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1. Introduction

Let M be a n-dimensional Riemannian manifold and let A be a smooth sym-
metric tensor field on M of type (1,1). Associated to this tensor field A there
are 2(n+1) smooth functions o,(A), s,(A), (0 < r < n) given by

P(=X) = r=0 OrA™ "

{ s, = trace(A") (el
where P()) = det(A — AI). Those functions are related by the following alge-
braic formalae:

S = 018,14+ ..+ (=1)ro, =0, r<n (12)

S —018r—1 + oo + (=1)"0pSron =0, > n. k
Let z : M® — W™ be an isometric immersion between two orientable
Riemannian manifolds of dimension n and n+1 respectively. Suppose A is the

second fundamental form of the immersion z. Associated to A there are n

functions Hy, ..., H,, defined by H, = o.(h). Explicitly

H=Y ky.k.

i1 <o iy
Here k;, ..., k, are the principal curvatures of M. They are the eigenvalues of
the second fundamental form h. We say that M is isoparametric if the principal
curvatures ki, ..., k, are constant. Obviously M is isoparametric if and only if
H,,..., H, are constant functions. We note that H;, = H is the mean curvature

of z, H, is the Gauss-Kronecker curvature, and if W"*! is a real space form,
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H, is, up a constant, the scalar curvature of M. In general H, is the so called

r-mean curvature function of the immersion z.

We now recall the following algebraic results ((AB2, AB3]).

Theorem 1.1. ([AB2]) Let M be a compact 3-dimensional Riemannian mani-
fold with metric g and scalar curvature k > 0. Suppose a is a smooth symmetric
tensor field on M of type (0,2) and let A be the tensor field of type (1,1) corre-
sponding to a via g. Suppose in addition that

a) the field Va of type (0,3) is symmetric.
b) d(traceA) =0
c) d(traceA?) =0

Then

d) d(traceA®) =0.

Theorem 1.2. ([AB3]) Let M be a compact 3-dimensional Riemannian mani-
fold with metric g and scalar curvature & > 0. Suppose a is a smooth symmetric
tensor field on M of type (0,2) and let A be the tensor field of type (1,1) corre-
sponding to a via g. Suppose in addition that

(a) the field Va of type (0,3) is symmetric
(b) doy =dos =0
(c) o3 # 0.
Then
d) d01.= 0.

Suppose M is a 3-dimensional immersed hypersurface in a space of constant
curvature. It is well known that the second fundamental form h of M satisfies

condition (a) ot Theorem 1.1. The conditions (b) and (c) may be replaced
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by the assumption that M has constant mean curvature and constant scalar

curvature. As a consequence we have the following:

Theorem 1.3. ([AB2]) Let M be a closed 3-dimensional immersed hypersurface
in a space of constant curvature. Suppose in addition that M has constant mean

curvature H and constant scalar curvature k > 0. Then M is isoparametric.

From Theorem 1.2 it follows that

Theorem 1.4. Let M be a closed 3-dimensional immersed hypersurface in a
space of constant curvature. Suppose in addition that M has constant scalar
curvature £ > 0 and constant Gauss-Kronecker curvature K # 0. Then M is

isoparametric.

We will now assume that the hypersurfaces M C S* have constant mean
curvature (H) and constant Gauss-Kronecker Curvature (K # 0). A large class
of such hypersurfaces carry a constant non-negative scalar curvature metric.
This is accomplished by taking the associated Gauss map of each hypersurface.
Their images are 3-dimensional hypersurfaces of S* with constant scalar cur-
vature and constant Gauss-Kronecker curvature. Taking the associated Gauss
map twice will produce the original hypersurface. With this construction we

are able to prove the following theorem.

Theorem 1.5. Let M be a closed oriented 3-dimensional hypersurface im-
mersed in the standard /-sphere with constant mean curvature H and constant
Gauss-Kronecker curvature K # 0. Suppose in addition that —g— > —3. Then

M is isoparametric .

Using Theorem 1.5 we retrieved the following result.

