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1 Introduction

Let £ be a non singular smooth complex vector field defined on a
smooth m-dimensional manifold Q. For a fixed function p € C*°(Q2) con-
sider the equation

Lu = pu+ f, (1.1)

where f € C>(Q).

It is well-known that the Nirenberg-Treves condition (P) characterizes
the local solvability of (1.1), see [1] and [21]. Recalling that local solvability
for £ in Q means that: for every € Q and f € C*°(Q), there is u € D'(Q)
such that Lu = pu + f in some neighborhood of x in €.

The solvability of the equation (1.1) in a neighborhood of a compact
subset K of ) remains an interesting problem with non-intuitive answers,
as evidenced by references [5, 6, 8,9, 11, 12, 13, 14], and many others. For
others related papers see [2, 3, 4, 7, 19, 20| and references therein.

Let K be a compact set of €2, we say that P = £ — p is solvable at
the compact K if for each f in a subspace of finite codimension of C*°(£2)
there is u € D'(Q) such that Pu = f in a neighborhood of K.

In [17], or [15], Hérmander proved that condition (P) is necessary for
solvability of P at K. If besides condition (P), the following geometric

condition is satisfied:

(GC) every characteristic point of P over K lies on a compact interval of
a bicharacteristic of R({q), on which ¢ # 0, with no characteristic
endpoint over K, where ¢(z,£) denotes the principal symbol of P
and ¢ is a smooth function on 7%Q \ {0}

then £ — p is solvable at K and the solutions to (1.1) can be found in
C*(K).
Recall that a bicharacteristic of £g is an integral curve of the Hamilton

field
dlqg) 0 0g) 0 0Og) 0  I(lq) O

or ot ot or ot dx  Ox O’
where ¢g = 0 (see [17]).

Hyy =
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Let us describe the problem that we plan to investigate in this manus-
cript. First, consider Q = R x S1, and let

L =0/0t+ (a(x) + ib(x))0/0z, b#0, (1.2)

be a complex vector field defined on €2, where a and b are real-valued
smooth functions in R.

Assume that (a+ib)(0) = 0 and b(z) # 0if z # 0. Hence, ¥ = {0} x S*
is the set where L fails to be elliptic and, moreover, the operator L is of
infinity type along .

We recall that a point (zg,%p) € X is said to be of finite type v (v € Z)
if there exists a Lie bracket of L and L of length v which is nonzero at
(xo,t0). When (zg,t9) € X is not of finite type, we say that this point is
of infinite type.

For fixed p € C°°(Q2), we are interested in the solvability at ¥ of

P:L_p7

where L is given by (1.2).

Under our assumptions the operator P satisfies condition (P) (since the
function b does not change sign on any integral curve of 9/0t + a(x)d/dx
(see [16])). On the other hand, the geometric condition (GC) is not satis-
fied for K = ¥. As a consequence, the results from [17] cannot be used to

determine its solvability at X. Indeed, the characteristic set of P is
C(P) ={(z,t,¢,7) € 2 x (R*\ {(0,0)}) : £(x,t,€,7) =0},
where ((z,t,§,7) = 7 + a(x)§ + ib(x)E; hence,
C(P) ={(0,t,£,0) : t € S'and £ € R\ {0}}.

It is easy to verify that a bicharacteristic of ¢q passing through a point
(0,t0,&0,0) € C(P) has the form ~(s) = (0,(s),£(s),0), s € R; hence,
~v(s) € C(P) for all s € R.
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In this paper, we will assume that b vanishes of order 1 at x = 0.

Therefore, in some neighborhood (—¢,€) x S! of ¥ we can write
(a +1ib)(z) = 2" ap(x) + ixzbo(x),

where n > 1, ag and by are real-valued smooth functions in (—¢,¢€), and
bo(z) # 0 for all x € (—e,€).
It follows from [18] that

A= bo(O) — iao(O) (1.3)

is related to an invariant of L.

