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Abstract

For a connected graph G, we denote by D(G) the distance ma-

trix of G and, by T (G), the transmission matrix of G, the diagonal

matrix of the row sums of D(G). Matrices DL(G) = T (G)−D(G)

and DQ(G) = T (G)+D(G) are called distance Laplacian and dis-

tance signless Laplacian of G, respectively. In this work we discuss

M -integrality for some special classes of graphs, where M = DL(G)

or M = DQ(G). In particular, we consider the complete split graphs,

multiple complete split-like graphs, extended complete split-like

graphs and multiple extended complete split-like graphs.

1 Introduction

Let G = (V,E) be a simple graph on n vertices and A(G) be the

adjacency matrix of G. For a connected graph G, we denote by D(G) the

distance matrix of G, and by T (G), the transmission matrix of G, the

diagonal matrix of the row sums of D(G). Matrices DL(G) = T (G)−D(G)

and DQ(G) = T (G)+D(G) are called distance Laplacian and distance
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signless Laplacian of G, respectively. These matrices were introduced in

[1] and have been studied in some articles [4, 12].

Among the aspects investigated in Spectral Graph Theory, one important

problem is to characterize graphs for which all eigenvalues considering

a matrix associated to a graph, are integers. Since 1974, when Harary

and Schwenk [6] posed the question Which graphs have integral spectra?,

the search for graphs G whose eigenvalues associated with the adjacency

matrix are integer numbers has been considered [7]. In 2001 Balalińska

et al [2] also published a survey of results on integral graphs. The same

kind of problem has been addressed by considering the eigenvalues of other

matrices, as the Laplacians for the adjacency matrix [5, 8] and recently

this problem has been addressed to the distance matrix [10]. Also, some

applications of this problem has been made in chemistry [11].

In a general way, if M is a real symmetric matrix associated to a graph

G, we denote by PM (G, x) the characteristic polynomial of M(G) and by

SpM (G) its spectrum. We will use exponents to exhibit the multiplicity of

the eigenvalues. A graph G is called M -integral when all eigenvalues of M

are integer numbers.

The aim of this work is to investigate DL- and DQ-integrality for some

special classes of graphs. In particular, we consider the classes of com-

plete split graphs, multiple complete split-like graphs, extended complete

split-like graphs and multiple extended complete split-like The article is

structured as follows: Section 2 is dedicated to discuss conditions to make

some graphs DL- or DQ-integral. We also prove that for all connected

graphs with diameter 2, the Laplacian integral graphs and the distance

Laplacian integral graphs are the same and determine the DQ-characteristic

polynomial of special graphs. In Section 3 we present the unique star and

wheel that are DQ-integral. Futhermore, we construct infinite families of

graphs that are DQ-integral.
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2 Results on DL-integral and DQ-integral graphs

In what follows, G denotes a graph with n vertices and G its complement.

The diameter of a connected graph G is denoted by diam(G). As usual,

Kn and Kn−e are, respectively, the complete graph and the complete

graph minus an edge. Let G1 and G2 be disjoint graphs. We denote the

Cartesian product of these graphs by G1 × G2, the union by G1∪G2 and

the join by G1∨G2.

We remember now some classes of graphs, that were defined in [7] and

will be considered in this work:

Definition 2.1. For a, b, n ∈ N, we have the following classes of graphs:

complete split graph, CSa
b
∼= Ka∨Kb; multiple complete split-like graph,

MCSa
b,n

∼= Ka∨(nKb); extended complete split-like graph , ECSa
b
∼= Ka∨

(Kb×K2), multiple extended complete split-like graph ,MECSa
b,n

∼= Ka∨
(n(Kb×K2)).

The next lemma will be useful to obtain the characteristic polynomials

of some graphs:

Lemma 2.2. [3] Let M be a square matrix of order n that can be written

in blocks as

M =


M1,1 M1,2 . . . M1,k

M2,1 M2,2 . . . M2,k

...
...

...

Mk,1 Mk,2 . . . Mk,k

 ,

where Mi,j, 1 ≤ i, j ≤ k, is a ni×mj matrix such that its lines have

constant sum equal to cij. Let M = [cij ]k×k.Then, the eigenvalues of M

are also eigenvalues of M .

Theorem 2.3. [1] The following results hold:

� Sp(DL(Kn)) =
(
n(n−1), 0

)
and Sp(DQ(Kn)) =

(
2n−2, (n−2)(n−1)

)
.



