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Abstract

The family of graphs Hℓ,p has been defined in the context of edge

partitions. The established properties such as vertex transitivity and

low diameter suggest this family as a good topology for the design

of interconnection networks. The vertices of the graph Hℓ,p are the

ℓ-tuples with values between 0 and p− 1, such that the sum of the ℓ

values is a multiple of p, and there is an edge between two vertices, if

the two corresponding tuples have two pairs of entries whose values

differ by one unit or p − 1. As the diameter of the graph Hℓ,p is

Θ(ℓ · p), then any algorithm to construct a diametral path between

two vertices needs Ω(ℓ · p) steps, however in this work we show an

algorithm that finds the distance between a pair of vertices of the

graph Hℓ,p in Θ(ℓ·log p), which is the input size in bits, and therefore

our algorithm has optimal asymptotic complexity.
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1 Introduction

In this work, we are motivated by the design and analysis of static

networks. Static networks can be modeled using tools from Graph Theory.

A graph represents an interconnection network, where the processors are

the vertices and the communication links between processors are the edges

connecting the vertices. There are several parameters of interest to specify

a network: low degree, low diameter, and the distribution of the node

disjoint paths between a pair of vertices in the graph. The degree relates

to the port capacity of the processors and hence to the hardware cost

of the network. The maximum communication delay between a pair of

processors in a network is measured by the diameter of the graph. Thus,

the diameter is a measure of the running cost. The number of parallel

paths between a pair of nodes is limited by the degree of the underlying

graph, the knowledge of this distribution is helpful in the evaluation of the

fault-tolerance of the network [4, 9]. Cayley graphs are connected vertex-

transitive graphs that provide two challenging and extensively studied

problems: obtain a Hamiltonian cycle and determine a graph diameter [8].

Cayley graphs are regular, in some cases have logarithmic diameter, and

can be used to design interconnection networks [9, 8, 5]. In [6], Ribeiro,

Figueiredo and Kowada showed that not only the graphs Hℓ,p are Cayley

graphs but also are Hamiltonian. Some families of Cayley graphs are:

The multidimensional torus graph Tn
k , the hypercube graph Hn, and the

graphs H ′
ℓ,p [7] obtained by the removal of some elements of the generating

set of the graphs Hℓ,p. The hypercube graph is considered a particular

case of the torus, that is, Hn = T 2
n and the hypercube graph is isomorphic

to the graph H ′
n+1,2.

This paper is organized as follows: In Section 2, the definition of Cayley

graphs is introduced to explain the concept of abstract groups, which are

described by a generating set and we define the graph Hℓ,p. In Section 3,

our goal is to propose an algorithm with linear complexity of the input

size in bits Θ(ℓ · log p) that finds the distance between a pair of vertices of
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the graph Hℓ,p, although the diameter of Hℓ,p is Θ(ℓ · p).

2 The Cayley Graph Hℓ,p

In this section we define some terms that are used in Section 3. Let

(G,+) be a group and C ⊆ G be a generating set of G such that any

element of G can be obtained from elements of C by a finite number of

applications of the operation +. A directed graph Γ = (V,E) is a Cayley

graph for a group (G,+) with a generating set C, if there is a bijection

mapping each x ∈ V to an element gx ∈ G, such that xy is a directed edge

of E if and only if there exists c ∈ C such that gy = c+ gx.

If the identity element ι /∈ C, then there are no loops in Γ, and Γ satisfies

the identity free property. If g ∈ G then there is a unique g′ ∈ G such that

g+g′ = ι, denote g′ by −g and in this case we define gx−gy = gx+(−gy).
If c ∈ C implies −c ∈ C, then for every edge from g to g + c, there is also

an edge from g + c to (g + c) + (−c) = g, and Γ satisfies the symmetry

condition. A Cayley graph that satisfies both the identity free property

and the symmetry condition is an undirected graph.

For each ℓ ≥ 3 and p ≥ 3, Holyer [3] defines a graph Hℓ,p = (Vℓ,p, Eℓ,p)

where

Vℓ,p = {x = (x1, ..., xℓ), with xk ∈ Zp and
ℓ∑

k=1

xk ≡p 0},

Eℓ,p = {xy : there are distinct i, j such that yk ≡p xk for k ̸= i, j

and yi ≡p xi + 1, yj ≡p xj − 1}.
The vertices ofHℓ,p are the elements of a finite group (Vℓ,p,+), where the

operation + is such that x+ y = (x1, . . . , xℓ)+ (y1, . . . , yℓ) = (x1+ y1, . . . ,

xℓ + yℓ), where xk + yk is the operation in (Zp,+), for x, y ∈ Vℓ,p and

the element (0, 0, . . . , 0, 0) ∈ Vℓ,p is the identity vertex ι. The graphs Hℓ,p

considered in this paper are undirected Cayley graphs associated to the

group (Vℓ,p,+) with generating set Cℓ,p [6], defined as the set of ℓ-tuples

ei,j = (c1, . . . , cℓ) such that, for i, j ∈ {1, . . . ℓ} with i ̸= j, we have that

ck = 1 when k = i, ck = p− 1 when k = j, and otherwise ck = 0.
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Figure 1: A drawing of H3,4, where the 16 vertices are highlighted. This

graph is not a planar graph because it is regular of degree 6, but the

drawing presented is a representation on the torus without crossings of

edges.

3 Distance between a pair of vertices in the graph

Hℓ,p

The distance d(u, v) between the vertices u and v in a graph is the

number of edges in a shortest path connecting them. For sake of simplicity,

the distance between the vertices x and ι is denoted by d(x).

