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Abstract

We obtain results of existence and uniqueness in the algebra Go{(0,T") %
R?) for the Cauchy problem to the Korteweg-de Vries hierarchy in R
In particular, we show a result on the existence for initial rough data
such as the distribution §-Dirac and its derivatives. Our results can be
extended to equations in R™ with minor changes on the initial data.

1 Introduction

In this work we extend for KdV hierarchy in the 2-dimensional space the
results obtained in [17] for the KdV hierarchy in R. We obtain results of
existence and uniqueness of solutions in Go((0, T) x R2), for the Cauchy problem
for KAV hierarchy in R?. Our results are general, since they allow singular initial
data such as the distribution § -Dirac and its derivatives. The space G»(9), see
section 1.1, is a variant of the algebra of the generalized functions established
by J. E. Colombeau in [8] (see also [1] and [19]).

In 1-dimensional space other equations such as Korteweg de Vries, third

member of Lax hierarchy, Olver, Benney, Fisher, Benjamin-Bona-Mahony (BBM),
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Smith (S), Benjamin-Ono (BO), Burgers, cubic Schrédinger (NLS) and modi-
fied Korteweg-de Vries (mKdV) were studied in the same context, as shown in
(31, [4], [5], [6]. [16] and [17].

The KdV hierarchy in R is given by a family of equations of the form

Uy = —Gm(u), (1.1)

9
du
where w : (0,00) x R — R, (f,2) — u(f,x) is the function to be determinated,
and for each m € Z*, G, (u) is the gradient in u of a functional F,,(u), which

is constant along solutions of the KdV equation

Uy = Uly + U (12)

“(L
dA

Recent results of well-posedeness in Sobolev spaces with negative index were

F(u+ M) a=p = (G (u),v) = ]R G(u(x))w(z)dr, ve L*(R).

obtained for the equation (1.2) in [7]. In [20], results of well-posedeness in
weighted Sobolev spaces, were obtained for the family (1.1).

The family of functionals {F,,(u)}|,nez+ in consideration, was exhibited by
Miura, Gardner, Kruskal and Zabusky in [14] and [18]. They show the existence
of infinitely many functionals of the form F,,(u) = [y f(u)dz, where each
fmlu) is a polynomial of degree m + 1 in the z-derivatives of u up to order
m—1, as seen in [22]. An alternative proof of the existence of these functionals
was presented by Lax in [15].

The generalization of equation (1.2) to the space R, as seen in [21], consists

in considering (¢, x) € R and equation

ou " PBu .
Uy = “Z s ,-,Zzl —69;,-6:1:'}3-' (1.3)

The proot of our main results, Theorem 2.2, depends on the existence of many
conserved functionals of the equation (1.3). We can observe directly three of

them, which are
1

Fy(u) = ]Rn Judz, Fi(u) = /P;n éuzd;r and Fy(u) = /P;R{Gu — —[Vul Jdz
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whose respective gradients are given by
1,
Go(u) =3, Gilu)=u and Gylu) = Su + Au, (1.4)

where A and V are usual operators.

In [11] and [15] it is published the formula due to Lenart, valid for real case,

d
LGm S 5Gm+l=
where L is the operator a_éf-’f + %u% + 3t,. The generalization of this operator

to the case R™ is given hy

Tp= Z D3 4 %u Z D+ -;—Z D™y, where a; € N”, || =1i.

] ]
Note that L is antisymmetric (L* = —L). The Lenart relation is now given by
LGm =Y DGy, (1.5)

¥y

where G, (u) for m = 0, 1, 2is given by (1.4) and for m > 3, it can be determined
by following [15], with minor changes. In fact, it is possible to prove that G, (u)
is, for every m, the gradient of a functional

Fm(u) = fm(u)dx~ (16)
R»

which is a conserved quantity to equation (1.3). In the expression (1.6) f,.(u)
is a polynomial in w and its derivatives in the variable x.

