®---®am+n+1):
= pu(flag®...®am) ® g(ami1 ® ... ® Amini1)

Proposition 3.4. (C*(A, A),—) is an associative graded K-algebra.

Proof. By construction, C*(A, A) is a graded K-vector space. By K-
linearity and 0 degree of cup product, we only have to prove the associa-
tivity. Note that u € C?(A, A), which leads to

P =pop=p(p®ids —ida @ p) =0

So, if f € C™tL(A,A), g € C"TY (A, A), h € C'F1(A, A), and denoting
c=m+1)(n+1)+(m+1)({+1)+ (n+1){+1) we have

(f—g)—h—f—(9g—h) =(-1)p*(f@Rg®h) =0 0
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Definition 3.5 (Hochschild cohomology). The Hochschild cohomology
of an associative K-algebra A with coefficients in A is the cohomology of
the complex

0 A oA, a) e oA, a) 2

where the coboundary operator drr, called the Hochschild differential, is
given by

(5Hf)(ao® ®an) = plao @ fla1 ®...®ay)) +
+Z )" flag® ... ® pla; @ aip1) ® ... ® ap) +

+(—1)”+1u(f(ao @ ® an—1) ® an)

for any f € C"(A, A), for alla; € A, i =0,...,n

Proposition 3.6. The Hochschild differential dgr is a degree 1 derivation
for (C*(A,A),—).

Proof. For simplicity, we will denote the product p of the algebra A
by juxtaposition. By linearity, it is enough to consider the evaluation
of 6y on products of homogeneous terms. Let f € C™T1(A, A) and
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g€ C" (A A). Forany a; € A, i =0,...,m +n+ 2, we have

Su(f — 9) a0 @ ... @ amant2) = ao(f — 9)(a1 @ ... @ amini2) +
m-+n—+1

+ Z ()" (f — )@ ®...®ajai11 @ ... Gmni2) +
i=0

+ (=)™ — ) (a0 ® ... @ Gmint1)Amnta =

= aof(a1 ®@ ... @ am+1)9(Ami2 @ ... @ Amynt2) +

m

+ D (DM (a0 ® .. ® i1 @ ... @ ami1)g(amiz @ .. @ Gynt2) +
1=0
m—+n+1 ‘

+ Z (=)™ f a0 ®@ ... @ am)g(ame1 @ ... @ QiGi41 D ... @ mgng2) +
1=m-+1

+ ()" fag® ... ® am)g(am-l-l ® ... ® Amnt1)Amtnt2 =

= (aof(a1 X...& CLm + Z H_lf CL() ®...0ai0i+1 Q... am+1) +

+ (_1)m+2f(a0 ®...0 am)am+1)g(am+2 ® ... ® amint2) +
+ (—1)m+1f(a0 R .. @ am)(@mt19(Ami2 @ ... @ Gmint2) +

3

+ (=1)" 1 g(ams1 @ ... @ Gmpit1mtite @ - .. @ pgnt2) +

2:

+ ( 1)n+2 (am_|_1 Q... am+n+1)am—|—n—|—2) =
= (Onf) = 9)(a0 @ . ® tmenrz) + (=1 (f = 3rg)(a0 © ... @ Amnta)

]

Definition 3.7 (Gerstenhaber bracket). The Gerstenhaber bracket is the
degree -1 K-linear map [, | : C*(A,A) ® C*(A, A) — C*(A, A) which,
for each f € C™(A, A) and g € C"T1(A, A)

f,gl=fog—(—1)""gof

Proposition 3.8. (C*(A, A),[, ]) is a Lie superalgebra with respect to
the reduced (by one) degree.

The reader can find a proof of this fact in [3].

Proposition 3.9. Let (A, ) be an associative K-algebra. For any f €
Cm+1(A,A)
or(f) = (=1)"u, f]
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where |, | is the Gerstenhaber bracket.
Proof. Let f € C"™T1(A, A). Since p € C%(A, A), it follows that
. [l = o f—(=1)"fopu=pulf@ida) +(=1)"ulida ® f) +

+ (Y () S @ p e idi ) =

Proposition 3.10. Let A be a K-algebra and v € C?*(A, A) be a product
in A. Then v is associative if and only if vov = 0.

Proof. By definition, the total composition gives
vov=v(v®idy) — v(idg @)
which is the expression of associativity of v. [

Corollary 3.11. Let A be a K-algebra, where K has characteristic dif-
ferent from 2. Given a product v € C*(A, A), v is associative if and only
if [v,v] = 0.

Proof. By definition, the Gerstenhaber bracket gives
[v,v]=vov+vorv=2vov
Hence, by the last proposition v is associative if and only if [v,v] = 0. O

Proposition 3.12. Let A be a K-algebra, where K has characteristic
different from 2. Fiz a product v € C?(A, A) and let 5y be the Hochschild
operator defined as in definition 3.5. Then dp is a differential if and only
if [v,v] = 0.