Cayley graphs are vertex-transitive [4], that is, given two vertices z, w

in a Cayley graph G, there is some automorphism π : V (G)→ V (G) such

that π(z) = w. Therefore, the problem of finding the distance between

two vertices u, v ∈ Vℓ,p can be reduced to finding the distance between

a vertex x ∈ Vℓ,p and the identity vertex ι, thus d(u, v) = d(x). In fact,

given two vertices z, v ∈ Vℓ,p, there is an automorphism π : Vℓ,p → Vℓ,p

such that π(z) = z − v, for each z ∈ Vℓ,p. In particular, π(u) = u− v and

π(v) = ι. Thus, we have that d(u, v) = d(x), where x = u− v.

In Lemma 3.1, denote by Sk(x) =
k∑

u=1
xu for 1 ≤ k ≤ ℓ, and by s =

ℓ∑
u=1

xu. Denote by x′ the permutation of the components of x such that
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the components in x′ are in ascending order, i.e., x′k ⩽ x′k+1.

Lemma 3.1. [7] The distance from a vertex x ∈ Vℓ,p to the identity vertex

ι is d(x) = Sb(x
′), where b = ℓ− s

p .

Note that to compute the distance d(x) in Lemma 3.1 we can sort the

components of a vertex x. Using Radix Sort algorithm it is possible to

sort the components of a vertex x with Θ(ℓ · log2 p) operations, because

to sort each of the Θ(log p) digits it is necessary to compute the ℓ · log p
bits from the list.

We want to compute the distance between any two vertices with a better

complexity, without sorting the ℓ components. For this, we can apply the

Select algorithm in Section 9.3 of book [2], which is used to find the bth

smallest element in an input arrangement with distinct elements in linear

order of the input size.

By Lemma 3.1 we can calculate the distance between any two vertices

u, v ∈ Vℓ,p by mapping u into x = u− v and then calculating the distance

d(x), as shown in Algorithm 3.1.
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Algorithm 3.1: Distance d(u, v)

Input : ℓ, p, u ∈ Vℓ,p, v ∈ Vℓ,p

Output: d(u, v)

1 begin

2 for k = 1 to ℓ do

3 xk ← (uk − vk) mod p

4 s←
ℓ∑

k=1

xk

5 b← ℓ− s/p

6 x′b ← Select(x, b)

7 c← 0, d← 0

8 for k = 1 to ℓ do

9 if xk < x′b then

10 d← d+ xk and c← c+ 1

11 d← d+ (b− c) · x′b
12 return (d)

Theorem 3.2. Algorithm 3.1 calculates the distance d(u, v) of any two

vertices u, v ∈ Vℓ,p in time Θ(ℓ · log p).

Proof. The algorithm Distance d(u, v) is described as follows: at first, in

lines 2 and 3, we map a vertex u into a suitable vertex x to calculate the

distance from x to ι, as this distance is the distance from u to v by the

vertex-transitivity of the graph Hℓ,p. The map can be computed in Θ(ℓ ·
log p) bits. Now, we sum the ℓ components of the vertex x (line 4), we find

b = ℓ− s
p (line 5) and we calculate x′b by the Select algorithm (line 6) , which

also runs in Θ(ℓ · log p) bits. Although our input may contain repeated

elements, we can use a modification in the Select algorithm considering as

pivot of the partition the first element equal to the median of the medians,

thus the Select algorithm in Algorithm 3.1 determines the element that is

in position b, denoted by x′b, where all its predecessors are less or equal to

x′b and all its successors are greater than x′b. In the next step, we sum the
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components that are smaller than x′b denoted by d and count the number

of sums c. Finally, we ensure that b components are entered by adding

the value x′b until we have b components and we return the distance d,

which is also done in Θ(ℓ · log p). Note that, we have that d =
b∑

k=1

xk, so

by Lemma 3.1, d is the distance d(x) and by the vertex-transitivity of the

graph Hℓ,p we have that d(x) = d(u, v), so d = d(u, v) and the algorithm

Distance runs in linear order on the input size, i.e., Θ(ℓ · log p), therefore
an optimal asymptotic complexity.

It is important to note that finding the distance between two vertices in

Θ(ℓ · log p) is tight, especially when analyzing the solution of the diameter

problem for the graph Hℓ,p.

As the graph Hℓ,p has pℓ−1 vertices, Castonguay, Ribeiro, Figueiredo

and Kowada[1] highlighted some special vertices to study the diameter of

the graph Hℓ,p and obtained an upper bound for this diameter to be
⌊
ℓ·p
4

⌋
.

The diameter can be found by the greatest value of the distance from each

special vertex to the identity vertex ι. For the sake of completeness, we

rewrite the results presented in [1, Lemma 11] as D(Hℓ,p) = maxt{(ℓ− t) ·⌊ t·p
ℓ

⌋
}, for 0 ≤ t < ℓ.

Note that a lower bound for the diameter of Hℓ,p is found when t =
⌊
ℓ
2

⌋
,

thus the solution of the diameter problem for the graph Hℓ,p is Θ(ℓ·p). So,
any algorithm that finds a path between two vertices needs Ω(ℓ · p) steps,
which are the vertices in the path that are displayed by the algorithm.

However, Algorithm 3.1 finds the distance between any two vertices u and

v of the graph Hℓ,p in Θ(ℓ · log p), which is the input size in bits, and

therefore has optimal asymptotic complexity.

4 Conclusion

Several authors observed that Cayley graphs provide a useful and unified

framework for the design of interconnection networks for parallel comput-

ers. For the family of graphs Hℓ,p, we propose an algorithm that finds the
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distance between any two vertices with linear complexity on the input size

Θ(ℓ · log p), whereas the diameter is Θ(ℓ · p). This established property

makes the Cayley graph Hℓ,p a good scheme of interconnection networks.
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