Let us assume that A € C\ Q. For each fixed k € Z, it follows from
[10] and [18] that in new coordinates, via a C*-diffeomorphism, L is a
multiple of the operator

T\ = é()at - i)\xaax;
moreover, as showed in [18], for all f belonging to a subspace of finite
codimension of C*°() the equation Thu = pu + f has a C* solution in a
neighborhood of X.

It is worth mentioning that in [5] was showed that there is f € C*°(Q)
such that the equation Thu = f does not have C'° solution.

The remainder case to be considered is A € Q. In this case we will
present sufficient conditions on f and p to obtain C* solutions to the
equation Lu = pu + f in a neighborhood of X.

We stressed that in the case A € Q our class of vector fields can not be
normalized to Ty by any C* diffeomorphism, k > 1.

Our arguments are motived by those given in [18]. Where one of the
key points in finding C* solutions to Thu = pu + f is that for A € C\ Q
the equation Thu = p — p(0,t) has C* solutions, for any p € C>(). In

our situation where A € Q we need compatibility conditions on p — p(0, t).
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2 Results

Let Q. = (—¢€,¢) x S, € >0, and let
L =0/0t+ (z"ao(z) + ixbo(x))0/0x, n > 2, (2.1)

be a complex vector field defined on €., where ag and by are real-valued
smooth functions in (—e, €). Assume that by(x) # 0, for all x € (—e,¢€),
and bp(0) € Q. Without loss of generality we may assume that by(0) > 0.

The following result was proved in [13]:

Theorem 2.1. Let L be given by (2.1). Let p and q be positive integer
numbers such that by(0) = p/q and ged(p,q) = 1. For each fized k € Z
there exists N = N(k) € Z4 such that given f € C*(Q,), satisfying

QdﬂQtMtzo (2.2)
0

and conditions bearing on the derivatives of f of order up to joq, where
jo = max{j € Z : jq < N(k)}, there exists u € C*(Q.) solution of the
equation Lu = f, in a neighborhood of 3.

Remark 2.2. Since the compatibility conditions above involve only a
finite number of derivatives of f, it is possible to obtain C* solutions to
equation Lu = f in a neighborhood of ¥ assuming that f € C*(Q.), for
¢ € Z, sufficiently larger depending on k.

Example 2.3. Consider
L= gt + <a(m)+i2x>

defined on Q, where p,q € Z4, ged(p,q) =1, a
flat at « = 0.
Given f € C*°(), the compatibility conditions given by Theorem 2.1

: (2.3)

= gl

x) € C®(R;R) and, a is

are

2T
/ Al £(0,)e™Ptdt = 0, (2.4)
0

for m =0,1,...,jo. See [13] for more details.
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Example 2.4. Consider the following operator defined on {2

o .z 0

We claim that the equation
Tiu=x?e ™ (2.6)
2

does not have solution u € C*(Q), for k > 4, in any neighborhood of ¥.
Indeed, for f(z,t) = 2%2e~" we have

2w ) 2w o
O2f(t,0)e'dt = / 2e etdt = 4w #£ 0,
0 0

that is, f does not satisfy (2.4).
Let us assume by contradiction that (2.6) has a solution u € C*(Q).
Then, by using Taylor’s formula, we can write

3

u(z,t) = Zuj(t)xj + R(z,t),

J=0

where R € O(|z|*). From (2.6) we have
uh(t) +iug(t) = e ™. (2.7)

Thus uz(t) = (¢t + u2(0))e™®, which lead us to a contradiction, since the

function t — t e~ is not 27-periodic. O

For k € Z4, define

Fe(X)={f € C>*(Q); Lu=f in a neighborhood of ¥,
for someu € C*(Q)}. (2.8)

Note that Theorem 2.1 gives sufficient conditions for f € C*°(2) to be
in Fi(%).

