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Holomorphic pre-symplectic form on the

nested Hilbert scheme Hilb3,4(C2)

Rodrigo A. von Flach , Newiton Braga Neto

Abstract

We regard the pre-hyperkähler structure on the moduli space of

framed flags of sheaves F(1, 3, 1) on the projective plane P2 via an

adaptation of the ADHM construction of framed sheaves. Then,

we study and categorize the degenerate points of the holomorphic

pre-symplectic form presented in the moduli space.

1 Introduction

Moduli spaces of flags of sheaves has been playing an important role

since the work of Grojnowski [7] and Nakajima [14]. In 2000, Baranovsky

[1] constructed an action of the Heisenberg algebra in the cohomology of

moduli spaces of sheaves on surfaces giving a higher rank generalization.

A few years later, Bruzzo et al. [2] present flags of sheaves as a tool to

study supersymmetric quantum mechanical model in string theory. Flags

of sheaves also appeared in the work of Chuang et al. [6] in order to give

a string theoretic derivation for the conjecture of Hausel, Letellier and

Rodriguez-Villegas on the cohomology of character varieties with marked
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points. More recently, von Flach and Jardim [11] presented a detailed

account of the ADHM construction of the moduli space of framed flags of

sheaves on the projective plane.

From a geometric point of view, for specific topological invariants, this

moduli space has a holomorphic structure defined as holomorphic pre-

symplectic form. More precisely, let (E,F, ϕ) be triples consisting of a

torsion free sheaf F on P2, a framing ϕ of F at a line `∞ and a subsheaf

E of F such that the quotient F/E is supported away from the framing

line `∞. We denote by F(r, n, l) the moduli space of such triples where

r := rk(E) = rk(F ), n := c2(E), and l := h0(F/E) are fixed invariants.

It was proved in [11] that F(r, n, 1) is an irreducible, nonsingular quasi-

projective variety of dimension 2rn+r+1 by using the same techniques as

in [2, Section 3]. Note also that F(1, n, l) coincides with the nested Hilbert

scheme Hilbn,n+l(C2) of points in C2. We are particularly interested in

the case l = 1 because F(1, n, 1) = Hilbn,n+1(C2), which is known to

be smooth. Furthermore in [11] it is proved that F(1, n, 1) admits the

structure of a holomorphic pre-symplectic manifold, that is, F(1, n, 1) is a

Kähler manifold equipped with a natural closed holomorphic 2-form Ω. In

the simplest possible case, namely n = 1, Ω is generically non-degenerate.

In this paper we study the degenerate points of Ω on F(1, 3, 1) continu-

ing the study initiated in [11][Section 7.3]. These points were there char-

acterized by analyzing the matrices that describe the enhanced ADHM

variety N (1, 2, 1) associated with F(1, 2, 1). In other words, it was proved

in [11] that the moduli space of framed stable representations of the en-

hanced ADHM quiver
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with the relations

α′β′ − β′α′ αβ − βα+ ξη, αφ− φα′, βφ− φβ′,
ηφ, γξ, φγ, γα− α′γ, γβ − β′γ,

(2)

and dimension vector (r, c, c′) is isomorphic to F(r, c−c′, c′). All properties

of the former space are obtained by analyzing the moduli space of stable

quiver representations.

The paper is outlined as follows. In Section 2 we present briefly how

[11] proved that the enhanced ADHM variety N (r, n+ l, l) and the moduli

space of flags of sheaves on R F(r, n, l) are isomporphics. The construction

of holomorphic pre-symplectic structure on N (1, 3, 1) and the study of its

degenerate points was performed in Section 3.

2 Framed flags of sheaves on P2 as enhanced ADHM

varieties

Fix a line `∞ ⊂ P2; recall that a framing of a coherent sheaf F on P2

at the line `∞ is the choice of an isomorphism ϕ : F |`∞ → O⊕r`∞, where

r is the rank of F . A framed flag of sheaves on P2 is a triple (E,F, ϕ)

consisting of a torsion free sheaf F on P2, a framing ϕ of F at the line

`∞, and a subsheaf E of F such that the quotient F/E is supported away

from the framing line `∞. Note that the existence of a framing forces

c1(F ) = 0, while the last condition implies that c1(E) = 0, and that

F/E must be a 0-dimensional sheaf. Thus the triple (E,F, ϕ) has three

numerical invariants: r := rk(E) = rk(F ), n := c2(F ) and l := h0(F/E);

note that c2(E) = n+ l.

