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Abstract. In this note, we present the study of the spectrum for an
elliptic homogeneous linear differential operator with constant coef-
ficients of order m in n dimensional case on real scales of EF—valued
localized Sobolev space extending the results in [1]. Our aim is to
understand the behavior of the spectrum using the closure of the
operator. In particular, we show that there is no complex number
in the resolvent set of such operators, which suggest a new way to
define spectrum if we want to reproduce the classical theorems of the
Spectral Theory in Fréchet spaces.
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1 Introduction

In this work, we present a study of the spectrum of homogeneous linear
differential operators with constant coefficients on an open set Q@ C R"

given by
a(D) : Hy "™ (% E) C Hppo(BE) — Hipo (B E),  s€eR,

where Hj} (€; E) is the E—valued localized Sobolev space of order s on €2
and H{(€2; E) is the closure of C2°(€; E) with the topology of H*(R"™; E)
for E a finite dimensional complex vector space. Our main result is the

following:

Theorem A. Let s € R and m € N. Consider a(D) : HJT" (4 E) C
H} (G E) — H}

0 (SG E) an elliptic homogeneous linear differential oper-

ator of order m with constant coefficients. Then the spectrum does not

depend of s and moreover

1.1 Preliminary concepts and results

We begin by defining Fréchet spaces, their duals and their topology.

Definition 1.1. Let X be a topological vector space. We say that X is
said to be a Fréchet space if it is Hausdorff, complete and its topology is

given by a countable family of seminorms (p;);en.

Some examples of Fréchet spaces are the Schwartz space S(R™), the
set of smooth functions C°°(€2) and the localized Sobolev spaces H} ()
for s € R, where 2 C R" is an open set. We denote by X’ the dual of the
Fréchet space X equipped with the weak™ topology which is also generated

by a family of semi-norms.
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1.1.1 Sobolev spaces

Definition 1.2. Let  C R™ an open set. The Sobolev space H!(f) is
the set of function u € L?(£2) such that there exists g, € L?*(Q) satisfying

/ ()9 $(x)de = — / Ga(@)9(2)dz, (1.1)
Q 0
for all ¢ € C*°(Q2) and |a| = 1.

The functions g, usually denoted by 0%u, are said to be the weak
a—derivatives of u. Moreover, the usual topology of H!() is determined

by the norm |[ul| g1 () = Z [0%ul| £2(q)- Given a natural number m >
0<al<1
2, the Sobolev space H™(2) is defined inductively as the set of u €

H™1(Q) such that 0%u € H™1(Q) for each |a| = 1 and its usual topol-
ogy is defined by the norm |[ul| gm o) = Z 0%l £2(q) (if @ = R"™ we

0<|a|<m
will denote || - ||[gm(q) by || - [[zm). We define H*(€2) as the closure of

C°(Q) in H™(92) with the induced topology.
The next theorem, which can be seen in [3|, gives an alternative way

to describe the space H™(RR™) by using the Fourier transform.

Theorem 1.3. For each m € N, the Sobolev space H™(R™) is char-
acterized by the set of w € S'(R™) such that 4 is a measurable func-
tion with (1 4+ |£[>)™?4 € L*(R™). Furthermore, the norm ||ull, =
[+ 1)m2a

L2(Rn 1 equivalent to || - || gm.

This result suggests a way to define Sobolev spaces for real values:

Definition 1.4. Let s € R. We say a tempered distribution v € §’'(R")
belongs to H*(R™) if (1 + |- |?)*/2a € L>(R").

Given an open set {2 C R™ and s € R we define the localized Sobolev

space of order s on €) as

Hi,o(Q) = {u € D/(Q); gu € H (R™), ¥ 6 € CZ(Q)}.



110 L. M. Salge and T. H. Picon

The space Hj () is a Fréchet space and its semi-norms are given by
pj(u) = ||¢jullgs, where ¢; = 1 in Q;, ¢; € C°(Qj41) and Q; C Qis a
sequence of open sets that exhaust €, precisely 2 = U;en(2;, Q; C Q41
and €2 is compact for every j € IN. Finally we denote H§(€2) as the closure
of C°(Q) with the topology of H*(R") and clearly Hg(2) C Hj ().
Naturally we can define H3(€; E) and H} .(Q; E) for E a finite dimensional

loc
complex vector space extending for each component.