The homogeneous equation Lu = pu is the focus of our first result. For
this, given p = p(x,t) in C>®(Q), let py : C°(S!) — C>(S) be defined
by

po(t) = p(0,1). (2.9)
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Theorem 2.5. Let L be given by (2.1) and let k € Z4. If p € C®(Q)

satisfies
1 2

— 0,t)dt € Z, 2.10

omi ), POD) (2.10)
and p — po € Fi(X), then there exists u € CF(Q) solution of the equation
Lu = pu, in a neighborhood of %, with u # 0 on X.

Proof. Let py be given by (2.9). Since p satisfies (2.10), it follows that

(1) = il
is a function in C'°°(S1); moreover, ug satisfies

ug(t) = po(t)uo(t).

Let p(z,t) = p(z,t)—po(t). By hypothesis, there is w € C*(Q) solution
to Lw = p, in a neighborhood of X.
Define
u(x, t) = uo(t)e” ™.

We have u € C*(Q) and
Lu = uje” + upe® Lw = pouge” + uoe”p = (po + p)u = pu,
in a neighborhood of X. O

Since Theorem 2.1 gives sufficient conditions for a smooth function f

to belong to Fi we can rewrite Theorem 2.5 as follows:

Corollary 2.6. Let L be given by (2.1). Let p and q be positive integer
numbers such that by(0) = p/q and ged(p,q) = 1. For each fized k € Z4
there exists N = N(k) € Z+ such that given p € C*(Q,), satisfying
1 2

2 ), PODAED, (2.11)
and conditions given by Theorem 2.1 bearing on the derivatives of p of
order up to joq, where jo = max{j € Z : jq < N(k)}, there is u € C*(,)
solution of Lu = pu in a neighborhood of 3, with u # 0 on 3.
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Example 2.7. Let L be given by (2.3). For each fixed k € Z there exists
N = N(k) € Z4 such that if p € C°°(£), satisfies
2m

A p(0, s)e™P3ds = 0,
0

for m = 0,1,...,jo, where jo = max{j € Z : jq < N(k)}, then there is
u € C*(9,) solution of Lu = pu in a neighborhood of ¥, with u # 0 on X.

Comparing with the situation where p —py & Fi(2) we have following;:

2 t

Example 2.8. If u € C4(Q) is a solution to Thiu = x?e~ " u, where T1
2 2

is given by (2.5), then wu Indeed, by using Taylor’s formula we

0.
can write u(x,t) = ug(t) + ui(t)x + uz(t)r? + uz(t)z® + R(w,t), where
R € O(|z|*); hence, we are lead to

uy=0 = wup=c, forsome ceC,
and
uhy +iug = ce” " = (UQ@it)/ =c = uz(t) = (ct +ug(0))e .
Therefore, since uz is 2m-periodic, we have ¢ = 0; consequently, v, = 0.

Theorem 2.9. Let L be given by (2.1)and let k € Z,. If p € C®(Q)

satisfies
1 2
— t)dt € 7. 2.12
57 [ pOag . (212

and p — po € Fi(X), then there exist w € C*(Q) with w # 0 on ¥, and
g € CF((—e,€)) vanishing of finite order at x = 0, such that u(x,t) =

g(x)w(z,t) is a solution of the equation Lu = pu, in a neighborhood of X.

Proof. Let «, 8 be real numbers given by

1 2m
a+tiff = 2m/ p(0,t)dt;
0

by (2.12) we have a + i & Z.
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Let ¢ = m — |af, where m € Z4 will be chosen later and we use
|a] = max{n € Z;n < a}. Define

p=(l+a)+if;

note that R(u) =m — |a| +a > m.