It was proved in [11][Theorem 18] that the moduli space of flags of

sheaves F(r, n, l) is isomorphic to the moduli space of stable representa-

tions of the enhanced ADHM quiver N (r, n + l, l), also called enhanced

ADHM variety, defined as follows. Consider the following quiver as the
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enhanced ADHM quiver
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with ideal generated by relations

αβ − βα+ ξη, αφ− φα′, βφ− φβ′, ηφ, α′β′ − β′α′.

Then X = (A,B, I, J,A′, B′, F ) is a representation of the quiver above

such that A, B ∈ End(V ), I ∈ Hom(W,V ), J ∈ Hom(V,W ), A′, B′ ∈
End(V ′) and F ∈ Hom(V ′, V ), see the diagram below,

VV ′ W

A

B

J

A′

B′

F

I

satisfying the equations

[A,B] + IJ = 0, JF = 0,

[A′, B′] = 0, AF − FA′ = 0, BF − FB′ = 0,
(3)

which will be also called enhanced ADHM equations in this work. This

representation is stable if satisfies

(S.1) F ∈ Hom(V ′, V ) is injective;

(S.2) The ADHM data A = (W,V,A,B, I, J) is stable, i.e., there is no

proper subspace 0 ⊂ S ( V preserved by A, B and containing the

image of I.
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This is a reasonable stability condition since it was proved in [11][Lemma

4] that these conditions are equivalent to the Θ-semistability condition

defined by King in [12]. This proof is completely analogous to the proof

given by Bruzzo, et al. in [2][Lemma 3.1]. Then, by using Geometric

Invariant Theory techniques, by analogy with [12] and [2, Section 3.2] one

can construct the moduli space of framed stable representations of the

enhanced ADHM quiver N (r, c, c′), where dim(W ) = r, dim(V ) = c and

dim(V ′) = c′. A detailed construction for this moduli space can be found

in [11][Section 4].

Since it is proved in [11] that F(1, n, l) coincides with the nested Hilbert

scheme Hilbn,n+l(C2) of points in C2, for l = 1 we have F(1, n, 1) =

Hilbn,n+1(C2) which is smooth. Furthermore F(1, n, 1) admits the struc-

ture of a holomorphic pre-symplectic manifold, that is, F(1, n, 1) is a

Kähler manifold equipped with a natural closed holomorphic 2-form Ω

(see [11]).

Considering only the smooth moduli space, i.e.,N (1, c, 1) (see [11][Section

5]), its tangent space is given by the quotient

TXN (1, c, 1) =
ker(d1)

im(d0)
, (4)

where

End(V )
⊕

End(V ′)

d0 //

End(V )⊕
2

⊕
Hom(W,V )

⊕
Hom(V,W )

⊕
End(V ′)⊕

2

⊕
Hom(V ′, V )

d1 //

End(V )
⊕

Hom(V ′, V )⊕
2

⊕
Hom(V ′,W )

⊕
End(V ′)

(5)

is given by

d0(h, h′) = ([h,A], [h,B], hI,−Jh, [h′, A′], [h′, B′], hF − Fh′)
d1(a, b, i, j, a′, b′, f) = ([a,B] + [A, b] + Ij + iJ,Af + aF − Fa′ − fA′,

Bf + bF − Fb′ − fB′, jF + Jf, [a′, B′] + [A′, b′]).
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3 Geometric structures on N (1, 3, 1)

The goal of this section is to study geometric structures on the moduli

space of framed flags of sheaves, motivated by the fact that the moduli

space of framed torsion free sheaves on P2 is known to be a hyperkähler

manifold. We will fix dimension vector (1, 3, 1) in order to study the

degenerate points of the holomorphic pre-symplectic form Ω. The pre-

hyperkähler structure was defined in [11][Section 7] and the construction

of this structure is presented for N (r, c, 1) for the sake of completeness.

