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SOME INVARIANTS OF CONVEX MANIFOLDS

V.D.Sedykh ®

Abstract

A smooth submanifold in the affine space is called convex if it lies
on the boundary of its convex hull. We obtain some topological restric-
tions on the position of the convex manifold in the ambient space. The
homologies of the singular support hyperplanes set of a convex manifold
and Euler number of the tangent elements set of these hyperplanes are
calculated.

Introduction

Consider a C*-smooth closed connected k-dimensional submanifold in n-di-
mensional affine space IR*. A tangent hyperplane to this manifold is called
nonsingular support if it has only one common point with the manifold and
this point is a nondegenerate critical point for every function obtained by the
restriction on the manifold of any nonzero linear function in IR™ which is equal
to 0 on the hyperplane.

In the first section of this paper we consider strictly convex manifolds. A
manifold is called strictly convex if for every its point there is a nonsingular
support hyperplane passing through this point. The homologies of the singular
support hyperplanes set of a strictly convex fna.nifold and Euler number of the
tangent elements set of such hyperplanes are calculated in the nontrivial case
when this manifold does not lie in any hyperplane of IR™ and its codimension
n — k is greater than 1.

In the second section we consider convex manifolds, A manifold is called
convex if it lies on the boundary of its convex hull. Any convex generic manifold

is strictly convex if k=1 or n <7
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In the third section we apply the previous results to obtain numerical re-
lations between different classes of singular support hyperplanes of a convex
generic manifold. These relations imply (see sections 4 and 5) some restrictions

on the position of the convex manifold in the ambient space.

1. Strictly convex manifolds

Let M be a smooth closed connected submanifold in IR™. A tangent hyperplane
to the manifold M is called a support hyperplane of M if the manifold M lies

entirely in one of the two closed semispaces defined by this hyperplane.

Definition 1.1 A support hyperplane 7 of the manifold M is called nonsingular
if:

1. the hyperplane = is tangent to M at only one point P;
2. the point P is a nondegenerate critical point of any composed function
M—R'—R

where the first arrow is the embedding and the second one is a nonzero

linear function in IR™ which is equal to 0 on .

Other support hyperplanes are called singular.

Definition 1.2 The manifold M is called strictly convez if for every point of
M there is a nonsingular support hyperplane passing through this point.
For example, any manifold which lies on a smooth hypersurface in IR™ having

the positive-definite second quadratic form is strictly convex.

Definition 1.3 The manifold M is called volumetric if it does not lie in any
hyperplane of IR".

The set A of all support hyperplanes of the volumetric manifold M is home-
omorphic to the sphere S". The set 3 of singular support hyperplanes of M

is a compact subset of A.
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Theorem 1.4 Let M be a smooth closed connected volumetric strictly convez
k-dimensional submanifold in IR™ where k < n — 1. Then the set & of singular
support hyperplanes of M has the following homologies and Euler number:

Z |, ifk<n-2,

Ho(3,Z) =
ZoZ , fk=n—2

Ho(5,2) & { H"‘"‘_;(M,Z) : iif‘ 10n<zrr:tf121;— 2,
X(E) = x(5") + (=1)"*x(M). @)

The proof will be published in other paper.

Corollary 1.5 If k = n — 2 then the set S has two connected components and
Hn(%2,Z) 2 Ho(M,Z), f0<m<n—2.

The set of all hyperplanes in IR™ which are tangent to a k-dimensional manifold

M at some fixed point is diffeomorphic to the projective space IRP™%-1,

Definition 1.6 The pair (, P) where 7 is a hyperplane in IR™ which is tangent
to M at some point P is called a tangent element to the manifold M.
The set L of all tangent elements to M is a smooth (n — 1)-dimensional

manifold. The mapping
L— M, (r,P)—P
defines a smooth fibration of L over M with a fibre IRP™*-1.
Theorem 1.7 Let M be a smooth closed connected volumetric strictly convex

k-dimensional submanifold in IR™ where k < n — 1. Denote by Q the set of
tangent elements of singular support hyperplanes of M. Then the mapping.

Q— M, (m,P)— P

defines a C°-fibration of Q over M with a fibre S**-2, [n particular, the Euler
number of the set () is calculated by the formula:

x(92) = x(M)x(5"*). (2)
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The proof will be published in other paper.

