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Abstract

The problem of finding the maximum-weight, planar subgraph
of a finite, simple graph with nonnegative real edge weights is well
known in industrial and electrical engineering, systems biology, so-
ciology and finance. As the problem is known to be NP-hard, much
research effort has been devoted over the years to attempt to im-
prove a given approximate solution to the problem by using local
moves applied to a planar embedding of the solution. It has long
been established that any feasible solution to the problem, a max-
imal planar graph, can be transformed into any other (having the
same vertex set) in a finite sequence of local moves based on: (i) edge
substitution and (ii) vertex relocation and it has been conjectured
that moves of only type (i) are sufficient. In this note we settle this
conjecture in the affirmative. We hope this result will be useful in
the design of future approximate methods for the problem, as not
having to consider vertex relocation means significantly less work

has to be done.
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1 Introduction

Many complex systems involve a finite, discrete set of objects and the
relationships between them. In some cases it is natural to think of the
system as a graph, with the objects represented by the vertices of the
graph and the relationships by its edges. It is often useful to visualize the
system via a drawing of the graph in the plane. However, when the system
has a nontrivial number of objects and most (or all) pairs of objects are
related, the corresponding graph drawing is often somewhat complex to
visualize and interpret. What is traditionally done in this situation is to
draw a graph that has all the objects (vertices) but only a strict subset
of the relationships (edges). This has motivated researchers to pose the
question: what is the best balance between relationship information and
clarity of graph drawing? To make the concept of "besT” meaningful,
two assumptions are commonly made: (1) there is at most one relationship
between pair of objects and the relationship is undirected (symmetric) and
(2) there is a nonnegative, real-numbered weight (not necessarily finite)
associated with each given relationship. A relationship is created between
each pair of objects that were previously unrelated, along with a weight
of zero.

The challenge is then to construct a spanning graph drawing (containing
all the vertices) and a subset of the edges with the highest weight (sum of
edge weights) that strikes an acceptable balance between the preservation
of relationship information and graph drawing clarity. One minimalist
approach is to select a subset of the edges in such a way that the graph is
a spanning tree, i.e., there is a unique path between each pair of vertices.
Although spanning trees are easy to visualize, there is often a significant
loss of system relationship information in tree drawing representations
- a major disadvantage. Because the edge weights are assumed to be all
nonnegative, it is usually desirable to draw a graph with the highest weight
(to conserve system information) from among those that are planar i.e.,

can be drawn with all edges intersecting only at the vertices (to promote
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visualization clarity). This induces the following, much-studied problem.
Given a system that satisfies assumptions (1) and (2) above, what is its
planar spanning subgraph representation of highest weight? This problem
is commonly formulated in terms of graph theory and is known as the
maximum-weight planar subgraph problem (MWPSP). The MWPSP has
some important applications: (i) as a subproblem of the plant (facility)
layout problem in industrial engineering, where the vertices represent the
activities of the facility and the edges the adjacencies between them in a
plan of the facility [1] (ii) integrated circuit design — where the vertices
are electrical elements and the edges represent the physical connections
between them [2], and (iii) social system analysis — where the vertices
represent social agents (e.g. individuals, groups or companies) and edges
represent social interaction [3]. Because of the very nature of applications
(i) and (ii), any subgraph considered as a solution must essentially be
planar, however solutions to (iii) need not necessarily be planar — this
property is merely a desirable asset to enhance visualization.

As the MWPSP is known to be strongly NP-hard [4] it should come as
no surprise that reported exact algorithms are capable of solving general
MWPSP instances with only a relatively small number of vertices [1, 5] and
that research has focused mainly on approximate and heuristic methods
and the improvement of the solutions they generate [6]. The present note

proposes new results on solution properties and improvement strategies.

2 The MWPSP problem

The problem introduced in Section 1 can be formally stated as an opti-
mization problem in graph theory. For a fuller treatment of graph theory
beyond the concepts introduced here, the reader is referred to the book of
Bondy and Murty [7]. This note focuses on undirected, connected, simple
graphs of the form G = (V, E) with finite vertex set V and edge set E,
where |V| = n, |E| = m. Furthermore, it assumed that G is nonnega-

tively edge-weighted in the sense that there exists a function w : £ — R™.
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Given such a graph G, the maximum-weight planar subgraph problem
(MWPSP) involves searching the planar spanning subgraphs of G to find
the one with the highest sum of edge weights. Because the edge weights
are all nonnegative, there will always be a solution that is a maximally
planar subgraph of G and from now on we confine the search for MWPSP
solutions to these. It follows from the definition that in any plane embed-
ding of a maximal planar graph G with n > 3 vertices, the boundaries of

all the faces of G are 3-cycles [7].