1.1.2 Elliptic homogeneous differential operators

Let a(D) : C*®(Q; E) — C*°(2; F) a homogeneous linear differential
operator of order m with constant coefficients given by a(D) = Z a0,

|a|=m
with aq € L(E; F) where E and F' are finite dimensional complex vector

spaces. We denote by a(§) : E — F the symbol of the operator a(D) by

a€) = Y a.f”, E€R™

|a)l=m
We say that a(D) is elliptic if the symbol a(§) is injective for £ # 0.

Remark 1.5. Observe that if a(D)as before is elliptic follows by defini-
tion that there exists a multi-index |§| = m such that ag € L(E;F) is
injective. Indeed, by definition, the symbol a() is injective for each £ # 0,
so choosing £ := e; # 0 the j-canonical vector in R™ and §; := m - e; for

any 1 < j <n we have a(e;) = ag, : E — F injective.

Next we present an important definition in this work extended for

vector values.

Definition 1.6. ([4]) Given m € R, a linear operator A : C°(Q; E) —
C>(Q; F) is said to be an operator of order m on real scales of vector valued
localized Sobolev space if A extends to a linear operator Ag : H§+m(Q; E)cC
HET™(Q; E) — HP (Q; F) for every s € R.

loc loc

Examples of operators of order m on real scales of localized Sobolev
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space are given by the class of pseudodifferential operators in the Hérman-
der class p(z, D) € OpST{(2) (see [4, Theorem 5.19]) defined by

a(z, D)u(z) = /e%ix'éa(a:,f)ﬂ(g)df, u € S'(R™), (1.2)

where @ is the Fourier transform of u (also denoted by Fu) associated to
the class of symbols a = a(z, §) € ST (2 x R") given by a smooth function

satisfying the following estimates
10907 a(x,€)| < Cap (&, a8 ez

with (€) := (14]€]?)/2. Clearly a homogeneous linear differential operator
a(D) with order m defined previously belongs to the class OpS7(©2).
1.1.3 Closed operators and spectrum

Consider a Fréchet space X and a linear operator A : D(A) C X — X.

Analogous to Banach spaces we present the following definitions:

Definition 1.7. The graph of A is the set
G(A) = {(u,Au) :ue D(A)} C X x X.

The operator A is said to be a closed operator if its graph G(A) C X x X

is a closed set.

Definition 1.8. We say that A is a closable, if there exists a closed linear
operator A : D (Z) C X — X, with D(A) € D (Z) and Au = Au, for
each u € D(A).

Definition 1.9. Let X be a complex Fréchet space and A : D(A) ¢ X —
X be a linear operator. The resolvent set of A, denoted by p(A), is the
set of all A € C such that:

(a) The operator A — A : D(A) C X — X is injective.

(b) The range of A\ — A : D(A) C X — X is dense in X.
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(c) The inverse (A — A)~!: R(A — A) C X — X is continuous.

If A € p(A), the operator (A—A)™1 : R(A—A) C X — X is called the
resolvent of A on A. We denote the spectrum of A by o(A) := C\ p(4).

For a closed operator A, we classify the spectrum in three types:

(a) Point Spectrum: the set of A € € such that A — A is not injective
denoted by o,(A);

(b) Residual Spectrum: the set of A € C such that A — A is injective
with R(A — A) # X denoted by o,(A);

(c) Continuous Spectrum: the set of A € C such that A — A is
injective, RIA—A4) = X but (A —A4)™1 : R(A — A) — X is not

continuous denoted by o.(A).
Note that o(A) = 0,(A4) U o, (A) Ua.(A).

The next result presented in [5] allows us to study the spectrum of a

closable operator A by means of the spectrum of its closure A

Theorem 1.10. Consider X a Fréchet space. If A: D(A) C X — X s

closable then
(i) p(A) ={AeC: A= A: D(A) — X is bijective};

(i) o(A) = o (A), where A: D (A) C X — X is its closure.