Theorem 1.6. ([AB1]) Let M3 C S* be a closed minimally immersed hyper-

surface of S* with constant Gauss-Kronecker K # 0. Then M is the minimal

Clifford torus Sz(\/m) X SI(M) Ca5*
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2. Isoparametric Hypersurfaces

The results presented in this work in some sense characterize the isoparametric
hypersurfaces of the 4-dimensional sphere S*. From well known results we know
that in S* there are only three families of isoparametric hypersurfaces. We will

now describe explicitly those hypersurfaces.

Example 1. (Spheres) - Let z : S3(r) — S* be the isometric immersion given
by z(p) = (p,s), where s+ r* = 1. It is not difficult to see that M = S3(r)
is all umbilic with principal curvatures k; = s/r,i = 1,2,3. An elementary
computation shows that the mean curvature (H), the scalar curvature (k) and

the Gauss-Kronecker curvature (K) satisfy the following relations:

H =3K'/3 » (2.1)
k=6(1+ K%%) =6+2H?/3 )

Example 2. (Clifford tori) - Let z : S*(r) x S'(s) — S* be the isometric
immersion given by X(p,q) = (p,q). It has principal curvatures given by ky =
—r/s, ky = k3 = s/r. The mean curvature (H), the scalar curvature (x) and
Gauss-Kronecker curvature (K) of the immersion z satisfy the equations: A

{ H=-2K+1/K

k= 2(1 + K?) = 3+ (H+HVET H7)/4 2:2)

Example 3. (Cartan’s isoparametric family) - Let N1(X) denote the unit nor-
mal sphere bundle of the Veronese surface & C S*. We can ezpress Ni(X)
as

M) ={(z,v)€eZxS*:v LT,Z and v L z}.

Finally, we define the isoparametric family ®, : Ni(Z) — S* by
®y(z,v) = costv + sintz

The principal curvatures of the immersion ®, are:

\/§+tant tant—\/§

) , tant 2.3
1—+/3tant’ 1++/3tant % (24
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An easy computation shows that the mean curvature (H,), the scalar curva-
ture (;) and Gauss-Kronecker curvature (K;) of the immersion ®, satisfy the

following interesting relations:

Kt = 0
{ Hg + 3Kt =0 (2.4)
3. Further Remarks

In ([CDK]), Chern-do Carmo-Kobayashi asked whether the value of the scalar
curvature s of a closed minimal hypersurface M C S™t! would determine the
hypersurface up to a rigid motion of S™*!. In their conjecture they assumed
that kar was a constant function. They also asked if the values of the scalar
curvature Ky was a discrete set of real numbers. Recently, S. Chang ([C]),

announced the following result

Theorem 3.1. ([C]) Let M® be a closed hypersurface of constant scalar curva-
ture k in S*. If M has constant mean curvature then x > 0.
"To solve the conjecture of Chern-do Carmo-Kobayashi for 3-dimensional

hypersurfaces one just have to combine Theorem 1.3 together with the non-

s

existence result in ([C]).

-4 -2 00 2 4

H
Figure 1: £ =0,3+ 1 (H* + HVB+ H?) 6+ H?
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Remark 1. Figure 1 shows the possible values for the mean curvature (H) and
for the scalar curvature (k) of a closed hypersurface M C S* with dH = dx = 0.

For fixed n > 3, we will denote by F;s the collection of all closed hypersur-
faces M C S™ having dH, = dH, = 0. The conjecture above is a particular

case of the following more general question:
Question 1 Determine F;, for all r # s.

In this note we considered only the case n = 3. It is interesting to note that,

even in this particular case, Question 1 is not completely solved.

4 2 00 2. ¢ ]

Figure 2: £ =0,2(1+ K?),6 (1 + K*?)

Remark 2. Figure 2 §hows the possible values for the Gauss-Kronecker cur-
vature (K) and for the (unnormalized) scalar curvature (k) of a closed 3-

dimensional hypersurface M € Fa3 when k > 0.

Figure 3: H = 3K'* 2K + 1/K,-3K
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Remark 3. Figure 3 shows the possible values for the Gauss-Kronecker curva-
ture (I) and for the mean curvature (H) of a closed 3-dimensional hypersurface

M e Fi ;. Oniy the shaded region was not considered in Theorem 1.5.
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