2.1 Transformational moves

A given feasible solution to an MWPSP instance that is a maximal
planar graph can be transformed into another feasible solution that is also
a maximal planar graph (having the same vertex set) by various simple
local topological moves. One such move is edge substitution, denoted by
T} in [6], where an edge is removed and replaced either by the other
diagonal of the 4-cycle that its removal induces or, if the diagonal is already
present, by a unique, new edge. Another transformational process is vertex
relocation, denoted by T3 in [6], where a vertex of degree 3 (assuming one
exists) is removed (creating a new face) and is located in another face.

It has been proved that any maximal planar graph can be transformed
into any other maximal planar graph with the same vertex set in a finite
sequence of edge substitution and vertex relocation moves [8]. In this note
we extend the result in [8] by proving that only edge substitution moves
are sufficient to bring about the transformation. Having to consider only
edge substitutions (and not vertex relocations) means that the entire graph
transformation can be carried with significantly less work being done.

The edge substitution and vertex relocation moves are now explained
more formally. Let G = (V,E,F) be a maximal planar graph with
vertex set V', edge set F, face set F' and n > 5. The edge substitu-
tion move is divided in two cases, illustrated by Figure 1 and Figure
2. In each figure, the inicial graph is illustrated in (a) and the ob-

tained graph from edge substituition in (b). In the figures, we have
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{a,b,c},{a,b,d} € F and {a,b} € FE is the edge chosen to be sub-
stituted. The first case, when {c,d} ¢ E, is illustrated in Figure 1
where {a, b} is replaced by {c,d} to transform G into the maximal planar
graph G' = (V/,E',F') where V' =V, E' = (E\ {{a,b}}) U {{c,d}},
F' = (F\{{a,b,c},{a,b,d}})U{{a,c,d},{b,c,d}}. In this case the move
involves substituting the edge {a, b}, of the diagonal of a 4-cycle (a, ¢, b, d),
by the other (missing) diagonal, {c,d}.

¢
0
o) 4L\
T
(a) Graph before the edge substitu- (b) Graph after the edge substitu-
tion move. tion move.

Figure 1: The edge substitution process (first case: {c,d} ¢ E).

However, it is possible for both {a, b}, {c,d} to be members of E. The
edge substitution move in this second case ({¢,d} € E), is illustrated
in Figure 2. Suppose faces {a,b,c},{a,b,d}, {c,d,e},{c,d, f} € F. Ei-
ther a,b, e, f are all distinct or one of a,b is coincident with one of e, f.
In either case, the edge substitution move replaces edge {a,b} by the
edge {e, f}. Note that {e, f} ¢ E otherwise a,b,c,d,e, f are vertices of
the (nonplanar) complete bipartite graph connecting a,d,e with b, c, f.
Replacing {a,b} by {e, f}, transforms G into the maximal planar graph
G' = (V',E',F') where V' =V, E' = (E\ {{a,b}}) U{{e, f}}, F/ = (F\
{{a,b,c}{a,b,d} {c,d, e}, {c,d, f}})U{{a, c,d}, {b,c,d} {c e, f},{d,e, f}}.
Note that if {a,b} = {e, f} then n =4 and no transformation is possible.

The vertex relocation move is illustrated in Figure 3, where G is a
maximal planar graph with n > 5, having a vertex u of degree 3 and
distinct faces {a,b,u},{b,c,u}, {a,c,u},{p,q,r} € F. The vertex re-

location move removes u, creating the face {a,b,c} and inserts w into
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ad ad

(a) Graph G before the edge substi- (b) The edge substitution move
tution move. when {c,d} in an edge in G.

Figure 2: The edge substitution process (second case).

the different face {p,q,r} to transform G into the maximal planar graph
G' = (V,E'F') where V! =V, E' = (E\ {{a,u},{b,u},{c,u}}) U
{{p,u}. {q. ut, {r,ut}, F" = (F\ {{a,b,u},{b,c,u}, {a,c,u}, {p.¢;7}}) U
{{a,b,c}, {p, ¢ u}, {q,r,u} {p, m u}}.

a a
q ¢ q ¢
(a) Graph before the vertex relo- (b) Graph after the relocation of ver-
cation move with vertex u in face tex u in face {p,q,r}.