2 Closure of an elliptic homogeneous differential

operator

The goal of this section is to calculate the closure of an elliptic ho-
mogeneous linear differential operator with constant coefficients a(D) of

order m > 1 on H;

i (€ E). We start constructing a convenient method of

approximation (see [3] by motivation) in the scalar case.
Let 2 C R"™ be an open set and s € R. Given a function v € Hj (Q),

consider the natural extension
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() u(zx), ifzreQ
Ue(z) =
0, ifr e R™\ Q.

Now let (£2;)jenv a sequence of open bounded sets with 2 = UJ-E]N Q;,
Q; C Qi1 and d(Q;,R" \ ) > 2/j. Consider g;(z) = xq,(®) - ue(z),
where xq; is the characteristic function of €;, and u; = ¢; x g;, where
¢j(x) = j"¢(jz) with ¢ € C(B1(0)), ¢ > 0 and [, ¢(x)dx = 1. Clearly
gj € H*(R™) and u; € C°(92).

Theorem 2.1. Let s € R and uw € H (). For each j € IN the sequence

u; = ¢j * (xa,ue) € C(Q) converges to u in Hj, ().

In order to prove the Theorem 2.1 we will need some ingredients. The

first is a version of Minkowski’s inequality for integrals in H® norm.

Lemma 2.2. Suppose that f : R® x R® — C is a measurable function
and let s > 0. If f(-,y) € H*(R™) for a.e. y € R™ and the function
y = | FCo)ll s rny is in LY(R™) then f(x,) € L'(R") for a.e. x € R,
the function x — [ f(z,y)dy is in H*(R™) and moreover

s

Proof. Given a measurable function f : R"™ x R™ — C satisfying the hy-

< )| e dy.
= ey

potheses of the theorem we may define

g(,y) = (1+ [¢[2)*/2 / e~ £ (2 ),

R”

which is well defined for a.e. y € R™. It follows that g(-,y) € L?*(R")
for a.e. y € R™ and ||g(-,y)|lz2 = [If(,y)||gs is in LY(R™), so by the

Minkowski’s inequality for integrals

ers [ atenni= [ ariepy ([ e s )ay

is in L2(R") for a.e. £ € R™ and || [ g(-,9)dy|| > < [ Ng(, )l L2
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Now observe that  — [, f(z,y)dy is in L*(R") a.e. € R™, because
f(y) € H¥(R") C L*(R") for s > 0, then (1+|€])*/2F [ [ £( w)dy] (€) =

Jrn 9(&,y)dy, thus
< " 2dy = Y sd

H/f(-,y)dy‘ - H/g< y)dy
O

as we wanted to prove.

For u € D'(R™) and y € R"™ we define 1,u € D'(R") by (1yu,¢) :=
(u, T—y@), for all ¢ € C°(R"™) where 7_yp(x) = d(x —y).

Lemma 2.3. The translation 7, : H¥(R"™) — H*(R") is an isometry.

Moreover ||u — tyul|gs — 0 asy — 0.
Proof. If u € S'(R"™) and ¢ € S(R™) notice that (r,u)" satisfies
((ryw)" ) = (u, o) = (u, (e72TVP)") = (72T, 1)),
so (ryu)" = e 2™, Finally given u € H*(R™) we have that
(14 €D (ryw) ()] = (1+ €)% |e7*™™a(€)] = (1 + [£)*|a(¢)]

which implies that [|(7yu)"|| s = ||ul| s, i-e., 7 is an isometry. The second

part follows by Dominated Convergence Theorem. O

Given ¢y € C2°(€2) from the seminorms of H; (€2), now we are going

to calculate ||ps(u; —u)||ms. Let s > 0 therefore it follows that

ol =) = [ oWl pl@in (21
for x € Qpy1, § > 1+ 1 and j sufficiently large. Indeed, first note that
(peuj) (@) = e(@)[d) * (xo,uw)](x) = wu() /Bl/j(o) ¢5(y) (xa,u)(z — y)dy.