Proof. Given f € C™T1(A, A), we have
0H(f) = ouléu(f)) =
= ou((=)"[, 1) = V"2, [, fl] = (v, v], f] = [v, [, f]]
Therefore,
SH(F) = 3l ]
The result holds true by corollary 3.11. (]
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Remark 3.13. If (A, ) is an associative K-algebra and idy : A — A
denotes the identity map on A, then

op (ida) = p(ida @ ida) + plida @ ida) —ida(p) = p

Definition 3.14 (Multiderivations). The space of the multiderivations
on the associative unital K-algebra (A, u, e), denoted by M Der(A), is the
subalgebra of (C*(A, A),—) generated by Der(A).

Note that M Der(A) is a graded algebra with

M Der(A) = @ M Der™(A)

n>1
where M Der™(A) = M Der(A)NC™(A, A).

Theorem 3.15 (The M Der(A) subcomplex). Every multiderivation is a
Hochschild cocycle.

Proof. Let’s proceed by induction to prove that d is identically zero on
MDer(A). Let X € Der(A). For all a,b € A

SuX(a®b) = ula® X (b)) — X(ula® b)) + u(X(a)@b) =0

Now, suppose the result holds true for elements in M Der™ 1 (A) and con-
sider

D € MDer™(A). The space M Der(A) is generated by Der(A), so D
can be written as linear combinations of elements of the form X — D,
where X € Der(A) and D € MDer" 1(A). By linearity, it’s enough to
consider the evaluation of dy at such elements. It follows from the fact
that 0y is a degree 1 derivation on (C*(A, A),—) that

(X — D)= (yX)—D—-X —6yD=0

Hence, M Der(A) is a subcomplex of (C*(A, A),—) and §p is identically
zero on M Der(A). O

The next theorem relates contravariant tensor fields on a differen-
tiable manifold M with multiderivations on the algebra C°°(M). Before
stating the results it is worthy to relate such fields with multiderivations
at a point, an analogous to the concept of derivation at a point (see
section 2). Let’s make precise the notion of multiderivation at a point.
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Let M be a m-dimensional differentiable manifold. The tangent space
at every point of M, being finite dimensional, allows to identify (7,M)®"
and (I,/17)*®", where I, denotes the ideal of germs of functions which
vanish at p.

Consider the differentiable tensor bundle (TM)®". Let p € M and
7p € (TM)®" such that 7, € V" = (I,/17)**". By denoting ), the R-
vector space of germs of functions at the point p, define the linear map
Uy 1 FZ™ — R given by

0 Jif dee fi| elr) =cVoe e M,
Up([1®...0f) = forany i, i=1,...,n
n([fil®...0fn]) ,iffiel, Vi=1...,n

where [f;] denotes the equivalence class of the germ f; in I,/ Ig. Since

every germ f can be written as f = f + f(p), where f € I, and f(p)
is the germ of the constant function whose value is f(p), 9, satisfies the
following;:

Up(1i®...0 figi®...® fn) =
= gU([1®..0fiR...0f)+filIH([i1®..06®...Q fn)

for every i. A linear map w : 55" — R such that

Wwfi®...®figi®...Q fn) =
= giPw(fi®..0fi®...® o)+ filpw(fi®..®e®...° fr)

foreveryi =1,...,nis called a multiderivation of degree n, at the point p.
On the other hand, if w : ”fg@” — R is a multiderivation at p, one can

relate to this a unique element 7, € Vp®”, such that 7, ([f1]®...®[fn]) =

W(fi®...® fp), forall fi®...® f, € FZ". To see this, first note that
if ¢ represents a constant function, then

Wfi®..0c®..0 fn)=cw(fi®..01-1®...0 fn) =
= ((w(f1i®..010..0 fr)tw(fi®..01®...0 fr) =
= 20(fi®...0c®...Q f,)

Hence, w(f1®...®c®...® fp) = 0. It follows that if fi®...® f, € ?}?”,
writing every f; as f; = fi+ fi(p), with f; € I,,, by linearity of w, we have

WHi@..0f)=wfi®...0f)
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which shows that the value of w is determined only by its value in Ig‘m.

Now, suppose f; € Ig for some i. Then there exists g;, h; € I, such
that f; = g;h;, resulting in

w(f1®"‘®fi®"°®fn):w(f1®.--®gihi®...®fn):
= gPw(fi®...0h®...® fr)+hi(pw(i®... Qg ®...Q fn) =0

So, if f; = g; mod Ig, Vi=1,...,n,thenw(f1®...Qf,) = w(g1®...Qgn)
and w induces an unique linear map 1, € (I,/I3)*®". Therefore there
exists a bijection between Vp®” and multiderivations of degree n at p.

Hence, an element 7, € Vp@m can be regarded as a multiderivation of
degree n at p.

Define the action of ¥, € V,;*™ on elements in (C°°(M))®" by 9,(F1 ®
R F,) =9,(fi®...® f,) on decomposable elements and extended it
by linearity, where f; denotes a representing element of F; € C°°(M) in
Fp,t=1,...,n.

We can now prove the following

Theorem 3.16. Let M be an m-dimensional differentiable manifold.
Then

D((TM)®") Ay MDer™(C®(M)), Vn > 1.

