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D’-integral and D%-integral graphs

C. M. da Silva Jr. M. A. A. de Freitas
R. R. Del-Vecchio

Abstract

For a connected graph G, we denote by D(G) the distance ma-
trix of G and, by T(G), the transmission matrix of G, the diagonal
matrix of the row sums of D(G). Matrices DF(G) = T(G)—D(G)
and D?(G) = T(G)+D(G) are called distance Laplacian and dis-
tance signless Laplacian of G, respectively. In this work we discuss
M-integrality for some special classes of graphs, where M = DY (G)
or M = D?(G). In particular, we consider the complete split graphs,
multiple complete split-like graphs, extended complete split-like
graphs and multiple extended complete split-like graphs.

1 Introduction

Let G = (V,E) be a simple graph on n vertices and A(G) be the
adjacency matrix of G. For a connected graph G, we denote by D(G) the
distance matrix of G, and by T'(G), the transmission matrix of G, the
diagonal matrix of the row sums of D(G). Matrices D*(G) = T(G)—D(G)
and D?(G) = T(G)+D(G) are called distance Laplacian and distance
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signless Laplacian of G, respectively. These matrices were introduced in
[1] and have been studied in some articles [4, 12].

Among the aspects investigated in Spectral Graph Theory, one important
problem is to characterize graphs for which all eigenvalues considering
a matrix associated to a graph, are integers. Since 1974, when Harary
and Schwenk [6] posed the question Which graphs have integral spectra?,
the search for graphs G whose eigenvalues associated with the adjacency
matrix are integer numbers has been considered [7]. In 2001 Balalinska
et al [2] also published a survey of results on integral graphs. The same
kind of problem has been addressed by considering the eigenvalues of other
matrices, as the Laplacians for the adjacency matrix [5, 8] and recently
this problem has been addressed to the distance matrix [10]. Also, some
applications of this problem has been made in chemistry [11].

In a general way, if M is a real symmetric matrix associated to a graph
G, we denote by Py(G, x) the characteristic polynomial of M (G) and by
Spu(G) its spectrum. We will use exponents to exhibit the multiplicity of
the eigenvalues. A graph G is called M-integral when all eigenvalues of M
are integer numbers.

The aim of this work is to investigate D~ and D@-integrality for some
special classes of graphs. In particular, we consider the classes of com-
plete split graphs, multiple complete split-like graphs, extended complete
split-like graphs and multiple extended complete split-like The article is
structured as follows: Section 2 is dedicated to discuss conditions to make
some graphs DY~ or D@-integral. We also prove that for all connected
graphs with diameter 2, the Laplacian integral graphs and the distance
Laplacian integral graphs are the same and determine the D?-characteristic
polynomial of special graphs. In Section 3 we present the unique star and
wheel that are D@-integral. Futhermore, we construct infinite families of

graphs that are D%-integral.
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2 Results on D*-integral and D%-integral graphs

In what follows, G’ denotes a graph with n vertices and G its complement.
The diameter of a connected graph G is denoted by diam(G). As usual,
K, and K, —e are, respectively, the complete graph and the complete
graph minus an edge. Let G; and G2 be disjoint graphs. We denote the
Cartesian product of these graphs by G; x (G2, the union by G;UG2 and
the join by G1VGa.

We remember now some classes of graphs, that were defined in [7] and

will be considered in this work:

Definition 2.1. For a, b, n € N, we have the following classes of graphs:
complete split graph, CSy = K,V Ky; multiple complete split-like graph,
MCSsy, = KoV (nKy); extended complete split-like graph , ECS; = K,V
(Kpx K3), multiple extended complete split-like graph s MECSy, = K,V
(n(Kpx K3)).

The next lemma will be useful to obtain the characteristic polynomials

of some graphs:

Lemma 2.2. [3] Let M be a square matriz of order n that can be written

in blocks as

Mg My ... My
Moy Mags ... My

M1 Myo ... My

where M;;, 1 < 4,5 < k, is a n; xm; matriz such that its lines have
constant sum equal to c;j. Let M = [¢ijlkxk-Then, the eigenvalues of M

are also eigenvalues of M.
Theorem 2.3. [1] The following results hold:

o Sp(DX(K,)) = (n™D,0) and Sp(D9(K,)) = (2n—2, (n—2)""1).
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o If G is k-transmission regular then Ppr(G,z) = (—1)"Pp(G,k—=x) and
PDQ(G7$) = PD(Gv J}—k);

° Sp(DL(Kn—e)) = (n+2,n("_2),0) ;

o Sp(D(K,—e)) = (LR, (n_g)(n-2).
As a consequence of the last theorem, we can enunciate some preliminary

results:
Corollary 2.4. The following results are valid:
e G = K, is D-integral and D@ -integral;

o If G is transmission reqular then G is DY -integral if and only if D®-
integral if and only if G is D-integral;

e G = K, —e is D -integral and it is D%-integral if and only if n = 5.