It is easy to verify that (1.5) holds for m = 0 and 1. By following the ideas
of Lax [15], it is possible to exhibit an infinite sequence of such functionals and
after rescaling, obtain that f,, is given by

Tult)= Y.  (DP=20Pl.  Capestt(DP%0)? 4 Gagti™H
+Q (1, D', ..., D¥m=34),

where ¢,, are appropriate constants and @, is a polynomial in the r-derivatives

(1.7)

of u up to order m — 3. The terms of f,, are given by a product

—1

[T (0w, (18)

i=0
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where a; and [, satisfy the relation

3

(1+%){m =m+1, (1.9)

Il
o

i
see [18] for the real case. Thus we obtain a sequence G, of gradients of fune-
tionals F),, which are constant values along the solutions of equation (1.3). The
hierarchy of the KdV equation in dimension n, as seen in [21], is given by the

tamily of equations

=Y OGu(u). (1.10)
For the case n = 3 and n = 2, we obtain the KdV of fifth order in dimension
two, i.e.,
5, 5 4 10 4 4 4
Uy = gu W au U, + ?ur“ww =+ Eua,'u.w + guﬂumy -+ gu,;uw +
4 10 5 5 5 5
g'tr.,,-tt.,.,,.,.,,. + guyuw + guu;,_.,,.w -+ Euu,,,.,,,.y + g'u.uw,, + ﬁuum, -

Uppwes + Uaaaay + Qti;u.u:gy = 2H.z:ryyy SE Uzyyyy + Ugyyyy -

We observe from (1.7) that the polynomial f,, has degree m + 1 and order
m — 1. Also from (1.9) we have that G,,(u) is a polynomial of degree m and
order 2m — 2. Thus, the equation (1.10) is a nonlinear equation of order 2m —1
and degree m. By using equation (1.5) it is possible to show that each functional

F,,(u) is also a constant along solutions of equation (1.10).

1.1 The G5(Q2) Algebra and some Definitions

We study the Cauchy problem for the 2D-KdV hierarchy in the Colombean
algebra G,(£2), a particular case of the algebras G, ,(€2), defined in [4].
Let / =(0,1)and 2 C R" be an open set. We set
E[Q = (H2(Q) = {@:1— H®(Q),s€l— 1. € H(Q),

real valued for all £ > 0},

where H>®(Q) = Niez H*(Q).
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We set
En2|Q) = {1 € &[] such that for all k € ZT, 3N > 0 such that

el = O(E™), as e — 0}, (111)
N3 [ = {© € E112[Q)] such that for all k € Z*, and M > 0,
]l = O(c™), as = — 0},
where [-]|, is the usual norm of the Sobolev space H*(2). The elements of
Enr2|Q) are denoted by @, T, -+ and are called moderate. The set N5[€2] is called
null space.
If Q has the cone property, then, see [4]:
(i) Ear2[€ is an algebra with partial derivatives,
(if) N2[Q)] is an ideal of £3r2[Q] which is invariant under derivatives,
(iii) If @ = R™ and @ € &[], then for all £ > 0 limp)—oc T=(z) = 0.

The set Go(€2). defined by

En 2]
AR

is also an algebra; its elements, denoted by u, v, - - are called generalized func-

G2(Q) =

tions in 2. The multiplication in G5(2) is defined on representatives i.e., if u, v
€ Go(§2) then the product we is the class of @, where and ¥ are the respective
representatives of u and v, It is easy to see that this product doesn’t depend on

the representatives. We then have

Theorem 1.1. ([4]) (i) There is a derivative operator in Go(2) which is linear
and is induced by the derivative in Eya[Q, i.e., if u € Go(Q) and a € N"
then D™u = cl(D*%) in G2(L2), where i € Ex»[QY is a representative of u, and
cl(D*U) € Gy(82) is the class of D*u.