Corollary 1.8 If k = n—2 then the set Q consists of two connected components

which are homeomorphic to M.
From the formulas (1) and (2) we have

Corollary 1.9 If k < n — 1 then
X(B)X(S™7*) = x(Q) = x(S" " )x(5"*)

for every smooth closed connected volumetric strictly convez k-dimensional sub-

manifold in IR".

2. Convex manifolds

The intersection of all semispaces which contain the manifold M is called its
convez hull. The boundary V of the convex hull of the volumetric manifold M

is homeomorphic to a sphere S™~!.

Remark 2.1 This homeomorphism is defined as follows (see [1]): Let O be some
inside point of the convex hull of the manifold M and S™! be some sphere of

a small radius with a centre at the point O. Consider the projection
p:R*\ 0 — §™!

of the space IR™ without the .point O on the sphere S*~! by means of rays
going out the point O. Then the restriction of p on the set V' defines the
homeomorphism

V— st

Definition 2.2 The manifold M is called convez if it lies on the boundary V
of its convex hull.
If the manifold M is convex then for every its point there is a support

hyperplane passing through this point.
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Remark 2.3 Support hyperplanes do not pass through inside points of the
convex hull of the manifold M. Therefore the mapping

M —R'\0 — S™.

where the first arrow is the embedding and the second one is the projection p
is a smooth embedding for any volumetric convex manifold M.

l In particular, every smooth closed connected volumetric convex submanifold
of the codimension 2 in IR™ 1) is oriented; 2) has the even Euler number; 3)
divides the boundary of its convex hull into two connected components. For
example, such submanifold in IR? is a closed unknoted curve; such submanifold
in IR* is a sphere of the arbitrary genus g.

A strictly convex manifold is obviously convex. The reverse is not, generally
speaking, true.

Equip the space of all smooth embeddings of the manifold M into IR™ by the
fine Whitney C-topology. The submanifolds corresponding to the embeddings
from some open dense set in this space are called generic. Generic manifolds

are volumetric (this fact follows from the Thom transversality theorem).

Theorem 2.4 Any smoath closed connected convez k-dimensional generic sub-

manifold in IR™ where k =1 orn <7 is strictly convez.
The proof will be published in other paper.

3. Relations between singular support hyperplanes

Let us consider a sequence of odd natural numbers

pr<pz<...< pm.

Definition 3.1 A support hyperplane 7 of the k-dimensional manifold M is
called an A, ... A, -plane if

1. the hyperplane = is tangent to M exactly at m points A,,,..., A,, which

are the vertices of a (m — 1)-dimensional simplex;
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2. a germ at the point A,; of any composed function

M —R'—R

where the first arrow is the embedding and the second one is a nonzero linear
function in IR™ which is equal to 0 on 7 and is nonnegative on M is defined by

the formula

Tl cvg ol

in suitable local coordinates ty,...,%; on the manifold M.

The number

is called the degree of a support A,, ... A, -plane.

Remark 3.2 A support hyperplane of the manifold M is nonsingular if and
only if it is an A;-plane. The support A, ... A,, . -planes of the degree d > 1
are singular.

Let M be a generic k-dimensional submanifold in IR™ where k = 1 or n <
7. Then the set A of all support hyperplanes of M consists of the support
Ay, ... Ay,.-planes of the degree d < n (see [7]).

The set A(pi,...,pm) of all support A, ... A, -planes of M is a smooth
submanifold of the codimension d = p; +. ..+ i, in the n-dimensional manifold
of all hyperplanes in IR”. The dividing of the set A into connected components
(strata) of the manifolds A(p,, ... y im) for all possible sequences py, ..., fm is
a minimal Whitney C*-stratification.

Denote by }° the set of singular support hyperplanes of the manifold M
and by (2 the set of the tangent elements of these hyperplanes. Then the above
stratification of the set A induces the finite Whitney C*-stratification of the
sets 3° and  (see [2]).

Let x(p1, ..., pm) be the Euler number of the manifold A(p1, ..., pm). Then
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the Euler numbers of the sets }° and 2 are given by the formulas

x(X2) =d2=?2(—1)"’ (pl,...,E,.)eN(d) Rl s <y Pn) 5
] (3)
@) = T = (pl,...,;E.)éN(d) mx{ptr- 1 bm)

where N(d) is the set of all sequences of odd natural numbers p; < ... < ppn
such that gy + ... + p, = d.