Proof. Given 7 € T'((TM)®"), define a linear map 7 : C*°(M)®" —
C*°(M), given by

T(h@...e@f)p)=nphe.. of) vpeM

Note that 7, € (I,/1;)*®™ means that 7, can be written as linear com-
bination of elements of the form vy ® ... ® v} with v}, € (I,/I})*, Vi =

L...,n,and (0 @...Q@u))(f1®...® fn) = vy(f1)...v0(fn). Since 7 is
a differentiable section, we have 7 € M Der™(C*°(M)).
The assignment 7 +— 7 is clearly linear. We claim it is a bijection.
To show that it is injective, it is enough to see that

T(A®..0f)=0 , VieC*M),i=1,...,n=
S 7(i0...0fL)pP =0, VWpeM, Vi cC®°M), i=1,....n=>
=>(A®..0fHh)=0 , YpeM,VfieC*M), i=1,....,n=
=1=0 , VpeM=
=7=0
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where in the one but last step we used the following fact. Taking a local
chart (U, ) at the point p, with ¢(p) = 0 and taking z° = t’ o, with
t' : R™ — R the canonical projection on the i-th component (see section
2), we can write

_ 11...0n
(i@ @f)= ) dvhan e g
(31 4e-09m)
where (i1, ..., i,) under the summation symbol means that the sum must
be evaluated for each i;, with j =1,...,n,4; = 1,...,m. Evaluating 7,

on elements of the form (2" ®...® z'*) successively, we have a" " = 0
for any combination of indices ¢;.

To show that it is surjective, consider D € M Der™(C*°(M)). For
cach p € M, define the linear map 7, : I — R given by

(9. @) =D Q... f)D), VA®...® fneF,

where f; on the left hand side denotes the germ of the function f; written
on the right. For now on in this proof we will denote germs and functions
by the same symbol to avoid cumbersome notation. It is clear when a
symbol denotes a function or a germ, from the operator acting on the
symbol. Let’s show that 7, is well defined. Let f;,g; € C°°(M) with
¢t =1,...,n, such that f; = g; on F,, for each ¢ = 1,...,n. Let W; be
open neighbourhoods of p € M such that f;|w, = ¢i|lw,, i =1,...,n. Let
(V, ) be a local chart such that ¢(p) = 0. Taking U =V WinN...NW,
we have (U, ) still a local chart around p. If necessary, we can shrink U
to make ¢(U) open and convex on R™. As f; and g; coincides on U for
each 4, it also coincides f; = fi — f; (p) and g; = g; — gi(p) on U for each
1. Hence,

Afioe™")

_ 0(gio et
otJ '

Vi=1,... Vi=1,...,n.
O 8t] Y j Y 7m7 ? ) 7n

0

By D € M Der™(C*°(M)), we have

D(f1®°--®fn) :D((f1+f1(p))®'"®(fn+fn(p))) :D(f1®...®fn)
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which results in

Tp(f1®...®fn):D(f1®---®fn)(p):D(f1®---®fn)(p):

= i) diew™| s i
= Z oo | oo OD([E ®...@z)(p)+
Jiye-n=1
ik 1 0?(frop™1) ! 0%(fnop )
+ Z /(1— ) ds.../(l—s) : ds -
J1yeesgn=1"0 ot oth sy 0 Ottt sY
1, ':l’n_l
D(@ha" @ ... @izl (p) =
= O(Giop™h d(giop™") J Jn
Iy Z ot 0 Otin OD(:E R
J1yeesdn=1
o 1 0?(groe 1) ! 0 (gnow™")
1— d 1— ‘ d
T Z /o ( ) otir oth ’ /o ( ) OtIn Otin ’
Ji, "7]77«_1 5y °Y
1, 'aln_l

D@z © ... 0a ") (p) = D(G1© ... @ gn)(p) =
=D(g1®...@gn) () =Tp(1 ®... 3 gn)
because D(2/1zh @ ... ® x/rz!7)(p) = 0 for any combination of indices

(Jk, lk). Thus, 7, is well defined as a linear map on 9’?” taking real values,
for all p € M. Besides that, we have

H([1®..®figi®..0f)=D(fi®..®figi®...0 fr)(p) =
=gi(P)D(f/1®..0fi®...@f)(p)+fi(p)D(/i®...®9&...@ fn)(p) =
=91 ©...@fi®.. .0 f)+filD)p(1®.. . ©e®...Q fn)
on each entry. Therefore 7, is a multiderivation of degree n at the point
p, for each p € M. Finally, let’s construct the map 7 : M — (TM)®"

given by 7(p) = 7,. The map 7 is a differentiable section, because for
each p e M

TP (1@ .. ®fo) =1p(1®...® fa) =D(fi®...® fu)(p)

and D(f1 ® ... ® f,) € C°°(M) for any linear combination of elements
fi@.. @ fp € CF(M).

Thus, the stated assignment is an isomorphism of R-vector spaces
between I'((TM)®") and M Der™(C>°(M)). O
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The last theorem reveals that if M is an m-dimensional differentiable
manifold, an element in D € M Der™(C°°(M)) can be written in local
coordinates as

_ J1 Jn
D_j % 1D(:J[; ®...Q0x )8;r;i1®"'®8xjn
1y--9Jn=—

4 Iterated Derivations

Definition 4.1 (Iterated Derivation). Let A be a commutative asso-
ctative unital K-algebra. The space of iterated derivations, denoted by
SDer(A), is the subalgebra of (C1(A, A),o) generated by Der(A). We
denote by SDer™(A) the set of elements D € SDer(A) which can be
written as linear combinations of elements of the form Xqyo...0X,, with
X; € Der(A), Vi=1,...,r, r <n.