(ii) There is an embedding of H>(R") = U,er H*(R") into Go(R™) obtained
in the following way: we fir p € S(R") such that

f plz)dr =1 and f a*p(z)dr =0, Ya € N" |a| = 1.
Ul RH



152 M. M. MELO

Let + : w — (w * p.)., where p(x) = %p(£). This defines a linear injec-
tion of H="°(R") into Ex2[R"], which induces an embedding H=>°(R") into
G.(R™), (so we can look H*(R") as a subalgebra of Go(R")).

Next we give some definitions:

Definition 1.1. For u € Go((0,T) x R"), the restriction of u to {0} x R" is
the class of U-(0, ) in Go(R™), where Gz is a representative of u. We denote this

class by ulq—o-

Definition 1.2. We say that u € Go2(S2) is of r—(log)% -type, 2 <r < oo, j = 1,

if it has a representative & € Epy2[Q] such that
s 1
Il = O(llogel?), as=—o.
Notice that if U@ € Ey[QY, then (1.11) holds with the W (Q2)-norm.

We also observe a nonlinear property of generalized functions: if F e
Oy (RN i.e., Fis a smooth function and together with all its derivatives grow at
most like some power of |z| as |z — oo, we can define F'(uy, ua, -+, ) € G2(€2)
for u; € Go(€2), ¢ = 1, - -, 1, (see [1]).

Definition 1.3. Let P(u,du) be a polynomial in u and its derivatives. We
say that u is a solution to the problem

w = P(u, 0%u) in G2((0,T) x R")
wlg—oy =g in Go(R"),

if for every representative U € Eyo[(0,7) x R™] of w and § € Ey[R"] of g.
there are N € No[(0,T) x R™] and 7 € No[R"] such that

@, = P(@ &) + N, in (0,T) x R
U=y =G +17, in R™

For more details on generalized functions, see [1], 8], [9] and [19].
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2 Existence of generalized solutions to the hi-
erarchy in R?

In this section we shall establish a result on the existence of solutions in
Go((0,T) x R?) for the Cauchy problem
Ut = Oy, G (1) + D0y G (1), in G2((0,T) x R?)
ulj=oy = g in Gx(R?).
The following result, due Saut [21, Theorem 2|, is used in the proof of the
Theorem 2.2.

(2.12)

Theorem 2.1. Let g € H™(R") and T > 0 finite. Then the Cauchy problem

Uy = Zm DG, (u),
'”|{f.=0} =9

has a solution mn L=((0,7) : H™(R")).

(2.13)

Remark 2.1. i follows from this result and Sebolev’s embedding theorem, that
ifge H(R"), j€Z , thenue C((0,7) x R").

In the proof of the Theorem 2.2, we need the following lemma
Lemma 2.1. Ifu is a solution to the problem (2.13), for the case n = 2, then

for every k € N there is a polynomial Pyyo in the variables | D™, ||,, ! < k+2,
of degree k + 2, such that

”DM””L«: < P (”S’HU ) ||D‘“9|1u e ”DNHS’HU}- (2.14)
A similar estimate also holds for || D™+ u(t,-)||, , i.c.,

ID™u(t, Mo < Bera (gl 1D gl ID"*2g1l,).  (2.15)

Proof. To simplify the notations, we drop R? in the integral; also the constants

are taken equal one. The conservation law

Fi(u) = % /uz{:r:,t)d:i:,
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gives that ||u(t)|l, = llgll,- Therefore, it follows from the Gagliardo-Nirenberg’s
inequality (2.16), (see [10]),

ID*v]l, < C||D%|f3, Il (2.16)
1 ol _ 4,1 18 B ||
= o )+ (1 6L, 20 [0 1,

withp=oc,n=2¢g=r=2 a=0, |f=2, 6= % and Young’s inequality
(2.17)

P 9
g et 2al 4 (2.17)
p a p q
with p = ¢ = 2. that
()l < llgllo + Y 1D u(t)]], - (2.18)

v

To estimate °_ [[D*2u(t)]|,, we use the conservation law

Fy(u) = ][Z(D“%;)E + Z Cog (D™ u)? + cu|dr,

g o]

from which we obtain

/Z(D"’u}?d:r - —Z/(.;.,J-'u.(D‘”'u-}sz‘ = (:] u'des +
/Z(D‘*:’g}zdx—i—chmq (D*g) —H’] ‘dx.