{a,b,c}.

Figure 3: The vertex relocation move.

3 Results and Discussion

The next theorem, due to Foulds and Robinson [8], shows the initial

importance of edge substitution and vertex relocation.

Theorem 1. [8] If G and G’ are maximal planar graphs with at least five
vertices having the same vertex set, there exists a finite sequence of edge

substitution and vertex relocation moves that transforms G into G'.



A note on the maximum weight planar subgraph problem 153

It was conjectured in [8] that the sequence of moves described in Theo-
rem 1 could always be revised to consist of only edge substitution moves.
One of our main results is to establish this as a simple corollary to Theo-
rem 2 below. In order to state the theorem we need the following notation.
Let GG be a maximal planar graph with n > 5. If an edge substitution move
is applied to edge e € E, the transformed graph is denoted by a(G,e). If
a vertex relocation move is applied to vertex u € V, which is of degree
3 and is relocated in face f € F, the transformed graph is denoted by
B(G.u, f).

Theorem 2. Let G be a maximal planar graph with n > 5, having at
least one vertex of degree 3. Let uw € V' be a vertex of degree 3 and f € F.
If G' = B(G,u, f) then there exists a finite sequence of edge substitution

moves that transforms G into G'.

Proof. Let a,b,c € V be the (only) three vertices adjacent to u. Con-
sider f = {a,b,u} € F. By Proposition 10.9 in [7] the dual graph of
G is connected. Thus, there exists a finite, positive integer s such that
f=fo, f1,..., fs = f' such that f; and f; 11 € F are adjacent in the sense
that they have an edge of F in common, for ¢ = 0,...,s — 1. We can
assume that v is not a vertex of f, otherwise G = G’. Furthermore, we
assume that u is not a vertex of fs_1 (otherwise set f’ = fs_1). Since u
is not a vertex of fs_1, which, by assumption is adjacent to fs = f’, we
have fs—1 = {a,b,d} € F for some d € V. Since {a,b,c} ¢ F, it is clear
that d # ¢ and {u,d} ¢ E. Let G" = B(G,u, fs—1) = (V,E", F"), say,
G1 = a(G,{a,b}) = (V, Eq, F1), say, and G2 = a(G1, {c,u}) = (V, Eq, F»),
say. We shall prove that G” = G5. First, note that Go is well defined
since {a,b,c} ¢ F, and thus {u,c} € E;. Since {u,d} ¢ E it follows
that £y = (EU{{u,d}}) \ {{a,b}} and F} = (F U {{a,d,u},{b,d,u}})\
{{a,b,u},{a,b,d}}. Clearly, {a,b} ¢ E; but {a,c,u},{b,c,u} € Fi.
Therefore By = (Ey U {{a, b} \ {{e,u}} = (B U {{u,d}}) \ {{e,u}} =
E" and Fy, = (F1 U {{a,b,c},{a,b,u}}) \ {{a,c,u},{b,c,u}} = (F U
{H{a,d,u},{b,d,u},{a,b,c}})\ {{a,b,d},{a,c,u},{b,c,u}} = F". The re-
sult follows by induction. O



154 D. Castonguay, E. Silva Dias and L. Richard Foulds

The following corollary follows easily from Theorems 1 and 2 and shows

that edge substitution moves are sufficient.

Corollary 3. If G and G' are mazimal planar graphs of at least five
vertices having the same vertex set, then there exists a finite sequence of

edge substitution moves that transforms G into G'.

As has been previously stated, simple local topological moves are often
used to improve a feasible solution to an MWPSP instance [6]. Corollary 3
is an important aid in limiting the scope of such a strategy. Suppose graph
G say, is a given feasible solution to an MWPSP instance and graph G’
say, is an optimal solution. Corollary 3 implies that there is always a way
to transform G into G’ using only a finite sequence of edge substitutions.
Thus, only moves of edge substitutions need be considered in the quest to
transform a given feasible solution into an optimal one when applying only
local topological moves. Not having to consider vertex relocations usually

reduces the amount of work required to effect the graph transformation.
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