Now, set the function

ﬁ('% t) = p(fL‘, t) — Ut

We have

1 27 1 2
— p(0,t)dt = — 0,t)dt —
s [ 0.0 = o [ p0.0ae -

—a+if—(l+a)—if=—LET;

hence, by Theorem 2.5, there is w € C*(Q), w # 0 on X, solution to
Lw = pw in a neighborhood of X.
Let g : (—¢,€) — C be the function defined by

e ﬁd‘y, x>0
g(z) = 0, x=0 .
. T 1
erflemm <0
We will show that g vanishes of finite order at x = 0. Note that

—1 La b
= —1 _ N
a+ib a2+ b2 a2+ b?’

hence,

€1 € a € b
o R A F o I A v
i [ ptn =00 +i300) (<1 [ = [ i)
c b ¢ a
_ _ - Cx -
—< %(“)/x a2+b2dy+d(u)/x a2+62dy>
i (R0 [ - 900 [ ).
» 0242 » 02407
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Recall that a(x) = 2"ag(z), b(z) = x bo(x), and bo(0) > 0. Then,

b 1 1
PR <b0(0) +0(‘f"’)> |

Therefore, for x > 0,

®
Ry s
aiz‘bdy — <£> b0 (0) PO ln(%)

gla) = e
€

where g4+ € C*((0,¢)), the derivative gﬁf) is bounded in (0,¢), for all
Jj € Zy, and |g4(x)| > ¢, for some ¢ > 0 and for all = € (0, ¢).
Similarly, for x < 0,

2?(7%)) S () ||
oto) = e ewtmtr = (H) im0 (2) g o)
€
where g_ € C*°((—¢,0)), the derivative g(_j) is bounded in (—¢,0), for all
Jj € Zy, and |g—(x)| > ¢, for some ¢ > 0 and for all z € (—¢,0).

Finally, define u : 2 — C by

u(x, t) - g(x)w(x, t);

for a suitable choice of m (given in $(x)) we obtain that u has the desired
properties.
O

Remark 2.10. The function g defined in (—e¢, €) and obtained in the proof
of the Theorem above can be rewrite in the form g(z) = 2V G(x), where
|G(x)] > C, for some C' > 0 and for all = # 0; moreover, the derivative
GU) is bounded for  # 0, for all j. These properties will be used in the
proof of Theorem 2.12 below.

Since Theorem 2.1 gives sufficient conditions for a smooth function f

to belong to Fi we can rewrite Theorem 2.9 as follows:
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Corollary 2.11. Let L be given by (2.1). Let p and q be positive integer
numbers such that by(0) = P and ged(p,q) = 1. For each fixred k € Z4
q

there exists N = N(k) € Z+ such that given p € C*(Q,), satisfying

T p(0,t)dt € Z, (2.13)

2mi Jo
and conditions given by Theorem 2.1 bearing on the derivatives of p of order
up to joq, where jo = max{j € Z : jq < N(k)}, there exists w € C*(Q)
with w # 0 on X, and g € CF((—¢,€)) vanishing of finite order at x = 0,
such that u(z,t) = g(z)w(x,t) is a solution of the equation Lu = pu, in a
neighborhood of .

The following two results are related to nonhomogeneous equations.

Theorem 2.12. Let p and q be positive integer numbers such that by(0) =
p/q and ged(p,q) = 1. Assume that p € C*°(Q),) satisfies

2

— t)dt — j— € 7 ll Zy. 2.14
i 0 p(07 ) jq g ) fO?“ atl ) € Ly ( )

Then, for each fized k € Zy there exists £ = U(k) € Zy such that if,
besides (2.14), p — po € Fi(X), where py is given by (2.9), then given
f € C™(Q) there exists u € C*(Q) solution to the equation Lu = pu+ f,
in a neighborhood of ¥ (recalling that L is given by (2.1)).

Proof. By using Taylor’s expansion, we can write

flx,t) ~ ij(t)a:j, p(x,t) ~ ij(t)xj, and (a + ib)(z) ~ chxj.