%)

Thus we have the following result

ZW%HﬁWWM/ZWWWHMb/ZD%WH

Qg ]

¢ ||':.;.{t]||i._,c/u%ﬂ:f:—l—(:”g”iw]gzd:f:. (2.19)

To estimate the term [}"  (D*u)*dz, we use the conservation law

Fy(u) = /[Z(D‘”-‘u)2 + cu®ldz,

ol

so we obtain [}, (D"u)? = [, (D"g)* +c[g®—c[u?

and therefore /Z(D"‘ u)? < Z D g|I2+c] gl Lx]gz+c' |]u.(£}||fou2‘

23] ]
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or

J 0t < 10"l + Gl + 15l all + 0 ol

aq
(2.20)
By replacing (2.20) in (2.19) and using (2.18), we obtain the estimate

10ty < ellollo+ 31D u)lo) X 15" ol + cllal +
3

=3}

an-u- Ol (lgllo + 3= 1041l lgll2 + e(llgll, +

o2 o2

ZIID'** (£)]lo)( ||J||l.+2||D°* o) llgllg + ellglly +
Z||Dt~q||o}2||mq||u r(||q||0+Z||D“ t)llo)

55}

”g”{) +c(llglly + D 11D*2gll,) llglls -

]

By using repeatedly Young's inequality (2.17) with p = ¢ = 2, we obtain an
estimate to Y- [|D**u(t)|, polynomial type in |lg[|, and || D*gl|, |a = 1,2 of

degree 2, which replaced in (2.18), gives

[u(®)ll = < P2 (llgllo s 1D glly - [|D*gllo),

and therefore

[l e < P2 (ligllo s 1D gllo > 1D*g]lo)-

Coming back to Eq. (2.20), we obtain a similar estimate for ) [[D*ull,, ie.,

> 1D ully < Py (lgllo - 1D glly . [|Dglla).

L238

In the next, we use similar arguments, the conservation laws and induction
to complete the proof. Given an integer ¢, we have from (2.16) and (2.17), the

estimate

oD u()ll e < D IID“u®llo + D IDFult)ll,-  (2:21)

[ ey D2
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Taking into consideration results (2.14) and (2.15) for 1 < k < £ — 1, we prove

for & = {. By using the conservation law

Fria(u) = / (D (D) + 3 o, u(D* ) +

LS i

CagtT + Qoya{u, DM, ..., D%u)}dz,

we obtain the equality

Z |De2u(t)|Z = — Z Gt /u(D“‘*'-‘u.)zd.'f; = (:m,/-'f:.f“d;'.: -

gy o

/Qm(u, D™, .., D*u)dr +

> [0 gito + 3 o [ o070 +

(L] Ceptl

i / g*Hdz + f Q,.s(9, D™y, ..., D*g)dx.
And therefore we obtain the estimate

S ID @} < Nl S 1D u(@)l2 + full2 full? +

gy gL

| / Q,. . (u, D"y, ..., D"u)dx| +
S 1D %| + llgllw Y- 1D +1gl5 +

T ATFS]

lgllzs [lglls + | me (9, D*g,..., D*g)dz|(2.22)

. 2 .
To estimate the factor || D+tu(t)]|,, we use the conservation law

Frpolu) = f{Z(D‘“*'u)z + Z Cayt(Du)? +

g g

CaptT + Quya(u, D™, ..., D*1y)}dr,
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from which we obtain the estimate,

Yo IDsu@dlly < llull e D 1D u@) g + lullzs lul§ +

7] g
|jQ,.+2(11, D™, ..., D™u)dx| +
S IDeergl + llgll - Y I1D*glly +
kppq Qg

gz lglls + / Q,.,(g, D™y, ..., D*-1g)dx|(2.23)

Deeut)
can be bounded by a polynomial in [|g|,.[|[D*gll,.- - . [[D*+g]|, of degree
2+2(0+1)=20+4.