Remark 4.2. Note that SDer(A) can not be written as direct sum of
the spaces SDer™(A). However, if r < n then we have SDer"(A) C
SDer™(A). Hence, we have a filtration on the algebra SDer(A).

Theorem 4.3. If D € SDer™(A), then D is a derivation of order < n.>

Proof. Denote the product on A by juxtaposition. We proceed by in-
duction on n. Surely, if X € Der(A), then X is a derivation of order <
1. Suppose D € SDer™(A) and the result is valid for n — 1. By linearity,
it is enough to consider D as D = D o X,,, where D € SDer" (A)
and X, € Der(A). By the induction hypothesis and the fact that
SDer"Y(A) c SDer"(A) for all » > 1, it is enough to consider the
high order terms of D, i.e. terms like X7 0...0 X,,_1. To show that
Xio0...0X,_1is a differential operator of order < n, given a € A, we
must show that the operator A,, given by

Aa(b) = (X1 0...0X,)(ab) — a(X1 0...0 X,)(b)

A similar notion for Lie algebras can be found in [9].
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for all b € A, is a differential operator of order < n — 1. We have
Ay(b) = (X10...0Xy)(ab) —a(X10...0X,)(b) =

= (X10...0Xp)(a) b+ Y (Xi0...0X;0...0X,)(a)X;(b) +
1=1

+ (X1o...on-o...OX'O...oXn)(a)(XioX‘)(b)—I—...—l—
J J

n

+> X; (@)X (0)+ ...+ Xi(a)(X10...0X;0...0X,)(b)

I i=1
where [ represents a set of indices, subset of {1,...,n}, with exactly
k elements {iy,...,ix}, such that i1 < ... < i, X represents the
composition Xjo...0 )A(ij o...0X, in which all elements X; ,..., X; in

this order are absent, and X, represents the composition X; o...0Xj, .
Hence, we have the operator A, acting on b with composites having
at most n — 1 factors. Therefore A, € SDer" !(A), which is by the
induction hypothesis a differential operator of order < n — 1, for all
a € A. Thus D is a differential operator of order < n. By considering
operators as D o X, with X € Der(A), it is clear that D(X(«)) = 0, for
all @ € K (properly identified as element of A). Hence, D is a derivation
of order < n. O

Theorem 4.4. Let M be an m-dimensional differentiable manifold. If
D is a derivation of order < r on C*°(M), then D € SDer"(C*°(M)).

Proof. We proceed by induction. If D is a derivation of order < 1,
then D € Der(C>®(M)) therefore D € SDer!(C>(M)). Suppose the
result holds for r — 1. Let D be a derivation of order < r on C*°(M).
Then, by theorem 2.19, D can be related to an element D € I'(J"(IM)).
For each p € M, define the linear map @, : Ip/I;;+1 — I /I, which
associates the equivalence class of a germ of a function f in Ip/IZZJrl
to its class in I,/I]. This is well defined, because I;“ C I, and it is
a projection because, by Taylor’s formula, if f has a representative in
I,/I7, then it has a representing in I,/ 7! such that [f], = @, ([f]r11).
Note that if f € I} mod I;H, then @, ,(f) = 0, and on the other hand,
if ®,,(f) =0, then f € I’ mod I;*'. Thus, Ker(®,,) ~yeer Ly/I)T
We have, naturally, I,/ It ~y v I,/I & I/ ITH
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The dual map to ., is 7., : Jg_l — J,,, given by
(©7,(w)(f) = u(Prp(f))

remembering that J) = (I,/I7*1)*. @}  is injective. This follows from
the fact of being dual to a surjective linear map between vector spaces,
because if u € J5~1 is such that ®} (u) = 0, then (O} (u))(f) = 0
for all f € I,/I7*! and then, u(®,,(f)) = 0 for all f € I,/I;T'. As
®,p is surjective, given g € I,/I}, there exists f € Ip/IgJrl such that
g = ®,,(f). Hence, u(g) =0 for all g € I,,/ I} therefore u = 0.

The map ®* : J"~1{(M) — J"(M) such that ®*(¢) = 7 (&) is a
morphism of differentiable vector bundles. We have @7 fibre preserving
and linear on fibres by construction. Furthermore, if ¢ € J"~1(M),
locally, & is written as

r—1 ‘ ‘ ak,
£= Z Z SCaEE 'x%)&ril ... Oxtk

k=11<i1<...<ip<m

But @} (&) is written locally as

r—1 . . ok
SZZ Z f(y“yzk)ayzlayzk

k=11<11<..<i,<m

because terms of order r do not belong to the range of ®;. By the
fact that local charts on J"~!(M) and J"(M) are fibred charts, there
exists a diffeomorphism sending the coordinate expression of £ in terms
of y* and derivatives, to the coordinate expression of ¢ in terms of
and derivatives. By the match of those expressions it follows that @7 is
differentiable.