For = € g1, since supp ¢y C Qy1 and y € By/;(0), there exists
jo € IN such that for all j > max {jo,! + 1} we have that x —y € Q41 +
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B1/;(0) C Qj so xq,(z —y) = 1 and consequently py(x)(xo,u)(r —y) =
(peT—yu)(z). So we conclude that

(o) ( / 05 () (per_yu) (x)dy. (2.2)

Since H*(R") Cc L*(R") for s > 0 and fBl/' ¢j(y)dy = 1, then we may
J
write

(peu)(z) = o;(y)(peu)(z)dy. (2.3)

By
Combining (2.2) and (2.3) we obtain the identity (2.1).
Equipped with the above tools we can extend the results |1, Lemma
2.11 and Theorem 2.12| and prove the convergence of the above sequence
for all s € R.

Proof of Theorem 2.1. First suppose s > 0 and the control
loe(u—T—yu)lls < lpeu—T—y(0eu)llms +11(0r—T—yr) (T—yu) [ s, (2.4)

since [T_y(peu)|(z) = (T—ype)(x)(T—yu)(x). Note that supp (7_,pr) C
Qi1+ Byyj(0) C Q, for some Iy € N, then

(0o = T—ye) (T—yu) = (P — T—yPe) (Prg+1T—y ).

Since @y, = 1 in €y, then

(e = Type)(Tyu)llms = [[(pe = Ty pe) (P T—yu) | 15
< Gullte = m—yeo) s (oo T—yw) | s

for some Cs > 0 (note that ¢, — 7_ype € C°(£2) then there is not the
restriction s > n/2 for the product in H®). Thus @g,7_yu = 7—y, [(Tys,) ul
which implies that ||@g, T—yu|| s = || (Ty0e,) vl a5

Furthermore, by the exaustion of 2 there exists [y € IN such that
supp [1y¢e,] C Qg1 + Byyj(0) C Qp for [y| < 1/j and j > I3 which

implies 7,0, = (Ty%r, ) e, and

1 (7yspeo) ullers =1l (rye,) P ull s <

< Cslmypollmsllpeullrs = Cslloe || s llp ey ul e
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e, ul| s
Now, by the Lemma 2.3, for every € > 0 there exists jo € IN such that

In other words, there exists K, > 0 with ||(1,¢¢, )u| ms < Ky,

for every j > jo we have ||(¢r — T—y0)||ms < (2K || e, ul| mrs) "t and
lpew — 7y (pew) || s (rr) < €/2 for every y € By/;(0).
Analogously ||¢eu — 7—y(@eu)|| gs < €/2 and then from (2.4) we have
le(u —Tyu)|lms <€ (2.5)

for y € By/;(0) and j > jo.
In order to conclude the theorem follows from the identity (2.1) and
Lemma 2.2 with f(z,y) = ¢;(y)[pe(u — 7—yu)](x) that

ooty = wllae = | [ #6nar| < [ 15y
HS
Observe that f(-,y) € H*(R") for each y € By,;(0), because

1FCy)llas < @5(y)llee(u — T—yu) | s < €dj(y)

and then y — x5, (0)llf(¥)las is in LY(R™) since [¢;(y)dy = 1 and
J > Jo- So |lge(uj —u)| s < € for j > jo por each £ € IN, thus u; — u in
the topology of H} .(Q2) for s > 0.

Now we are moving on to s < 0. Since H*(IR™) is isomorphic to the dual
space of H~*(R") for s > 0, the proof follows by duality. If g € H, >(£2)
then g; = ¢; * (xa,9e) converges to g in H; () when

(peg,w) = lim (peg;,u), Vue H*(R") and ¢ € IN.
J—00
Note that, for each £ € N and v € H*(R") we have that
(Pegjs u) = (gj, peu) = <9,XQJ~ [ﬁgg * (WU)D

where ¢;(z) = ¢j(—x),x € R® and j € IN. Moreover, for j suffi-
cient large supp [¢; * (peu)] C Qi1 + B1/;(0) C Qpyo C € and then
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XQ; [QZ;] * (wu)] = gZ;j * (ppu). Since gZ;j xv L5 v and taking v = ppu we

have that ¢~j * (ppu) 7, peu and consequently

(©egj,u) = < L) * (¢eU)>—><g,<peu>:<wg,u>

as j — o0, as desired. O
Now we use the previous theorem to calculate the closure of an elliptic

homogeneous differential operator.