In order to estimate the integral [ @, ., (u, D*'u, ..., D*u)dz in (2.22). we use

By using induction hypothesis, we obtain that the term ||ul| . Z‘W [

the fact that each term of ¢, , has degree > 3 and is of the form, Hsz(D“"?.'.)L’r‘ 4

+3

where S70_ (1 + $)Ma, = £+ 4, as seen in (1.8). Thus we can write cach term of

J Qeysdz in the form
[ oo (D) - (D)o - (D)o~ . - (Dw)lee D¥uD udr,

where 0 < i, j < ¢ — 1. The expression above can be estimated by

2 o ) o, = N lo.—
lull g2 1D 52 - - 1Dl " - - | D72

o la O o
[ D*ull g% [D*u()lly | D u(t)]], -

By induction hypothesis, we have that [|[D®ul|,« , 1 <4 < =1, can be bounded
by a polynomial P7,([lglly, [D*gllg, -+ [[D*+2g||,). therefore [ T, (D% u)tes da
can be bounded by a polynomial in ||g[|, . [|D*glly, -, [P g||, whose degree

is given by

s+ By (i 4 2l — 1)+t 4+ 2l — 1)
+o (=14 2)(la, - 1)+ (i +1) + (1 + 1),

which equals to 2¢ +4. From where we obtain that [ Qpys(u, D™'u, -+, D*u)dx

can be estimated by a polynomial in ||lg|, . [[Dgll,.- - - || D™ g, of degree
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2( + 4. Analogously [ Qodz in (2.23) can be estimated; the same result holds
for [ Qeis(g, D*g,---, D*g)dx in (2.22) and [ Qera(yg, D™y, - - -, D*-1g)dz in
(2.23). By replacing (2.23) in (2.22), we obtain

||Dn"+g'“-(t)||n = ﬁé‘+3(”9”n- ”Dman 17N HDMHHH)! (2.24)

which replaced in (2.23) vields (2.15). Finallly, inequalities (2.21) and (2.24)
yield, the estimate (2.14).
O

Theorem 2.2. Let g € Go(R?) and T = 0 finite. Then the Cauchy problem
(2.12) has a solution in Go((0,T) x R2).

Proof: Let § be a representative of g in Ey5[R?]. Since §. € H¥(R?), for all
£ > 0, by Theorem 2.1 and remark 2.1, there is a solution %. in C*([0,T] x
R™) N L>([0,T), H*(R")) to the problem

afas == a::.'lcnr(as) + 8;'2G11a(ﬁ£) il—l (O‘T) X R’2

w.(0) =7. in R (2.25)

Hence, given @ € N'*2_ it follows from the equation in (2.25) that D*%.(t,-) €
L*(R*) for all t € (0,T) and & > 0. Since

| D°ely < VT supe || D°G:(t, )y » (2.26)

we have . € H>((0,T) x R?). In particular the map % : [ x (0,7T) x R? —
R, (z,t,2) — T.(t, z) belongs to E:[(0, T) x R?. The proof of @ € Exa[(0,T) x
R?] is a consequence of inequality (2.26) and of the lemma 2.1.

|

3 Uniqueness Result

The following result establishes the uniqueness of solutions to the problem
(2.12).
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1
Theorem 3.1. Ifu and its x-derivatives up to order 3m—23 are of oo-(log )27 -
type, then there is at most one solution u € Gy((0,T) x R?) to the problem
(2.12).