Given p € M, by the induction hypothesis and the inclusion above,
it is enough to consider derivations of order < r such that in a neigh-
bourhood of p have only terms of order r. Let n be a derivation and let
(U,z',...,2™) be a local chart around p for which this occurs. 7 being
a derivation of order < r leads to

n(x™ .. at) = Ay (2. gt o atry(at L )

with A; a differential operator of order < r — 1. By the choice of the
local chart, we have n(z" ...z'~1) = 0, because n has only terms of
order r. Therefore

n(x™ .. xt) = Ay (2Lt
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and from this it follows that A; is a derivation of order < r — 1. n can
be written in terms of A; in this way

B ik n(z' ... xlr—12F) o B
RIS ! dzi ... dxir—10zF

k=1i1<...<ip_1

B i Z Ap(zit .. b1 or—1 g
- 7! Oxrh ... Qxir—1 Jxk

k=161<...<ir_1

T AL 0O
= 2 ok (41)
k=1

As Ay is a derivation of order < r — 1, the induction hypothesis allows
to write
Ap = v o uy

where v is a vector field and wuy is a derivation of order < r — 2, both
defined on U.
By the equation 4.1, we have

_mAka_m(kauk)a_m Uk;a
D DS D D axk—;”k(ﬁ@>

as the term %% is a composition of derivations, it is itself a derivation

of order < r — 1 defined on U. Therefore

m
n= E Uk © Wy
k=1

with v, € T'(JY(U)) and wy, € T(J"~Y(U)), for each k = 1,...,m. For
the sake of simplicity, we denote this by n = v o w.

Let {U,} be a locally finite open covering of M and {p,} a partition
of unity subordinated to such covering. For each index «, we can find v,
and wu, as above, such that

7 = Vq © Uy

Let’s construct the fields ¢ € X(M), &,0 € T'(J""1(M)) by

( = Zp)\v)\, £ = Zpl/um 0 = Z/yﬁuﬁ
\ v B
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where vg = Y pava(pp). Note that 6 is well defined, because if pg has
support on Ug, so are its derivatives and then, given p € M, v3(p) does
not vanish only for a finite number of indices . Furthermore, given

fe (M)

PAUA(Poy (f)) = papuor(un (f)) + pavalpw)u (f)

leading to

PPt (f) = pava(pvun (f)) — pava(pv)un (f)

because if U\NU,, = &, then either p) or p, vanish, and then pyp,vyou, =
pxpun, and if Uy NU, # &, then u,, = uy, at each p € Uy N U,, leading

to pAPLUN O Uy = PAPYT).-
Hence,

n(f) = Y oaeen(f) =Y pavalpwtin (£)) = Y pavalpn)us (f) =
AV AV AV

= Do (Z p,ﬂb,,(f)) =2 wwn(f) =
A v v

= (Co&)(f) —0(f)

By the induction hypothesis, £,0 € T'(J""1(M)) can be related to
elements in SDer™1(C>°(M)), leading to n € SDer"(C*(M)). As an
arbitrary element D € I'(J"(M)) is a linear combination of elements in
['(J"1(M)) and elements of order r, it follows that

D € SDer" (C*(M)) O

5 Polydifferential Operators

The Hochschild-Kostant-Rosenberg theorem is usually stated as an iso-
morphism of graded algebras between Hochschild homology and universal
differential forms (given by the Kahler differentials) of a smooth algebra.
A proof of this version can be found in [8]. However, we want a dual ver-
sion of this fact, by relating Hochschild cohomology of an algebra and its
multilinear transformations. The process of taking duals often involves
some restriction to a nice subspace. For infinite dimensional cases, the
dual of a vector space is too big and an analogous copy of the original
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space that retains or preserves the desired properties lies in a specific
kind of subspace. In the case of the Hochschild-Kostant-Rosenberg the-
orem we must restrict the Hochschild cohomology to the subcomplex of
polyderivations.

Definition 5.1 (Polyderivations on an algebra). Let A be a commutative
associative unital K-algebra. The space of polyderivations on the algebra

A, denoted by Dpory(A), is the subalgebra of (C*(A, A),—) generated by
SDer(A). We denote Dy, (A) = Dpoiy(A) N C™(A, A). Also, we denote
by Dpol (A) the space of polyderivations of degree n and order < r i.e.
elements in C™(A, A) which are polyderivations generated by SDer"(A).
Theorem 5.2. (Dpy,(A),dn) is a filtered subcomplex of (C*(A, A),0m).

Proof. For the sake of simplicity, we denote the product on A by juxta-
position. Take an element D € D) Oly(A). Then D is a linear combination
of elements of the form D; — ... — D,, with D; € SDer"(A), for all
i=1,...,n. However, if D; € SDer"(A), then it is a linear combination
of elements of the form X{o...o X;:, j < r, with X;: € Der(A), for all
1=1,...,n, for all j <r. Then, if a,b € A

0r(Xio...0oX)(a®b) =
:a(X;' o...0XH)(b) = (Xjo...0X})(ab) + (X]o...0X})(a)b=

_ Z S (X ) (@) (XS ) () (5.1)

k=1 Iy

where [, denotes a set of indices, subset of {1,...,j}, with exactly k
elements [q,...,[; such that [; < ... < [, for k£ < j, X} denotes the
k

composite Xt o...o0 Xlis .0 X7, in which all elements X/ , [, € I, in
that order, are absent and X}k denotes the composite X lil 0...0X ;k in
that order. '