Recall that a hyperkähler manifold is a Riemannian manifold (M, g)

equipped with three parallel complex structures (Γ1,Γ2,Γ3) satisfying the

usual quaternionic relations; in addition, each 2-form ωk(·, ·) := g(Γk·, ·)
is a Kähler form for the Kähler manifold (M, g,Γk). One can then de-

fine a symplectic form Ω := ω2 + iω3, which is holomorphic with re-

spect to the complex structure Γ1; the triple (M,Γ1,Ω) is called the holo-

morphic symplectic manifold associated with the hyperkähler manifold

(M, g,Γ1,Γ2,Γ3).

Definition 1. A pre-hyperkähler manifold is a Kähler manifold (M, g,Γ)

equipped with a pair of closed 2-forms (ω1, ω2) satisfying

ω2(·, ·) = ω3(·,Γ·). (6)

Given a pre-hyperkähler manifold (M, g,Γ, ω2, ω3), one can define the

closed 2-form Ω := ω2 + iω3; condition (6) implies that

Ω(·,Γ·) = iΩ(·, ·)

hence Ω is holomorphic with respect to Γ. This observation motivates the

following definition.

Definition 2. A holomorphic pre-symplectic manifold is a triple (M,Γ,Ω)

consisting of a complex manifold (M,Γ) equipped with a holomorphic pre-

symplectic structure Ω.
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The holomorphic pre-symplectic manifold (M,Γ,Ω) decribed in the

paragraph before the previous definition is called the holomorphic

pre-symplectic manifold associated with the pre-hyperkähler manifold

(M, g,Γ, ω2, ω3). Note that Ω is non-degenerate if and only if both ω2

and ω3 are non-degenerate.

It was proved in [11][Section 7.1] that F(1, n, 1) admits the structure of a

pre-hyperkähler manifold; this is done by embedding it into a hyperkähler

manifold.

3.1 The pre-hyperkähler structure on N (1, c, 1)

In this section, one can find the consequences of the fact that the moduli

space N (1, c, 1) is a subvariety of the hyperkähler manifold W(1, c, 1) =

(W(1, c, 1), 〈 , 〉,Γ1,Γ2,Γ3). It was proved in [11][Section 7.1] that this is

true for the general case N (r, c, c′). However, here it is fixed the moduli

space of framed stable representations of the ADHM quiver of numerical

type (1, c, 1), because this is the only case in which the variety is smooth.

First, note that there exists the inclusion map

N (1, c, 1) (W(1, c, 1), 〈 , 〉,Γ1,Γ2,Γ3).ι

Hence, associated with this inclusion, there exists a complex structure

on N (1, c, 1) inherited by the pull-back, ι∗Γ1, and a closed degenerate 2-

form Ω = ι∗ω2 +
√
−1ι∗ω3. Indeed, let (a, b, i, j, a′, b′, f, 0) ∈ N (1, c, 1).

Thus,

ι∗Γ1(a, b, i, j, a′, b′, f, 0) =Γ1(ι∗a, ι∗b, ι∗i, ι∗j, ι∗a
′, ι∗b

′, ι∗f, 0)

=(
√
−1a,

√
−1b,

√
−1i,

√
−1j,

√
−1a′,

√
−1b′,

√
−1f, 0)

is clearly a complex structure on N . Moreover, let

x1 = (a1, b1, i1, j1, a
′
1, b
′
1, f1, 0)

and

x2 = (a2, b2, i2, j2, a
′
2, b
′
2, f2, 0)
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in N . It is easy to check that (N , ι∗〈 , 〉, ι∗Γ1) has a Kähler structure.

The 2-form Ω is given by

Ω(x1, x2) =(ι∗ω2 +
√
−1ι∗ω3)(x1, x2)

=(ω2 +
√
−1ω3)(ι∗x1, ι∗x2)

= tr(−a2b1 + b2a1 − i2j1 + i1j2 − a′2b′1 + b′2a
′
1).

Note that by taking u = (0, 0, 0, 0, 0, 0, f, 0) ∈ TN , ΩX(u, v) ≡ 0 for all

v ∈ TN , i.e., Ω is in fact a degenerate 2-form. Also, it is easy to check

that the 2-forms ι∗ω2 and ι∗ω3 satisfy{
ι∗ω2(u, v) = ι∗ω3(u,Γ1v)

ι∗ω3(u, v) = −ι∗ω2(u,Γ1v)
.