Theorem 2.4. Let a(D) : H™™(Q; E) C Hj (% E) — H;

loc

(4 F) be an
elliptic homogeneous linear differential operator with constant coefficients

of order m with s € R and m € IN. Then its closure is given by

a(D) : Hiyi™ (0 B) C Hipo( B) — Hip (% F)

loc

with a(D) and a(D) are given by the same formula.

Proof. Let a(D) : D [a(D)} C Hj (s E) — Hj (2 F) be the closure of
a(D) where

D [a(D)| = {u € Hipe(9: B); 3 (uy)jers © Hy ™™ (% E) and

f € HlSOC(Q,F) s.t. u,] _lo_c> u and a( )U] loc f}

loc

We claim that D [ (D)} HE™(Q; E) IfueD [ (D)] then there

exists a sequence (u;)jen C HZT™ with u; Hice, 4y and a(D)u; Hice, f for
some f € Hf (;F). Thus, a(D)u= fin D'(; F) and as f € Hf (Q; F)
follows from |2, Theorem 6.33], under ellipticity of a(D), which implies
that u € H}'™(Q; E).

Conversely, if u € HJ'™(; E) we have that f := a(D)u € Hy (< F).
Let uj = @jx(xq,ue) for j € IN as Theorem 2.1 applied for each component
of u, then

s+m
loc

uj ——u = 0%u; —= Hioe —% 0% = a,0%u; % aa0%u

for |a| = m. Thus, a(D)u; Hiee, a(D)u € Hj (Q; F) and the conclusion
follows. O
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3 Proof of Theorem A

Let d := dim F and ag € L(E; E) invertible for 5 := m-e; for simplicity

(see Remark 1.5). Consider the decomposition

a(D) =b(D) + ) and
a#p

where b(D) = af;% is a homogeneous differential operator with constant
coefficients of order m only in the variable .

We claim that for every A € C, the one dimensional differential operator
Mg —b(D) has a solution in C*°(R; E)\ {0}. Since ag is a complex matrix
invertible, there exists a basis of E such that ag is upper triangular. After

change of coordinates, we may assume

€11 €12 €13 ... Ci4d

0 Cog €23 ... Coq
ag =

0 0 0 ... cg

with ¢j;, € C for 1 < 5,k < d and H?Zlcjj # 0. Thus a solution for

b(D)u = Au can be rewritten as

0™uq n 0™ ug N OMug )
C11 oa C12 oz +...+cuq oa = AU
m m
U2 0Mug
C22 m+...+62d m:AUQ
Oxy oz}
0™ ug )
Cdd 7 = Ud,
Oxy

where u(z) = (u1(x),...,uq(z)). Let f(s) = % and F(s) = (f(s),0,...,0)
where F : R — C? and & is a complex root of p(t) = c11t™ — . Clearly
b(D)F = \F.



Spectral theory on localized Sobolev spaces 119

Defining u(x1,...,zy) := F(z1) € C*(Q; E)\ {0} we have that 0%u =
0 for a # (8 so

a(D)u = b(D)u + Zaaaau =b(D)F = \F = \u,
a#p

ie. Mg —a(D)]u=0 for u e C°(; E)\ {0} and then X € 0, (a(D)) .
Therefore

Ccop (@) — g (a(D)) =0, (a(D)) ~C.

O
Combining the Theorem 2.4 and the Theorem A, analogous in [1] for

dimension one, we may conclude the following:

Corollary 3.1. Let s € R. The Laplace operator A : Hy™*(Q) C H (Q) —
H$ (Q) and its closure A : HST2(Q) € HP () — HF (Q), have resol-

loc loc loc loc

vent set empty and their spectra are the whole plane, in the other words

o(A)=0(A) =0, (A) =C.
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