Hence, (X} o. oXl) € Dp’ojzy Y(A). As 6y is a degree 1 derivation

n (C*(AA),—), it follows that

n

dp(Dy — ... — D) = Z(_l)HlDl — ...—0y(D;)— ... — Dy
i=1
(5.2)
By linearity, D € D) (A), results in 65 (D) € D;’OE’T(A). This shows

that
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(Dpoty(A), drr) is subcomplex of (C*(A, A), ém), filtered by order of deriva-
tions. n

Definition 5.3 (Alternator on DZ(’);y(A)). If A is a commutative as-
soctative unital K-algebra, where K 1s a field with characteristic 0, we
define for n > 1 the linear map Alt : D3y (A) — Dj5. (A) given, on
decomposable elements, by

1

Alt(Dl ~ s Dn) = E Z 6(0‘)D0<1) ~ .. Da(n)

oESH
where o denotes a permutation in S,, the set of all permutations on n
elements, and (o) denotes the signal of this permutation.

Proposition 5.4. Let D € DZ(’;y(COO(M)) such that D is closed for the

Hochschild differential. Then there exists a cochain E € Dg()_l;’Hl(COO(M))

and an alternating element n € M Der™(C°°(M)) such that
D=éyg(E)+n (5.3)
The proof of the proposition is given in appendixz A.

Definition 5.5 (Polydifferential operator). Let A be a commutative as-
soctative unital K-algebra. An element in the space D(A) = A® Dpory(A)
15 called a polydifferential operator on A.

Note that (D(A), dg) is subcomplex of the Hochschild complex (C*(A, A), dx).

Theorem 5.6 (The Hochschild-Kostant-Rosenberg theorem for differ-
entiable manifolds®). Let M be a m-dimensional differentiable manifold.
There is a quasi-isomorphism between the complexes (D(C*°(M)), dgr)
and (Qe(M), d), where d : Qe(M) — Q¢(M) is the zero differential on
polyvector fields Qe(IM) = T'(ATM).

Proof. Let Alt(M Der™(C*(M))) be the range of the alternator on
MDer™(C%(M)) = D}; (C*°(M)). Define the linear map 1) : 2,(M) —
Alt(M Der™(C°°(M))) given, on decomposable elements, by

w(Xl/\.../\Xn):Alt(le”.\/Xn)

for n > 1. Note that 1 is fibre preserving. Let’s show that 1) is injective.
Let n € Q2,(M) be such that ¢(n) = 0. At each p € M, 7, is written

3This proof follows the technique in [1]
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as linear combination of elements in a base for A,(7,M), of the form
Xip N ... NX;, . However,

’QD(th VANPAN Xinp) = Alt(Xilp — L~ Xinp) = Alt(Xz‘lp Q...Q Xinp) =
:Xilp/\---/\Xinp

because at each point the cup product — coincides with tensor product,
once each X, can be viewed as a linear functional. Thus, ¢¥(n) = 0
results 1, = 0 for all p, and then n = 0. Let’s show that 1 is surjective.
Let N € Alt(M Der™(C*(M))). By linearity, it is enough to consider N

1
of the form o Z e(0)Xoay — - — Xo@mn)- Now, take n € 2,(M) as

" 0ES,
X1 A ... NX,. It follows that

1
¢(X1/\. . ./\Xn) = Alt(Xl — L Xn) = ﬁ ; 6(0‘)XO.(1) — L Xa(n)

By linearity, 1(n) = N. Hence, we have an one-one correspondence
between alternating elements in M Der™(C*°(M)) and n-vector fields.
For now on, we shall no longer distinguish between such elements. We call
Jn, the family of maps taking cochains D € D 7 (C°°(M)) and sending
them to J,(D) = Alt(D), for n > 1 and Jy as identity on C*°(M). As
C'*°(M) is commutative, dz vanishes on C°°(M). Thus, Jy0dy = do Jy.
Let D be a n-coboundary, n > 1. Then there exists an (n — 1)-cochain
E such that D = 0y (F). The formulae 5.1 and 5.2 show that dy(F) is
a linear combination of terms which are symmetric on two entries, hence
we must have that Alt(dg(F)) = 0. It follows that J, o g = do J,_1,
because d is identically zero. Hence, each J, induces a morphism on
cohomology J) : H"(D(C*(M))) — H"(2,(M)).

By the fact that d is the zero differential on (2,(M),d) we have
H™(2,(M)) isomorphic as R-vector space to 2, (M), for all n > 0.