In other words, N (1, c, 1) admits the structure of a pre-hyperkähler man-

ifold.

3.2 Degenerate points of the holomorphic pre-symplectic

form on N (1, 3, 1)

We consider now the case, c = 3 to precisely determine the degeneration

locus of the closed holomorphic 2-form Ω defined above, that is for which

points X ∈ N (1, 3, 1) the linear map

TXN (1, 3, 1) −→ (TXN (1, 3, 1))∗

u 7−→ ΩX(u, ·)

fails to be an isomorphism.

First, we need to prove the following auxiliary Lemma.

Lemma 3. Let X = (W,V, V ′, A,B, I, J,A′, B′, F,G) be a framed stable

representation of the enhanced ADHM quiver of numerical type (1, 3, 1).

Thus, there exists a change of basis for V such that

(i) A =

A
′ 0 0

0 A2 0

0 0 A3

, B =

B
′ 0 0

0 B2 0

0 0 B3

, F =

1

0

0

, if A and B

are diagonalizable;
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(ii) If A or B are not diagonalizable, we have the 3 cases below to ana-

lyze. We will consider B not diagonalizable to fix ideias.

(ii.1) A =

A
′ A12 A13

0 A′ A12

0 0 A

, B =

B
′ 1 0

0 B′ 0

0 0 B3

, F =

1

0

0

;

(ii.2) A =

A
′ A12 A13

0 A′ 0

0 0 A

, B =

B
′ 1 0

0 B′ 1

0 0 B′

, F =

1

0

0

;

(ii.3) A =

A
′ 0 0

0 A2 A23

0 0 A2

, B =

B
′ 0 0

0 B2 1

0 0 B2

, F =

1

0

0

;

The proof of this lemma is analogous to the one of [11][Lemma 26], as

one can check by using equations (3).

We are finally in a position to prove the main result of this section.

Proposition 4. Let N (1, 3, 1) be the moduli space of framed stable repre-

sentations of the enhanced ADHM quiver of numerical type (1, 3, 1). Fix

a framed stable representation X = (A,B, I, J,A′, B′, F ). Then the 2-

form ΩX defined on TXN (1, 3, 1) is non-degenerate if and only if there is

a change of basis for V such that the matrices associated with the endo-

morphisms A and B are diagonalizable or B is not diagonalizable and its

Jordan normal form is given by B =

B
′ 0 0

0 B2 1

0 0 B2

.

Proof. According to Lemma 3, there is a change of basis for V such that

the matrices A, B and F are given by (i), (ii.1), (ii.2), (ii.3) and the proof

consists in verifying if the holomorphic form is non-degenerated for each

case. We will present the analysis only of the case (i). The other cases

are analogous as one can check through tedious computations.

Recall that if r = 1, then the map J ∈ Hom(V,W ) must vanish, since

X is stable (see [14, Proposition 2.8]), and recall that if c′ = 1, then
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[A′, B′] = 0, for all A′, B′ ∈ V ′. Thus, the enhanced ADHM equations

reduce to

[A,B] = 0, AF − FA′ = 0, BF − FB′ = 0.

Suppose that A and B are diagonalizable. Thus, it follows from Lemma

3 (i) that there exists a change of basis for V such that

A =

A
′ 0 0

0 A2 0

0 0 A3

 , B =

B
′ 0 0

0 B2 0

0 0 B3

 , F =

1

0

0

 .
In order for X = (A,B, I, J,A′, B′, F ) to be a stable representation of the

enhanced ADHM quiver, it is easy to check that

I =

 µ

λ

1

 . (7)

Now, consider v ∈ TXN given by v = (a, b, i, j, a′, b′, f). Then, it follows

from (4) that v satisfies

j = 0, [a,B] + [A, b] = 0, fA′ + Fa′ − aF −Af = 0, fB′ + Fb′ − bF −Bf = 0.