>0 Jj>0 Jj=1

After substituting them into equation Lv = pv + f, where we write

v(x,t) ~ Z vi(t)ad,

Jj=0
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we have:

vy = povo + fo,
vy + (1 — po)vr = p1vo + fi,
vy + (2¢1 — po)va = (p1 — c2)v1 + pavo + fo,
vs + (3c1 — po)vs = (p2 — c3)v1 + (p1 — 2¢2)v2 + p3vo + f,

j—1
vj + (jer — po)vj = Z(pjfk — kej—g41)vk + pjvo + f, 7> 4
k=1

Since ¢; = ip/q and po satisfies (2.14), we obtain
t
vo(t) = efotpo(s)dS [/ e Jo po(a)dafo ds+ Kyl ,
0

where ,
J5 T po(t)dt 27 .
Ky = 6020/ e~ o po(U)deO dt.
1 —elo " po(t)dt Jo

Next

65

. t t . s
o (t) = ¢4ty po(s)ds [ / eI PN e ds K

0
where

o i2mE JIT po(t)dt

2 i2t— [t po(o)do
K= / e'a o ko (p1vo + f1)dt.
0

1_ e—z’27r5+f02” po(t)dt
And, for j > 2, we have

t
P t p. s
Uj(t) —e th'i'fo pO(S)dS/ e"]qs fo po(o)do
0

7j—1
X (Z(pjk — kcj,kﬂ)vk + pjvo + f]> ds

k=1
+ Kje Uatt Jo po(s)ds
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where
2L et d i1
K; = oj/ ¢at=Jopo(o)do > (pj—k — kej_ps1)vk + pyvo + f; | dt,
0 k=1
and

e—i27rjg+f02” po(t)dt

C; = .
J 1— e—i27rjg—|-f027r po(t)dt

Let pp, : © = C be the function defined by
pm(z,t) = Zvj(t)xj.
j=0

We have
Liptm — pptm — f = 2™ 'h,
where h : 2 — C is a smooth function.

Now, for £ € Z, to be choosen later, assume that p — py € Fy(X). It
follows from Theorem 2.9 that there is w € C*(£), with w # 0 on %,
and g € C*((—¢, €)) vanishing of finite order at = = 0, such that v(z,t) =
g(z)w(x,t) is a solution of the equation Lv = pv, in a neighborhood of ¥.

Thanks the properties of g (see remark 2.10), for a suitable choice of ¢
and m we obtain that F': 2 — C given by

2™ h(z,t)

F(a,t) = - v(x,t)

belongs to C"(Q2), with r large enough as in remark 2.2. Hence, the equa-
tion Lv = F has a C* solution v.
Define u = pu,,, + vv. Hence, u € C*(Q) and

Lu = Ly, + (Lv)v + v(Lv)

wm—&-lh
:pﬂm+f+xm+1h+p1/v—u

=pu+f,

in a neighborhood of X. O
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Theorem 2.13. Let L be given by (2.1). Let p and q be positive integer
numbers such that by(0) = p/q and ged(p,q) = 1. Assume that for some
J € Zy the function p € C™(Q,) satisfies

1 2 P
— | po.tat— P ez (2.20)
q

2w Jo
Then, for each fized k € Z. there exist positive integers ¢ = ((k) and
N = N(k) such that if, besides (2.14), p—po € Fe(X), where pg is given by
(2.9), and f satisfies certain conditions bearing on its derivatives of order
up to N, then there exists u € C*(Q) solution to the equation Lu = pu+ f,
in a neighborhood of X.

Proof. The proof is analogous that of Theorem 2.12. Indeed, assume that
for N € Z, to be choosen later, for each j < N such that (2.20) holds,

the function f safisfies

2 s it
/ o 55— Jo polo)do (Z(pj_k — kCj_p41)vk + pjvo + fj) dt =0,
0

k=1

where vg and v, are given by the equations (2.15)-(2.19).

Hence, we can find py so that Luy — puy — f = 2N T1h(x,t), with h
smooth. Therefore, by applying conveniently Theorem 2.5, and proceeding
as in the proof of Theorem 2.12 we can find u € C* solution to Lu = pu+ f
in a neighborhood of X. O

Remark 2.14. In the case where p = 0, the hypotheses on f in Theorem
2.13 is in agreement with those given in Theorem 2.1.
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