It is clear that Jj is an isomorphism. Let D be a n-cocycle, n > 1.
From proposition 5.4 we have D = 0y (F) + n, where E is a (n — 1)-
cochain and n € ,(M). It follows that if § € H"(Dp,(C*(M))),
whose representing element in D, (C*°(M)) is D, then D can be writ-
ten as D = 0y (F) + n and thus

Jn(0) = [Jn(D)] = [Jn(0u(E) +n)]l = [n] =1

J* is injective. Indeed, if € is such that J*(0) = 0, then [J,,(D)] = 0 hence
Jn(0g(E) + 1) = Ju(n) = 0, resulting n = 0 because J,(n) = n. Thus,
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D = 6y (F) and then @ is the zero class. Now, J is surjective. To show
this, note that €, (M) is isomorphic to Alt(M Der™(C°°(M))), which is

contained in M Der™(C*°(M)), which is contained in D7), (C*°(M)), for

all » > 1. Hence, given n € Q,(M) we can regard 1 as being an element

of Dgg}y(Coo(M)). However, by theorem 3.15, 7 is a n-cocycle. Thus,
Jn(n) = n. Also, since 7 is alternating and by formulae 5.1 and 5.2, 7
can not be a coboundary, therefore the class of n in H"(Dpe, (C*°(M)))
can not be the zero class. It follows that J is an isomorphism on coho-
mology for all n and hence (D(C°°(M)), ) and (2e(M), d) are quasi-

isomorphic. (]

A Appendix

The aim of this section is to give a proof of proposition 5.4. This propo-
sition allows us to write a Hochschild cocycle of polyderivations of the
algebra C°°(M), where M is a differentiable manifold, as a sum of a
coboundary and an alternating multiderivation. In other words, every
cocycle is cohomologous to an alternating multiderivation. The proof?
will be preceded by two auxiliary propositions. From now on, A is the
R-algebra C°°(M) and the product in A is denoted by juxtaposition.
M Der(A) is the space of multiderivations on A, D, (A) is the space of
polyderivations on A and dg is the Hochschild differential.

Lemma A.1. Let C € MDer™(A). Then there exist E € Dgo_lyl’z(A)
and w € Alt(M Der™(A)) such that

C = 5H(E) + w

Proof. The result is trivial for n = 1. Let C' € M Der™(A), with n > 2.
Then C' is a linear combination of elements of the form

X1 — ... — X,

with X; € Der(A) for each i = 1,...,n. Foreachi =1,...,n — 1, let

®; : M Der™(A) — Dgo_l; 2(A), given on decomposable elements by

DX — ... — X)) = (—D)"(X1 — ... — (X;0X541) — ... — Xp)

“This proof is done in [4]
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and extended by linearity. From the properties of dz it follows that
og(Pi(X; — ... — X)) =—(X1 — ... = dg(XjoXiq1) — ... — X)) =
=Xi— ... X X1 — .. X+ Xg— ..o X1 — Xy — o — Xy,

By denoting 7; the exchange of elements in consecutive positions 7 and
1+ 1, we can write

og(®;( X1 —...—Xp)=X1 — ... — Xp+ 71X — ... — X,
which, by linearity, leads to
o (®,C)=C+1,C
Hence, for consecutive transpositions we have

0m(Pi(7;C) — ®;C) = 0u(Pi(7;C)) — ou(®;C) =
7,C+ 71 -17,C —C —7;C =
= Ti-TjC—C

Let o be a permutation on {1,...,n} i.e. 0 € S,,. Then o can be written
as a finite number of consecutive transpositions. Write 0 = 75, -+ 75
Define the map ®,, for this permutation, by

k*

KA

(I)U(C) - (I)il---ik (C) - (I)il (Tiz o 'Tikc) — Fig..ag (C) -

k
Z l+1(1)” 7-Zl+1' 'TikC)
=1
And now we have
k
0n(o(C)) = > (=) r,, -+ 1, C 4713, C) =0 - C+ (-1 C
=1

Denoting the signal of o by (o) we have
e(0)og(P,(C)) =¢(o)o-C—-C

Taking

—i' Z e(o)®

" 0ESh
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we have
1
Sn(@(C) = —— 3" =(0)n(@4(C)) =
" oES,
1
= —— (e(o)o-C—=C) =
n!
ocESH
1
= C— p Z e(o)o - C
oESR
which shows that
1
C =0n(2(C)) + ; e(o)o - C O

Lemma A.2. Let M = R™ and C € Dgégy(A) be such that 0gC = 0.

Then there exist E € Dg()_l;’r+1(A) and w € Alt(M Der™(A)) such that

C = 5H(E) +w

Proof. We proceed by induction on the degree of the derivation. If C
has degree 1, then 0y (C) = 0 means

C(ab) = C(a)b+ aC(b)

in other words, C' € Der(A), and we can take ¥ = 0 and w = C. Suppose
the result holds for n—1. Let C' € D;(;?y(A), with n > 1, be a coboundary.
Then C' can be written as

o -
C= > o = D +C
[ I1|=r

where I; = (i1, ...,14,) is a multi-index denoting which partial derivatives

are involved on the differential operator, |I1| denotes de order of the

multi-index (how many elements are in it) and C' is the part of C' with

order less than 7 on the first entry. There is no loss by supposing |I1| = r.
Since iy C = 0, we have

r

Z oxh \/5HDI1 +C'=0
|Il|:7°
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where C’ has the terms of dg whose orders of derivations on the first
entry are less than r. Hence, C' is an n-cocycle in which coefficients of
the greatest order on the first entry are (n—1)-cocycles. By the induction

hypothesis, we can write Dy, = dg(FEr,) + Fr,, with Ej, € DZ()_l;’T+1(A)
and Fy, € Alt(MDer" 1(A)). Now, make