Proof: Let u, v € Go((0,T) x R?) be two solutions of (2.12) as stated above, i.e.,
there are respective represeutatives & = (-, -) and ¥ = 6.(-,+) in Ear2[(0,7) x
R?)] such that @ = (@i.)., T = (0.). satisfy the condition: their z-derivatives
up to order 3m — 3 satisty the estimate ||i.||,~ = O(|log -ffm), as € — (.
There are N € N3((0,T) x R2) and 7 € N3(R2) such that
BTz — ) (t,7) = 33 00, (Cn(Bc) — G (02)) (t,7) + Ne(t, )
(@ —0.)(0,2) = 7. (2).

By changing representatives, we may assume 77 = 0. For simplicity, we drop

(3.27)

the £ and hat in our notations. Thus, setting w = « — v, problem (3.27) can be
written in the form

Aw =33 85, (G (1) — G(v)) + N
Wi=g = 0.

(3.28)
By [12, proposition 3.4(ii)] see also [13], it is sufficient show that

[lwlly = O(=?), as € — 0.
After multiplying equation in (3.28) by w and integrating with respect to x and

t, it results, after integration by parts, in

i t 2 i
}-f ] dwidrdt = —/ / Z8,1,.-u.r(Gm('u)—Gm('.'.-'))dxdr‘—{—] / wNdxdt.
2Jo Jre 0 JrR2 S 0 Jr?

(3.29)

In what follows, we drop R? and dxdt in the integrals. Remind that G, (u)

is the gradient of the functional F,,(u) in w, where F),(u) has the form (1.6),
and each term of f,,(u) is of type (1.8). In particular the terms

Z (D*m=19)? and Z (D*=2y)*y of f, leads to

Cepn—1 Cepn—2

2(_1)1'11—1 Z D"Zﬂm_1“ and Z [2(_l)m—'2 Dam—2 (qum—‘a 'LI!.} + (Dum—z_u}gl,

Qpp—1 iy —2
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respectively, in G,,,. The first expression does not contribute in (3.29), and the

contribution of the second expression is given by

3 TR0, 1) 2D s D™ = 0D )
(D2 u)? — (D™ )|

2(—1)™1 D=1 uD™" w4+ wD " ) +
|£j( 3 > )

Cem—1 Qm—2

/ [ ) lZd,c‘ w Z D=2p(D™" Py 4 D).

o

Which, after using the inequality (2.17), can be estimated by

/WMﬁZWWHﬁZWMM%+ZW%WQ

gy — Cm—1

H

Which, after using of the inequality (2.16), can be estimated by

/[Hu 8)||5 + Z | D110 (s) |12 |ds,

D —1

where ¢ = 2(|[ufl o + S, (1D 2] e + [ D™-20]] ).
The term u™of f,,(u) gives in G,,(u) the term (m+ 1)u™, whose contribution
in (3.29) is given by

t p 2
[ [ awtm =)
0 1
+ 2
| f / Zam‘.'u..'w(u."""] +u™ Zy 4 u™ ™)
/nmm+2mwmm

€y

Il

[

(#

Los o+

where ¢ = [ul[7=" + [ull7=? ol + -+ + ull e 01722 +
In a similar fashion the other terms in (3.29) can be estimated giving, after

siumming up the results and substituting into (3.29), the estimate

o+ Y Do tw(s)ll5)ds,  (3.30)

m—1

HWWéMMWMHAWM
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where ¢ is a polynomial in [|[D*u||, w, [|[D**v|,~ , k=0,1,2,- -, m — 2, with
degree at most m — 1.
After multiplying equation in (3.28) by G,.(u) — G,,(v) and integrating in

a and t it results in

j: [8,-&-'{Gm(u} —Gulv)) [ /?\T G (1) — Ga(0)). (3.31)

The term 2(—1)""'%" ~ D*m=ty of G,,(u), gives on the left-hand side of
(3.31) the contribution

