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RIEMANN SURFACES, ABELIAN VARIETIES AND
AUTOMORPHISMS

Rubi E. Rodriguez*®

1. Introduction

This a brief version of a survey conference delivered at the XII Escola de Al-
gebra. The main objective was to give an overview of results obtained by the
Chilean researchers in Complex Geometry (V. Gonzalez, G. Riera and the au-
thor) in the area of Riemann surfaces and principally polarized abelian varieties

with automorphisms.

2. Riemann Surfaces with Automorphisms

Let M denote a compact Riemann surface of genus g with (sufficiently large)
automorphism group G. In this section we indicate how to uniformize the
surface M by a hyperbolic polygon adapted to the action of G. The approach

is via the uniformizations of M and M/G.

Let k be a natural number greater than one and let ny,7n2,..., %k be

natural numbers such that n; < ny < ... < ngyq and such that

k+1

Y(1-1/n)>2 .

Let M be a compact Riemann surface of genus g (g > 2) and let G be
the group of automorphisms of M. Assume the signature of the covering

M — M/G is (0;n1,na,...,nk41), with k and n1,n2,..., k41 satisfying the

*Partially supported by Fondecyt grant 0760-92. The author would like to thank the
organizers of the XII Escola de Algebra for their generous hospitality.


http://doi.org/10.21711/231766361994/rmc73
https://orcid.org/0000-0003-2019-7384

26 R. E. RODRIGUEZ

above conditions (the conditions prevent the Fuchsian group uniformizing M/G
from being elementary). In this case we will say that G is a large group of au-

tomorphisms.

It is known that then G has a presentation of the form

k
P=(a1,0...,a500 =...=ap* =1 = ([[a;)™* =Ry =...=R,), (1)

j=1

where the order of each a; is n;, the order of the product (H;f:l a;) is ngyq, the

R; are some extra relators, and

29-2= |G|[‘2+’§(1—1/":‘)J- (2)

j=1

Let A denote the unit disc in C.

Theorem 1. Under the above conditions, let T' denote the Fuchsian group act-
ing on A and uniformizing the Riemann sphere C with signature (0; ny, ..., nky1),

and let T' denote the torsion-free Fuchsian normal subgroup of T uniformizing
M.

Then there exist

i) a fundamental domain F for T which is a strictly convez hyperbolic poly-
gon of the form: 2k consecutive sides of lengths c1,¢1,¢3,¢s,. . ., ck, ci and
corresponding interior angles 2m/ny,01,27/n3,8,,...,27 [0k, 0k, where

;f:l 0; = 27 /npy1, with consecutive sides paired by generators of T, and

it) a fundamental domain D for T' which is composed of |G| copies of F' and

whose side-pairing transformations are given by the eztra relators R; of

the presentation of G.

2.1. Homology Bases adapted to Group Actions
In order to compute the Riemann matrices of surfaces admitting automor-

phisms, we need a basis for H;(M, Z) and the induced action of G on it.
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In this section, we give a general technique to find a basis for H,(M, Z) on
which the group G acts nicely. In the next section, we will use this type of basis
to compute the Riemann period matrix for M.

With the notation of Section 2, an especially suited homology basis (not
necessarily canonical) can be computed from the fundamental polygon D for

the Fuchsian group T uniformizing M, as follows:

Let U ={P,, P,,....P,} be the set of points on M = A/T corresponding to
the vertices of D, and let 81,0, ...,Bn be the curves on M corresponding to

the sides of D. Considering the exact sequence
0 — Hi(M) — Hy(M,U) -5 Hy(U) 2 Ho(M) — 0,
where i is the inclusion, and § and s are defined by
é(7) = (1) - (0) , 5(; PePe) = kX:pk )

we conclude that 29+ v = N +1; hence ker has rank 2g and we can find a basis
a={ay,as...,as} for Hy(M, Z), where each a; is an integral combination of
the B;’s ; that is, of the sides of D.

The advantage of this basis a is that its intersection matrix C and the action
of the generators of G on « can be computed easily from the polygon D, thus

obtaining a 2g x 2g integral matrix A for each generator of G.

3. Riemann Matrices of Riemann Surfaces with Auto-
morphisms

The standard theory for the Jacobian of a Riemann surface involves considering
a canonical basis of homology and the dual basis of abelian differentials.

H. Weyl [9] and, later, C. L. Siegel [7] found a different construction which,
though equivalent to this standard theory, is more suitable for the study of
automorphisms of surfaces. Since this presentation is not as well known, we

outline the main ideas.



28 R. E. RODRIGUEZ

Let ay, ..., az, be any basis of closed curves for H;(M, Z). The intersection
product defines a skew-symmetric integral valued matrix, C = (cjx) , whose

entries are the intersection numbers
cie = —(aj - ak) . (3)

A basis for H°(M,Z) as a real vector space, dwy,...,dws,, is said to be

dual to the given basis of curves if

=7

R [ dwj=cj . (4)

Riemann’s bilinear relations imply that the real matrix S = (s;x) with en-

tries

Ry / dw; = s (5)
ag
is positive definite and symmetric.

Multiplication by 4/—1 in the real vector space of holomorphic differentials
is represented, in terms of the basis (dw;), by a 2g X 2g real matrix R such that

R? = —1], and, in addition, one has the fundamental relation
R=0"; (6)

In other words, in the vector space R? the matrix R defines a complex

structure and the matrices C' and S define a hermitian product via the formula
(z,y) = «'Sy—1iz'Cy ,
where ’ denotes the transpose.