DL-integral and DQ-integral graphs 61

� If G is k-transmission regular then PDL(G, x) = (−1)nPD(G, k−x) and

PDQ(G, x) = PD(G, x−k);

� Sp(DL(Kn−e)) =
(
n+2, n(n−2), 0

)
;

� Sp(DQ(Kn−e)) =
(
3n−2±

√
n2−4n+20
2 , (n−2)(n−2)

)
.

As a consequence of the last theorem, we can enunciate some preliminary

results:

Corollary 2.4. The following results are valid:

� G ∼= Kn is DL-integral and DQ-integral;

� If G is transmission regular then G is DL-integral if and only if DQ-

integral if and only if G is D-integral;

� G ∼= Kn−e is DL-integral and it is DQ-integral if and only if n = 5.

Proof. The first statements follow immediately from Theorem 2.3. To

prove the last statement it suffices to see that n2−4n+20 is a perfect

square if and only if there is y ∈ N such that (n−2)2+16 = y2. It is easy

to check that the unique possible solutions for (n−2+y)(n−2−y) = −16

are n = 2, y = 4 and n = 5, y = 5. Since the graph should be connected,

the result holds. ■

In view of the following theorem, we can enunciate a equivalence between

the set of connected graphs with diameter lower than or equal to 2 that are

L-integral and DL-integral, reobtaining that Kn and Kn−e are DL-integral.

Theorem 2.5. [1] Let G be a connected graph on n vertices with diam(G) ≤
2. Let µ1 ≥ . . . ≥ µn−1 > µn = 0 be the Laplacian spectrum of G. Then the

distance Laplacian spectrum of G is 2n−µn−1 ≥ . . . ≥ 2n−µ1 > ∂L
n = 0.

Corollary 2.6. Let G be a connected graph on n vertices and diam(G) ≤ 2.

The graph G is DL-integral if and only if G is L-integral.

Since any graph presented in Definition 2.1 has diameter 2, and they

are Laplacian integral ([9], Theorem 2.1), we can enunciate:
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Theorem 2.7. CSa
b ,MCSa

b,n, ECSa
b and MECSa

b,n are DL-integral.

As all graphs discussed here have diameter 2, we focus the discussion from

now just on the distance signless Laplacian matrix. Moreover, henceforth,

1j and 0j are the vectors of order j with all elements equal to 1 and 0,

respectively. By 0j, k and Jj,k we denote the j×k all zeros and the all ones

matrices. For the j×j all ones matrix we just write Jj .
In the following results, we determine the DQ-characteristic polynomials

for graphs G1∨G2 and G1∨(G2∪G3), where Gi is ri-regular, for i = 1,

2 and 3. In each case we provide necessary and sufficient conditions for

DQ-integrality in these classes of graphs.

Theorem 2.8. For i = 1, 2, let Gi be a ri-regular graph on ni vertices.

Then, the characteristic polynomial of the matrix DQ(G1∨G2) is equal to

PA(G1)(−x+(2(n1−2)+n2−r1))PA(G2)(−x+(2(n2−2)+n1−r2))

(x−(2(n1−2)+n2−2r1))(x−(2(n2−2)+n1−2r2))
f(x),

where

f(x) = x2+x(−5(n1+n2)+2(r1+r2)+8)+4(n2
1+n2

2)+8(r1+r2−n1r2−n2r1)

−20(n1+n2)−2(n1r1+n2r2)+16n1n2+4r1r2+16. (1)

Proof. For i = 1, 2, let Gi be a ri-regular graph on ni vertices. Then, the

matrix DQ(G) can be written as[
(2(n1−2)+n2−r1)In1−A(G1)+2Jn1 Jn1,n2

Jn2,n1 (2(n2−2)+n1−r2)In2−A(G2)+2Jn2

]
.

It follows that, if v1 ∈ Rn1 is such that A(G1)v1 = λv1v1 e v1⊥1n1 , then

the vector u1 =
[
v1 0

]T
∈ Rn1+n2 satisfies DQ(G)u1 = (2(n1−2)+n2−

r1−λv1)u1. Thus, 2(n1−2)+n2−r1−λv1 is an eigenvalue of DL(G).