2(—1)™! / j()m Z DPom-10y ~/ /d,. Z(D“"’ Lp)? Z | Dom=1ap)3 .
O —1
Therefore equation (3.31) can be written in the form
S D rwlg= Y Jay(w(t)) f / N(Gm(t) — Cm(v)),  (3.32)
ey AZm—2

where the J| s are contributions in the left hand side of (3.31) obtained as it
follows: we consider the following cases:

(a) term (m + 1)u™ of G,, , whose contribution in (3.31) is

/ f(), ww(u™ " P 4 ™ ™),
Integration by parts in the variable ¢ gives

Jo < efu™ e Po o uw™ o™ | fmZ

+e || @™ +u™ 2y 4 - b ur™ 2 ™! er[ /w

Since the right hand side of the equation in the problem (2.12) has degree m
A(u™ 4w 4 oo ™ ? 4™ 1) has degree 2m — 2 and we obtain the

estimate i
T, < clu®l+ [ uts)l3ds),
({]

where ¢ is a polynomial in ||D*u|, .. . ||D*v

O s k= 0,1,2, -, 2m — 1, of

degree 2m — 2.
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(b) Taking into consideration the term

> [2(=1)" 2 D=2 (uD"™ " u) + (D™ u)?)

G —2

of G,,. we have the following contribution in (3.31)

'}-Om_.g = / ]afu m ZD(I _;(HDG _2“,—UD” T )

Bm-2
- Dw (Dm2y)? — (Dm-25)
U*E[ = (]
t
= ] /agw Z [2(=1)™"2 Dom=2(y D™ 29y + wD*"2v)]
-3
f /()iu,' Z D Frre— 2'{1' Tan— QU—‘,—D m—2 }).
Q2

By using integration by parts in 2, we reach

J"‘"m—Z lf [2 Z Il‘)r‘_t" 28 ’u'(t.‘,}f)u"‘ 2w +w ’.')ﬂm "JI)
0

O —2

[ f()m DoFm—tqy( D¥m-2y 4 Dom-2y)|.

[ ]

Therefore

J, |] / 6t Dem=2w)?u + 2D*~* Jaww D*"—v]

+ S D 2w(D" ™ P u+ D).
ﬁ ] Z t ( )

By integration by parts in ¢, we obtain

Jp = & I/ Z (D=2 u—/u fz (D*=20)2B +

o —2

2] Z D"‘"*-?wu.-'D‘*"‘—Z-v—2% / Z Do =208y (w D™ 2v).
Oy —2 Oy —2
/ / Z O D*m=2qp( D=2y 4 D*m=2y)|.

Oy 3
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Using the equality
G D*m=2qp DOm=2y = D¥m=2qp@w D=2y + Gy D=2q0)?,

we obtain

i
S If Z(D""""ﬂ;})%—f /Z(DQ""QH.-‘F&-'U.+
-2 9 Cm—2
t
2 f Y Drww DRy + f / > dw(Dmw)? —
iy~ 0 [

t p
gf / Z Dcr.n—z.w.wa?Dﬂm—'_J,U|‘
0
g —2

Thus, we have

t
Joms < lllge Y 1D =2w(t)[l5 + [|Ocu ] D D=2 w(s)|* ds

2 i —2

+2[| D20 o D (B3 + D*2w(#)|]5)

t ) -~
110l / S IDo=2u(s)|2 ds
0 Cm—2
i
D0l [ 3 () + 10°u(s) Eds.
0 el

Therefore, we have the following estimate

Jama < c{(lw®lf+ > ID*2w(t)|5)

Qe —2
13
+ [+ 3 1Do2u(s) s,
! Qi —2

Since equation in the problem (2.12) has order 2m — 1, we have that ¢ is a
polynomial in || D u||, » and [[D**v|| ~, & =0.1,2,- -+ 3m — 3 of degree m.