In this context, any automorphism of M gives rise to a 2g x 2g integral
matrix A (corresponding to the action induced by the automorphism on the

given homology basis) such that AR = RA and A~! = C*A'C.
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For the case of a canonical homology basis, the relation between the standard
complex theory (with normalized period matrix Z = X + iY,2'=2,SZ > 0)

and this real theory (with ”period matrix” the pair (R,C)) is given as follows:

— 0 -1,
(1)
XY Y+XY-'X
Yyt _y-ix
Ry (Rap —il) . (9)

Il

Now we have all the ingredients for our

Algorithm. In order to compute the period matriz of a Riemann surface M

with large group of automorphisms G,
i) Find a suitable presentation for G,
i) Find an adapted fundamental domain D for G (as in Theorem 1),
i) Find an adapted homology basis from D (as in Section 2.1.),
w) Find the intersection matriz C from D,
v) Find the action of the generators of G on the adapted basis,

vi) Find R commuting with the generators, and such that R* = —I and CR

is positive definite.

4. Abelian Varieties with Automorphisms

In order to generalize the above results to principally polarized abelian varieties,

we need

Definition 1. Let R be a real 2g x 2g matriz such that R = —I and let C be

an integral skew-symmetric 2g x 2g matriz of determinant one such that CR is
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positive definite. Then the triple (R*? /2%, R,C) is called a (real) principally
polarized abelian variety of dimension g. ‘

An automorphism of a (real) principaliy polarized abelian variety of di-
mension g is given by a 2g X 2g integral matriz A such that AR = RA and
Al =Ct4'C.

Remark. There is a bijection between the real principally polarized abelian

5 s ; (0 -1,
varieties with C = ( I, 0

varieties, given by: to the real p.p.a.v. (R%/Z%, R, C) we associate the complex

and the complex principally polarized abelian

p.p.a.v. given by the complex vector space R* with complex structure given
by R, the lattice generated by the column vectors of I and Z, with Z as in (9)
and the hermitian product (z,y) = z'CRy —i z'Cy .

We finish this presentation with two examples that (hopefully) illustrates
the theory.

Example 1. Bring’s Curve (c.f. [{].)
It is known that there is a unique curve of genus four, Bring’s curve, admit-

ting the symmetric group S; as a group of automorphisms (see Figure 1).

One can use the methods given in this paper to find the action induced
by Ss on a canonical basis of homology; in this way one obtains a faithful
representation of Sy in the symplectic group Sp(8,Z), with image SpSs.

One can also embed I'o(5) in Sp(8,Z) (with image SpIo(5)) by sending

m n ml nc
( 5 q , where m,n,p,q € Z, mq — pn = 1, and 5/p to o ;
4 1:—1c1
where ¢ = k&l Sl
-1 1 4 1
1 -1 1 4

By studying the action of SpSs and of SpI'(5) on the Siegel space of di-

mension four, we obtain
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Theorem 2. There is a one complez parameter family — Bring’s half-plane - of
Riemann matrices Z in Siegel’s upper half space. fized under the action of SpSs
. These are the matrices of the form Z.= ¢, T€C,Sr>0.

The stabilizer of Bring’s half plane in Sp(8,Z) s the product of the groups
SpSs, which fizes the set pointwise, and Spl'o(5) , which acts by Tc — 77c,
where

" qT +n
™= —c el

Hence, we obtain a pencil in the moduli space of (complex) principally po-
larized abelian varieties of dimension four, all of whose points admit the group
S5 as group of automorphisms; the pencil is uniformized by £/ I'¢(5), where 9
= C, S7 > 0 denotes the upper half plane.

At this point, we also know that only one element in this pencil is a Jacobian
of a curve; the next theorem characterizes this element, and it is proven by

studying the quotients of Bring’s curve by appropriate subgroups of Ss.

Theorem 3. The period matriz of Bring’s curve is Z = 7o - ¢, where the class

of 1o modulo T'o(5) is characterized by the two values

3 25 ; 293 x 5
](Tg) = —7, ](5T0) = ——25—. (10)

Example 2. Riemann surfaces and Abelian varieties with an automorphism of
prime order (c.f. [5]).

An interesting problem is that of the determination of the compact Riemann
surfaces admitting cyclic group of automorphisms, or, more generally, the de-
termination of the (different classes of) principally polarized abelian varieties
admitting cyclic group of automorphisms. Scorza (c.f. [6]), Lefschetz (c.f. [1])
and Weil (c.f. [8]) studied these type of problems and gave partial results.

A complete solution is given as follows:

Theorem 4. Let p denote a prime number, p at least five. Let L denote the

number of conformally different Riemann surfaces of genus g = (%1 which
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admit a cyclic group of automorphisms of order p. Let W denote the number of
. nonequivalent principally polarized abelian varieties of genus g = g”;zll admitting
a complez multiplication of order p. Then
+1)/6 if p=2 (mod 3) e ~1)/2d
L= (P . and W = h(p—1)"1 d) 2(p-1)/2
{ (p+5)/6 if p=1(mod3) (p—1) 4/2::1 $(d)

d vdd

where h is the ideal class number and ¢ is Euler’s totient function.

This theorem is proved using the methods described in this work. In fact, one
can be very explicit and give the uniformizations of the corresponding curves,
as well as their period matrices and algebraic curves (c.f. [5]).

Since for p > 11 we have W > L, it appears that even in these discrete cases
there is a Schottky type problem: find equations in theta nulls vanishing only

at Jacobian varieties of curves; this we leave as an open question.
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