Then, denoting

a =

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 , b =

 b11 b12 b13

b21 b22 b23

b31 b32 b33

 , i =

 i1

i2

i3

 , f =

 f1

f2

f3


one gets from the equations above that v = (a, b, i, j, a′, b′, f) ∈ TXN is

such that

a =

 a′ a12 a13

(A−A2)f2 a22 a23

(A−A3)f3 a32 a33

 , b =

 b b12 b13

(B −B2)f2 b22 b23

(B −B3)f3 b32 b33

 ,

i =

 i1

i2

i3

 , f =

 f1

f2

f3


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and satisfies

(A−A2) b12 = a12 (B −B2) (8)

(A−A3) b13 = a13 (B −B3) (9)

(A2 −A3) b23 = a23 (B2 −B3) (10)

(A2 −A3) b32 = a32 (B2 −B3) (11)

Thus, for u1 = (a1, b1, i1, j1, a
′
1, b
′
1, f1) u2 = (a2, b2, i2, j2, a

′
2, b
′
2, f2), such that

a1 =

 a′1 a112 a113

(A−A2) f22 a122 a123

(A−A3) f23 a132 a133


b1 =

 b′1 b112 b113

(B −B2) f22 b122 b123

(B −B3) f23 b132 b133


a2 =

 a′2 a212 a213

(A−A2) f22 a222 a223

(A−A3) f23 a232 a233


b2 =

 b′2 b212 b213

(B −B2) f22 b222 b223

(B −B3) f23 b232 b233


f1 =

 f11

f12

f13

 f2 =

 f21

f22

f23

 ,
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the holomorphic pre-symplectic for ΩX(u1, u2) is given by

ΩX(u1, u2) =tr(−a2b1 + b2a1)− a′2b′1 + b′2a
′
1 (12)

=− 2a′2b
′
1 + 2a′1b

′
2 − a222b122 − a232b123 − a223b132 − a233b133

+ a122b222 + a132b223 + a123b232 + a133b233

+ a212 (−B +B2) f12 + (A−A2) b212f12 + a213 (−B +B3) f13

+ (A−A3) b213f13 + a112 (B −B2) f22 + (−A+A2) b112f22

+ (a113 (B −B3) + (−A+A3) b113)f23

=2a′2b
′
1 + 2a′1b

′
2 − a222b122 − a232b123 − a223b132 − a233b133

+ a122b222 + a132b223 + a123b232 + a133b233

+ b212 (−A+A2) f12 + (A−A2) b212f12 + b213 (−A+A3) f13

+ (A−A3) b213f13 + b112 (A−A2) f22

+ (−A+A2) b112f22 + b113 (A−A3) f23 + (−A+A3) b113f23

=2a′2b
′
1 + 2a′1b

′
2 − a222b122 − a232b123 − a223b132 − a233b133

+ a122b222 + a132 + b223 + a123b232 + a133b233

where in the third equality we used equations (8), (9), (10), (11). Suppose

that ΩX(u1, u2) = 0, for all u2 on the tangent space. In particular, taking

u1 = (a1, b1, i1, j1, 0, 0, f1) such that

a1 =

 0 a112 a113

(A−A2) f22 0 0

(A−A3) f23 0 a133



b1 =

 0 b112 b113

(B −B2) f22 0 0

(B −B3) f23 0 0



f1 =

 f11

f12

f13

 ,

it follows from equation (12) that

ΩX(u1, u2) = a133b233 = 0,
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which means that a133 = 0. Analogously one can check that if ΩX(u1, u2) =

0, for all u2 on the tangent space, u1 = (a1, b1, i1, j1, a
′
1, b
′
1, f1) must be

such that

a1 =

 0 a112 a113

(A−A2) f22 0 0

(A−A3) f23 0 0



b1 =

 0 b112 b113

(B −B2) f22 0 0

(B −B3) f23 0 0



f1 =

 f11

f12

f13

 , a′1 = b′1 = 0.

Denote by [u1] the equivalence class of u1. In order to conclude this case,

we must prove that [u] = [0] i.e., u ∈ Im(d0), where

do : End(V )⊕ End(V ′) −→ X
(h, h′) 7−→ ([h,A], [h,B], hI,−Jh, 0, 0, hF − Fh′)

.

However, by means of tedious computation, one can check that for

H =


x−H12i2−H13i3

i1
H12 H13

f12
y−f12i1

i2
0

f13 0 y−f12i1
i2

 , h =
x− f11i1 −H12i2 −H13i3

i1

d0(H,h) = u1, concluding the proof.
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