Similarly the other terms in (3.32) can be estimated, giving

oy < e{llw@®)g+ D 1D w(t)|fs + j)'(|1-u..~(s)||§ + 3 [|D*w(s)|5)ds},

oy
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where A is an integer such that 0 < A < m — 2 and ¢ is a polynomial in
| D*u ;cand || D%, k=0,1,2,---,3m — 3, of degree < 2m — 3.
By combining these results with (3.32) we obtain, after we use (2.16), the

following estimate

S Do rw@)s < e{llw®) I+ S 1D 2wt +

Wit U —2

A (lw(s)lla+ Y 1D 2w(s)l[g)ds} + [N lg [Gm(w) = Gu(v)lg.  (3:33)

Xm—2
Inequality (2.16), witha =m -2, §=m—1, = % andp=qg=r=2,
gives
4 gm=2 2
|} < e[ D™tufe™ [uf§T

m—1
=2

Applying inequality (2.17) with p = , we obtain

| Dom=2ap(t)]12 < & || D*2w(t)||2 + k(3) [lw(t)]|Z, (3.34)

where k(d) = > ™ and § > 0 (arbitrary). By substituting (3.34) in the estimate
(3.33). we obtain

S w(b)[lf < efllw@)lIg + kO) lw(®)l§+6 > 1D w(t)lg}+

Qr—1 Cryra—1

Cf; (lw(s)llg + D 1D 1w(s)lg)ds + [N lg | Grn(t) = G 0)lg -

-1

Choosing & conveniently, we obtain

> 10l < elwli+e [ (@l + 3 1D u(s)ds

-1 -1

+ IVl G (22) — Grm®)l,

where ¢ is a polynomial in ||D“u||Lm and || D*v k=0,1,2,.-+,3m—3, of

I
degree 2(m — 1)%. By using (3.30). we find

Y ID=w@E < ellwlly IN] + e ] Uo()IE+ 32 1D w(s)2)ds

Y —1 |

+ ||N||u |G (1) — Gm('”)”o i
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Adding this inequality to (3.30) it results in
{3
lw@)lle + Y 1D w(®lly < e ﬂ (lw()lIg + Y 1D w(s)|Ig)ds
Oy 1 L |
+"-'(||N||U G m(u) — Gm(v)|ly + IN]lg ”'”"'HU)-
By using Gronwall's Lemma, we obtain

@l + Y 1D w(t)]§ < aeT, (3.35)

D —1

where a = ¢(||N|, |G (u) — G (v)ll; + [N, lwll,) and ¢ is a polynomial in
[D*ull = and ||Duv||;x, k=0,1,2,---,3m — 3, of degree 2(m — 1)

The solutions u, v and its x-derivatives up to order 3m — 3 are of oc-
(log) T -type, i.e. their representatives « and v can be chosen such that
1Dt e D0l = O log el To7), 15 & — 0, k=0,1,2,- -, 3m 3
From (3.35) and since N € N3((0,7') x R), we have

()12 + Z | D*m=1w(t)||2 < 27, ¥g and & > 0, small enough.  (3.36)

Um—1

We have then that supg<,<y [[w.(t)[|; = O(e?) as € — 0, ¥g; and therefore
[lw:]l; = O(?), as e — 0. (3.37)

Remark 3.1. A consequence of the Lemma 2.1 is that if g € Go(R?), together
1

with x-derivatives up to order 3m — 1 are of 2-(log)2Gm—00m-17 _type. then the

solutions given in Theorem 2.2, together with their x-derivatives up to order

3m — 3 are of oo-(log) * 1% —type.
We observe that our results extend for equations in R".

Remark 3.2. By following the same technique, we can prove the following
result: let g € Go(R™) and T > 0 finite. Then the Cauchy problem

W= Y, D™ Gra(u), in Ga((0,T) x R?)
U =0} = g in Ga(R™),

has a solution in Go((0, T) x R"). Moreover, if g and its derivatives up to order
3m—1)+n are of 2—(10g)fﬂﬂm—l;{m—llj -type, then there is an unique solution in
G((0.7) x R™).
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