n Matemdtica Contemporanea, Vol. 6, 1-6
" SBM http://doi.org/10.21711/231766361994 /rmc61

K1/
©1994, Sociedade Brasileira de Matemética

COMPLETENESS PROPERTIES OF CERTAIN
FORMATIONS

Angel Carocca ®

All groups we consider are finite. It is well known that the product of

supersolvable normal shbgroups is not supersolvable in general (see Huppert

(31)-
In (1], Asaad and Shaalan proved the following result:

Let G = G1G; be a group such that G; and G, are supersolvable
subgroups. If every subgroup of G; is permutable with every subgroup of G,

then G is supersolvable.

If Gi and G, are subgroups of a group G such that every subgroup of
G: is permutable with every subgroup of G,, we say that G; and G, are
totally permutable.

In [6], Maier proved that Asaad and Shaalan’s result is a special case of
a general completeness property of all saturated formations which contain the

class of supersolvable groups. In (6], the following theorem is proved:

Let G = G1G; be a group such that G; and G, are totally per-
mutable subgroups. Let F be a saturated formation which contains the class

of supersolvable groups. If G, and G; liein F, then so does G.

In [2] we give a generalization for an arbitrary number of factors of Maier’s

result. In [2] is proved:

Theorem 1. Let G = G1G,....G, be a group such that G,,G,,....,G, are
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pairwise totally permutable subgroups of G. Let F be a saturated formation
which contains the class of supersolvable groups. If for all i € {1,2,...,7} the
subgroups G; arein F, then GE€ F.

If Gi and G, are totally permutable subgroups of a group G, then
<z,y>=<z ><y>=< y>< z > is a supersolvable subgroup, for each
z€G, and y€ G, by ([4], p. 722, Th. 10.1).

If Gi and G, are subgroups of a group G and L is a non-empty
class of groups, we say that G; and G, are L-connected, whenever for each

z€G, and y € G; we have <z,y >€ L.
Assuming this definition, we prove the following:

Theorem 2. Let G = G1G;....G, be a group such that Gy,Gs,...,G, are
pairwise permutable subgroups of G. Let L = N be the class of nilpotent
groups and let F be a saturated formation such that N C F. If for every
pair 1,j € {1,2,...,7}, i #j, the subgroups G; and G; are N -connected
F-groups, then G € F.

Proof. Suppose the theorem is false and let G be a counterexample of smallest
order.
Since the hypothesis is inherited by quotients, we conlude that G has a unique

minimal normal subgroup N. Since F is saturated, we have ®(G) = 1.

Let p be a prime number and ¢, € {1,2,..,7 }, such that i # j.
Let z € G; bea p-element and y € G; a p'-element. Since < z,y > is

nilpotent, we have that y centralizes z.

Let P; € Syly(G:). Since OP(Gj;) is generated by all p'-elements of Gj,
we have OP(G;) < Cg(P;). For the definition of OP(G;) see ([7] p. 142).
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Set G; =()O?(G;). The above consideration implies that G; < Cq(Gj).
P

Since our argument is true for all i € {1,2,...,r}, such that i # j, we have
that G; 3 G.

(I) Suppose Gj # 1, for some j € {1,2,..,7}.

Because of the uniqueness of N we have N < G;.

(a) f N is solvable, then N = Ce(N) and G; < N < G;, for all
it € {1,2,..,r}, with i#j. It follows that G = G; e F.

(b) If N is not solvable, then Cg(N)=G;=1 forall i € {1,257 }
with i # j. Again we have G = G; € F.

(IT) Suppose G; =1 forall j € {1,2,..,r}.
Now G; is nilpotent for all j; € {1,2,..,r }. Hence, G; = P; x
OF(Gj), for every prime number p.
Let 4,7 € {1,2,..,7} such that i # j. By ([4], p.676, Th. 4.7) we
have that P;P; € Syl,(G:G;). Hence PP,...P, € Syl,(G).
Since for all i € {1,2,..,7} we have OP(G;) < Ce(P1P:...P,), we
conclude that G; < Ng(P,P,...P,) and therefore P,P;...P. <4 G. It
follows that Ge N C F.

(m]

The following example shows that the theorem 2 is not true when
N G L C F, without additional hypothesis (see also the Example given in
[6]):

Example. Let G = S; be the symmetric group of degree 4. Let G; be
the normal subgroup of order 4 of G and let G; be a subgroup of order 6 of
G. Clearly, G = G1G,. Let £ = F = NA be the class of all groups whose
commutator subgroups are nilpotent. Clearly, G; and G, are L-connected
F-groups, but G ¢ F.
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In view of the fact that the finite simple groups are 2-generated, the following

seems to be reasonable:

Conjecture. Let S be the class of solvable groups. If the group G =
G:1G;....G, is the product of the pairwise permutable and pairwise S-connected

S-subgroups G;, then G is solvable.

To mention the solution of a particular case of this conjecture, we introduce

the following notation:

Let T be the class of groups having Sylow-tower for the prime numbers

arranged in decreasing order.

Proposition. Let G = G1G;....G, be a group such that G4,G;,....,G, are
pairwise permutable and pairwise T -connected supersolvable subgroups of G.

Then G is a T-group. In particular, G 1is solvable.

Proof. Suppose the proposition is false. Let G be a counterexample of
smallest order with r least possible. Every quotient group of G satisfies the
hypothesis of the proposition. Because of the minimality of |G|, every proper

quotient group is a T -group.

Let p denotes the largest prime number divisor of |G|. We may assume
that p divides |Gyl

We have to produce a nonidentity normal p-subgroup N of G.

Because of the supersolvability of G;, we can choose < z > a normal
subgroup of Gy, with | <z >|=p. Weshow < z > is subnormal in G.
Then N =<z >¢ is a normal p-subgroup of G.

First we show that » < 2. If » > 3, then H = G1G,...G,_; and
K = G16;...G,_,G, are T-groups, since r is least possible. Hence < z > is
subnormal in H and K. By ([5], p. 239, Th. 7.7.1) we have that <z > is
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subnormal in HK =G. So G = G;G,.

Let g€ G. Write g = g19; with g; € G; and g; € G,.
Since < z > <G,, we have that % =z' with 1 <i<p.
By hypothesis < z,g, > is a T-group, thus < z,g, >, 9 < z,g, >, where
< z,g, >p denotes the Sylow-p-subgroup of < z,g, > .
Therefore z,29 €< z,9; >, and ¢ = 29 = (z')92 = (29) €< 2,95 >p .
It follows that < z,z9 > is p-group, for all g € G. By ([7], p. 195, Th. 4.8)

we have that < z > is subnormal in G. O

This paper follows part of the author’s Doctoral ‘Thesis written under su-
pervision of Professor R.Maier. The author also thanks the Brazilian Research

Council (CNPq) for the scholarship granted.
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