Analogously, let v2 ∈ Rn2 such that A(G2)v2 = λv2v2 and v2⊥1n2 ,

we conclude that u2 =
[
0 v2

]T
∈ Rn1+n2 is an eigenvector of DQ(G),

corresponding to the eigenvalue 2(n2−2)+n1−r2−λv2 . Moreover, from
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Lemma 2.2, the eigenvalues of the matrix

MQ =

[
4(n1−1)+n2−2r1 n2

n1 4(n2−1)+n1−2r2

]
,

that are the roots of f(x) presented in (1), are also eigenvalues of DQ(G).

■

Corollary 2.9. For i = 1, 2, let Gi be a ri-regular graph on ni vertices.

Then, the graph G1∨G2 is DQ-integral if and only if G1 and G2 are A-

integral and (3(n1−n2)−2(r1−r2))
2+4n1n2 is a perfect square.

Theorem 2.10. For i = 1, 2, 3 let Gi be a ri-regular graph on ni vertices.

Then, the characteristic polynomial of the matrix DQ(G1∨(G2∪G3)) is

equal to

PA(G1)(−x+(2(n1−2)+n2+n3−r1))PA(G2)(−x+(n1+2(n2−2)+2n3−r2))

(x−(2(n1−2)+n2+n3−2r1))(x−(n1+2(n2−2)+2n3−2r2))
×

PA(G3)(−x+(n1+2n2+2(n3−2)−r2))

(x−(n1+2n2+2(n3−2)−2r3))
g(x),

where g(x) is the characteristic polynomial of the matrix4(n1−1)+n2+n3−2r1 n2 n3

n1 n1+4(n2−1)+2n3−2r2 2n3

n1 2n2 n1+2n2+4(n3−1)−2r3

 .

(2)

Proof. Let G = G1∨(G2∪G3). Then, DQ(G) can be written as

 C1 Jn1,n2 Jn1,n3

Jn2,n1 C2 2Jn2,n3

Jn3,n1 2Jn3,n2 C3

 ,


C1 = (2n1−r1+n2+n3−4)In1−A(G1)+2Jn1 ;

C2 = (n1+2n2+2n3−r2−4)In2−A(G2)+2Jn2 ;

C3 = (n1+2n2+2n3−r3−4)In3−A(G3)+2Jn3 .

We note that if v1 ∈ Rn1 is such that A(G1)v1 = λv1v1 and v1⊥1n1 , then

the vector u1 =
[
v1 0

]
∈ Rn1+n2+n3 satisfies DQ(G)u1 = (2n1+n2+n3−

r1−4−λv1)u1. So, 2n1+n2+n3−r1−4−λv1 is an eigenvalue of DQ(G).
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Analogously, choosing v2 ∈ Rn2 and v3 ∈ Rn3 such that A(G2)v2 = λv2v2,

with v2⊥1n2 , and A(G3)v3 = λv3v3, with v3⊥1n3 , we conclude that u2 =[
0 v2 0

]T
∈ Rn1+n2+n3 and u3 =

[
0 0 v3

]T
∈ Rn1+n2+n3 are eigenvectors

of DQ(G), associated to the eigenvalues 2n2+n1+2n3−r2−4−λv2 and

2n3+n1+2n2−r3−4−λv3 , respectively. Moreover, from Lemma 2.2, the

eigenvalues of the matrix presented in (2) are also eigenvalues ofDQ(G). ■

Corollary 2.11. For i = 1, 2, 3 let Gi be a ri-regular graph on ni vertices.

The graph G1∨(G2∪G3), is DQ-integral if and only if the graphs G1, G2

and G3 are A-integral and the eigenvalues of matrix presented in (2) are

integer numbers.

3 Infinite families of DQ-integral graphs

In this section we build many infinity families of DQ-integral graphs. We

also determine the unique wheel and the unique star that are DQ-integral,

as immediate corollaries of precedent results.

Corollary 3.1. Let n ∈ N, n ≥ 4. The wheel graph Wn
∼= Cn−1∨K1 is

DQ- integral if and only if n = 5, where Cn−1 denotes the cycle on n−1

vertices.

Proof. It is already well know that the graph Cn−1 is A-integral if and

only if n = 4, 5 or 7. So, using Corollary 2.9, we just have to check that

among these values, just n = 5 makes 9n2−56n+96 a perfect square. ■

Proposition 3.2. The complete bipartite graph Ka,b
∼= Ka∨Kb is DQ-

integral if and only if 9(a−b)2+4ab is a perfect square.

Corollary 3.3. Let j ∈ N. Ka,b is DQ-integral if a = b or if a = j2+5j+4
2

and b = j2+3j
2 .