Theorem 3.3 Let M be a'smooth closed connected conver k-dimensional generic

submanifold in IR™ where k <n—1andk=1 orn < 7. Then

< —1)d - n—1 _1\n—k
d§2( 1) (,LI,,E“)EN(d) X(l“l;---yﬂm) X(S ) + ( 1) X(A‘[) )
% —1)nd > mx(p1, .-+ pm) = x(M)x(S™F) .
2 (=1} (b ) € N(d) x(p Bm) = x(M)x(5"*)

(4)
This statement follows from the theorems 1.4,1.7,2.4 and the formulas (3).

Corollary 3.4 Ifk<n—1and k=1 orn <7 then
n
(-1 X X(5™7*) —m| x(p1, -, 1m) = x(S"7)x(S™F)
™ G e ) |

for every smooth closed connected conver k-dimensional generic submanifold in

IR™. In particular, if n and k are odd numbers then

n

—~1)% m—2)x(p1, ..., fm) = 4. 5
d2=:3( ) (m’m’%ﬂ)eN(d)( )x(1 fom) (5)

Remark 3.5 Let M be a smooth closed connected convex (n — 2)-dimensional
_ generic submanifold in IR™ where 3 < n < 7. Then (see corollary 1.5) the set 3

of singular support hyperplanes of M has two connected components ¥;,1 = 1,2

and

x(Z:) =dX=:2(—1)"' (nl,...,%.:,.) . N(d)Xa(#l,---,um) (6)
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where xi(p1, . . ., ftm) is the Euler number of the manifold ¥ NA(p1, ...y ).
On the other hand, the set Q of singular support hyperplanes tangent ele-
ments of M has two connected components which are homeomorphic to M (see
corollary 1.8). Therefore
PINCV . 320 € g™ o) = x00) (1)
and the formulas (6) and (7) imply the equality

x(Z:) = (1/2) [X(M) +dXZ: 3(—1)""’ i %:) . N(d)(2 s m)Xu’(Fh---,ILm)}
gyl i

for every 1 =1,2.
4. The case n=3

Let M be a smooth closed connected convex generic curve in IR®. Then the
relation (5) has the form

C-T=4 ©)
where

C = x(3) is the number of the osculating support planes of the curve M;

T = x(1,1,1) is the number of the support planes of the curve M which are
tangent to M at three distinct points (tritangent support planes).

The relation (9) was obtained by Romero-Fuster [5] who used it in the
proof of the 4-vertex theorem for generic convex curves in Euclidean space IR3.
Namely, if the osculating plane at some point of the curve is the support one
then this point is a vertez (zero-torsion point) of the curve. Therefore the curve
M has at least C vertices where C = T' + 4 > 4.

The 4-vertex theorem is true for nongeneric curves too.

Theorem 4.1 Every C3-smooth closed connected convezr curve in IR® with

nowhere vanishing curvature has at least four vertices.

For the proof see [6].
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Remark 4.2 The set of singular support planes of the curve M has two
connected components 3°; and ¥, (see corollary 1.5). Let C; = xi(3) and
T: = xi(1,1,1) be the numbers of the support osculating planes and the sup-
port tritangent planes, respectively, which belong to the i-th component ¥;.

Then for every i = 1,2 the theorem 1.4 and the formula (8) imply the equality

Ci—T;=2.
5. The case n =4

Let M be a smooth closed connected convex one-dimensional or two-dimensional

generic submanifold in IR*. Then the formulas (4) imply the equalities
E-2C+S8=x(M)+Q

and
T-C=2Q (10)
where

E = x(1,1) is the Euler number of the set A(1,1) of support hyperplanes
which are tangent to the manifold M at two distinct points and are nonsingular
for the germs of M at these points;

T = x(1,1,1) is the number of connected simply-connected components of
the set of support hyperplanes which are tangent to the manifold M at three
distinct points;

C = x(3) is the number of connected simply-connected components of the
set of support hyperplanes being tangent to the manifold M at only one point
and having the third degree of a tangency with a germ of some curve on the
manifold;

Q@ =x(1,1,1,1) is the number of support hyperplanes which are tangent to
the manifold M at four distinct points;

S = x(1,3) is the number of support hyperplanes being tangent to the
manifold M at two distinct points and having at one of these points the third

degree of a tangency with a germ of some curve on the manifold.
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The relation (10) is true for any smooth closed generic submanifold in IR*
(for three-dimensional submanifolds this was proved in [4]). In fact it is a

corollary of the two equalities
204+S5=T+¢, S=2C (11)

which follow from the incidence rules on the graph formed by 0-dimensional
and 1-dimensional strata of the Maxwell set for a generic 3-parameter family of

functions (see [3]).