o |Z oali ~
Ii|=r

Then, we have that

_ or _ or
C::O+5HG:Zﬁth+C+ZéH< >th
|I1|=r |I1|=r

is also a cocycle. By denoting

_ o
H=C+ ) 6y ((%h) — By,

|I1]=r

we can see that H has only terms of order strictly less than r on the first
entry. Our goal is to show that it is possible to write C as a sum of a
coboundary and an element whose order of derivation on the first entry
is strictly less than r. For this, write

ol HHnl
H = E H — — .. —
I1,....I,

and

o 0 0
R_Z@VFH_ 9zl T 9z T Ogin

|I1|=r I1,i9,...in

Since 05 (C) =0 and C = R + H, from the properties of the Hochschild
differential it follows that

Z ) 0 0 +
H (9:611 oxt2 T Oxin

I1,12,...,1

n ol Okl olnl
k—1 =
+ Z Hfl,...,fn (_1) 03311 e 5H (axjk T aajfn o 0
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resulting in

n—1

rRp i 2 Z HE i iz bin = 0
=1

where I; denotes the multi-index arising from the reduction of the order
of I; by one and the brackets {} denote the symmetric indices, both
effects due to the action of the Hochschild differential. The remaining
terms of H do not furnish additional information for our purposes. Al-
ternating and adding all the permutations on the last n entries, we have

> OB oi).o(in) = O
oESy

It follows from the anti-symmetry of R on the last n — 1 entries that

R(Il,’Ll 227 Sin T Z I]_,Z,s 7/27 77'87 77’7”4
s=2

where (I1,15) denotes the multi-index I, plus the index i5 and %S denotes
the absence of i; on the list. By symmetry on the first multi-index, we

have
TRII 7/27 Y - : : : : (-[1,718 12; 7187 ,7’71

k=1 s=2
Taking

K . . A . = .. A . A .. A .
(I1,is),02,5eeuylsymmnyin Rll,zs,zg,...,zs,...,zn + 2 :R(Il;Zr),zr,zg,...,zs,...,zn
k=1

where (I1; %T) denotes the multi-index obtained by removing 4, from I,
we have

n

Z(_1)SK(11,is),z'g,...,%s,...,in - (T +n— 1)RI1,i2,---,in
s=2

However, we can write

n

Z(_1)SK(11,z‘s),ig,...,is,...,in = (n— 1)K11,i2,---,in+
s=2
n

t
+ Z(_l) (n+1- t)(Kfl,it,z‘g,...,%t,...,z‘n + Kh,z't_l,z'g,...,%t_l,...,in)
t=3
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Note that, evaluating the Hochschild differential on terms of the form
ol 9 0 0
" Oxl Oz Oxis T Qain
we get terms that correspond to terms of the form
ol 0 0
Khigyin 7o ™~ 5s = -~ 7
Oz ox"2 ox'n

and evaluating the Hochschild differential on terms of the form

K is....

(Kll,z't,ig,...,%t,...,z'n + K11,z't_l,z'g,...,%t_l,...,z'n)
ol 0 0? 0
~— . ~ e~ T/ ———— ~ ... .
oxlr Oz Oxtt—10xt Ox'n
we get terms that correspond to terms of the form
( I1,i6,02,0 00t yin + Kll,it_l,ig,...,%t_l,...,in)
n
Lol ) 0 )
E -1 —_— i e —— L —
Oxh Oxit—1 Ozt Ox'n

t=3

and symmetric terms. Therefore, it is possible to construct an element K
such that d7 K owns all terms of R without adding terms of order greater
than or equal to r. Then, there exists a cochain G’ such that C'— dg(G’)
has partial derivatives of order strictly less than r on the first entry.
Iterating this procedure if necessary, it is possible to construct a cochain
G such that C' = C — 6yG is of first order on the first entry. In what
follows, it is enough to consider cocycles of the form

O:Z&vm
7

where X; € Der(A). By the same argument in the beginning of this
proof, 6yC = 0 gives g D; = 0, and again the induction hypothesis
gives D; = 0xgFE; + F;, with E being a cochain and F; being a degree
n — 1 alternating multiderivation. Hence

C = ZleDZ:ZleéHEZ_{—ZszFz:

= —0m <ZXZ in) +) X — F
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As X; — F; € MDer™(A), the last lemma gives X; — F; = dyB; + w;,

leading to
CZ(SH (Z(BzszEz)>+w L]

Thus, we have the following
Theorem A.3. Let M be a differentiable manifold. If C & Dg(’);y(A) is
a cocycle, then there exist E € DZJ;’TH(A) and w € MDer™(A) such
that
C = 5HE + w

Proof. Let C' be an n-cocycle. Take an open covering {U,} on M and
a partition of unity {p,} subordinated to that covering. Then we can

write
C=>Y paC

with each p,C cocycle with support on U,. The last lemma guaranties
that for each «, there exist F, and w, such that

paC =0 By + wq

which, by construction, has support on U,. It follows that

E:ZEO‘ and w:Zwa

are well defined objects, F € DZ(;; TTH(A), w is antisymmetric and it is
in M Der™(A), such that
C=0gF+w OJ
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