Corollary 3.4. The star Sn is DQ- integral if and only if n = 2.

Proof. As Sn
∼= K1∨Kn−1, it follows that the graph is DQ-integral if and

only if 9n2−32n+32 is a perfect square, what happens if and only if there
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is x ∈ N such that 9n2−32n+32 = x2. This equation can be rewritten as

(6x+18n−32)(6x−18n+32) = 27. As the sum of the terms in the left of

the equation is equal to 12x, it remains to analyze the possibilities x = 3 e

x = 2. Thus, we conclude that the only possible solution is n = 2. ■

Proposition 3.5. CSa
b
∼= Ka∨Kb is DQ-integral if and only if (3a+b+

2)2−8a(b+3) is a perfect square.

Corollary 3.6. Let j ∈ N. CSa
b is DQ-integral if one of the following

conditions is satisfied: a = 1 and b = j; a = j and b = 2j−1; a = j+2 and

b = 2j; a = 2j−1 and b = 9j−6; a = 2j and b = 9j−6.

Proposition 3.7. MCSa
b,n

∼= Ka∨(nKb) is DQ-integral if and only if

(3a+2b+3bn−2)2−8bn(4a+3(b−1)) is a perfect square.

Corollary 3.8. Let j ∈ N. MCSa
b,n is DQ-integral if one of the following

conditions is satisfied: n = 2, a = 3j+2 and b = 2j+1; n = 3, a = 2j+3

and b = j+1; a = (n−1)j+1 and b = j, for all n ∈ N.

Proposition 3.9. ECSa
b
∼= Ka∨(Kb×K2) is DQ-integral if and only if

(3a+4b)2−40ab is a perfect square.

Corollary 3.10. Let j ∈ N. ECSa
b is DQ-integral if one of the following

conditions is satisfied: a = b; a = 3j and b = j or b = 2j; a = 7j and

b = 9j; a = 16j and b = 7j or b = 9j; a = 2j+1 and b = 5j2+7j+2
2 .

Proposition 3.11. MECSa
b,n is DQ-integral if and only if (3a+2b+6bn)2−

16bn(4a+3b) is a perfect square.

Corollary 3.12. Let j ∈ N. MCSa
b,n is DQ-integral if one of the following

conditions is satisfied: n = 2 and a = 8j, b = j; n = 3 and a = 3j, b = j

or a = 8j, b = j or a = 5j, b = 2j; a = (2n−1)j and b = j; a = (5n−2)j

and b = j; a = (4n−1)j and b = 2j; a = (7n−2)j and b = 5j.

Proposition 3.13. G ∼= Kn1∨(Kn2∪Kn3) is DQ-integral if and only if

n2
1+16n2n3 is a perfect square.
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Remark 3.14. It follows from the last proposition that if G ∼= Kn1∨
(Kn2∪Kn3) is DQ-integral then it is also Kcn1∨(Kcn2∪Kcn3), for all c ∈ N.
Actually, we can proceed analogously idea to get DQ-integral graphs for

the classes of the extended complete split-like graphs and multiple extended

complete split-like graphs.

Corollary 3.15. Let j, p ∈ N. G ∼= Kn1∨(Kn2∪Kn3) is DQ-integral if

one of the following conditions is satisfied: n1 = n2 = 2 and n3 = j2+3j+2
2 ;

n1 = n2 = 2j+2 and n3 = j+1; n1 = j, n2 = p and n3 = 4p−j, for

j ≤ 4p−1.

We finalize by pointing out that, although for graphs of diameter 2

it could be established an equivalence between the classes of Laplacian

integral graphs and distance Laplacian integral graphs (Theorem 2.7), we

can not claim the same considering signless Laplacian and distance signless

Laplacian matrices:

� Sp
(
DQ(CS3

2)
)
=

(
9, 4, 3(3)

)
and Sp

(
Q(CS3

2)
)
=

(
7±

√
33

2 , 3, 2(2)
)
.

� Sp
(
DQ(CS4

4)
)
=

(
18, 8(4), 6(3)

)
and Sp

(
Q(CS4

4)
)
=

(
12, 6(3), 4(3), 2

)
.

� Sp
(
DQ(CS6

3)
)
=

(
33±

√
241

2 , 11(5), 7(2)
)
and Sp

(
Q(CS6

3)
)
=

(
12, 7(2), 3(5), 1

)
.
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