Theorem 5.1 Let M be a smooth closed connected conver one-dimensional or

two-dimensional generic submanifold in IR*. Then
E=x(M)+Q, T=C+2Q, S=2C.

On the other hand, every connected component of the set A(1,1) is diffeomor-
phic to the open 2-dimensional disk with holes and handles (see theorem1.4).
Therefore

E=D-B-2R
where D is the number of such disks and B is the total number of holes in them

and R is the total number of handles.

Corollary 5.2 For every smooth closed connected conver one-dimensional or

two-dimensional generic submanifold in IR
D =x(M)+Q + B+2R. (12)

For example, if dim M = 1 then x(M) = 0,R = 0 and the relation (12)
has the form D = Q@ + B. If dim M = 2 then M is a sphere of the genus
9,X(M) = 2 — 2g and the relation (12) has the form

D=2-2g+Q+B+2R.

Remark 5.3 If M is a sphere of the genus g then D > 2 since the set 5 of

singular support hyperplanes of M has two connected components ¥;,7 = 1,2
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(see corollary 1.5). The relations (11) are true for every connected component
Y"i- Therefore
T — =10, (13)

where T; = Xi(l) 1; 1)) Ci= Xl(3) and Qi = Xi(li 1,1, 1)
From the formulas (8), (13) and the theorem 1.4 we have

x(XZ:) =x(M)/2=1-g,

H(Z:,2)=260...0 Z(g times)
for every ¢ = 1,2. In particular, if g < 2 then R=0and D =2 — 29 + Q + B.

6. About 4-vertex theorem

The purpose of this work consists in generalizing the 4-vertex theorem (see [5
- 6]) for higher dimensional spaces. We can consider the formula (5) as a first
possible step in this direction.

The vertez of a generic submanifold of codimension higher than 1 in the odd-
dimensional space IR"™ is a point at which this manifold has a support A,-plane.
The formula (5) relates the number x(n) of vertices with other topological
characteristics of the position of the convex manifold in the ambient space.

Observe that we can obtain other corollaries from the theorems 1.4, 1.7, 2.4

and the formulas (3). For instance,

Corollary 6.1 Ifn and k are odd numbers, k <n—1 andk =1 orn < 7 then

3 -1)¢ m—(n+1)/2) x(g1,...,pm) =n+1
dgz( ) (pl,...,%,:,.)eN(d)[ (n+1)/2 x(p1, - - )

Jor every smooth closed connected convez k-dimensional generic submanifold in

IR".

References

[1] A.D. Alexandrov, Intrinsic geometry of convez surfaces, Ob. Gos. Izdat.,
Moscow-Leningrad, (1948).



198 V.D.SEDYKH

[2] V.I. Arnold; S.M. Gusein-Zade; A.N. Varchenko, Singularities of differen-
tiable mappings, 1, Nauka, Moscow, (1982).

[3] V.I. Arnold; V.V. Goryunov; O.V. Lyashko; V.A. Vassiliev, Singularities,
2, Itogi nauki. Sovr. probl. matem. Fundamentalnye napravleniya, 39,

VINITI, Moscow, (1989).

[4] S.A. Robertson; M.C. Romero-Fuster, The convez hull of a hypersurface,
Proc. London Math. Soc., 50 (1985), n® 3, p. 370-384.

[5] M.C. Romero-Fuster, Convezly generic curves in IR?, Geom. Dedicata, 28

(1988), p.7-29.

[6] V.D. Sedykh, The theorem about four vertices of a conver space curve,

Functsional. Anal. i Prilozhen., 26 (1992), n? 1, p.35-41.

[7] V.M. Zakalyukin, Singularities of convez hulls of smooth manifolds, Funct-
sional. Anal. i Prilozhen., 11 (1977), n2 3, p.76-77.

Mathematical Department

Moscow State Technological University
Stankin, Vadkovski per. 3A

Moscow 101472, Russia