Proof. The first statements follow immediately from Theorem 2.3. To
prove the last statement it suffices to see that n?—4n+20 is a perfect
square if and only if there is y € N such that (n—2)2416 = 2. It is easy
to check that the unique possible solutions for (n—24y)(n—2—y) = —16
aren =2,y =4 and n = 5,y = 5. Since the graph should be connected,
the result holds. |

In view of the following theorem, we can enunciate a equivalence between
the set of connected graphs with diameter lower than or equal to 2 that are

L-integral and D%-integral, reobtaining that K,, and K, —e are D -integral.

Theorem 2.5. [1] Let G be a connected graph on n vertices with diam(G) <
2. Let 1 > ... > pn—1 > iy, = 0 be the Laplacian spectrum of G. Then the
distance Laplacian spectrum of G is 2n—pp—1 > ... > 2n—puy > 8{; =0.

Corollary 2.6. Let G be a connected graph on n vertices and diam(G) < 2.
The graph G is DY -integral if and only if G is L-integral.

Since any graph presented in Definition 2.1 has diameter 2, and they

are Laplacian integral ([9], Theorem 2.1), we can enunciate:
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Theorem 2.7. C'S;, MCS}

b,n’

ECS} and MECSY, are DL -integral.

As all graphs discussed here have diameter 2, we focus the discussion from
now just on the distance signless Laplacian matrix. Moreover, henceforth,
1; and 0; are the vectors of order j with all elements equal to 1 and 0,
respectively. By 0; x and J;, we denote the jxk all zeros and the all ones
matrices. For the jxj all ones matrix we just write J;.

In the following results, we determine the D?-characteristic polynomials
for graphs G1 VG2 and G1V(G2UG3), where G; is ry-regular, for i = 1,
2 and 3. In each case we provide necessary and sufficient conditions for

D%-integrality in these classes of graphs.

Theorem 2.8. Fori = 1, 2, let G; be a r;-reqular graph on n; vertices.

Then, the characteristic polynomial of the matriz D(G4 VG2) is equal to

PA(G1)(—JI+(2(H1—2)+n2—Tl))PA(Gz)(—IL’—I-(Q(nQ—2)+Tl1 —7'2))
(x—(2(n1—2)+n2—2r1))(z—(2(ne—2)+n1 —2r2))

(),

where

f(z) = 2?2 +2(=5(n1+n2) +2(r1 4+72) +8) +4(n? +n2) +8(r1 +r2—n17m9 —nory)
—20(n1+n2)—2(n1r1+ngre)+16n1n9+4r119+16. (1)

Proof. For i = 1, 2, let G; be a r;-regular graph on n; vertices. Then, the

matrix D?(G) can be written as

(2(n1_2)+n2_rl)ln1_A(G1)+2Jn1 Jm,nz
JHQ,nl (2(n2_2)+n1_r2)ﬂn2_A(G2)+2°]]n2

It follows that, if v; € R™ is such that A(G1)vy = Ay, v1 € v1.11,,, then

the vector u; = {vl O}T € R™+72 gatisfies D9(G)uy = (2(ng—2)+ng—

71—y Ju1. Thus, 2(ny —2)+ng—7r1— Ay, is an eigenvalue of DX(G).
Analogously, let va € R™ such that A(G2)va = Ay,v2 and vall,,,

T
we conclude that ug = [O U2:| € RM+72 is an eigenvector of D?(G),

corresponding to the eigenvalue 2(ng—2)+mn; —re—M\,,. Moreover, from
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Lemma 2.2, the eigenvalues of the matrix

4(711—1)+Tl2—27’1 n9

M =
@ n1 4(7@—1)—!—711—27“2

that are the roots of f(x) presented in (1), are also eigenvalues of D?(G).
[ |

Corollary 2.9. Fori = 1, 2, let G; be a r;-reqular graph on n; vertices.
Then, the graph G1V Gy is D9-integral if and only if Gi1 and Go are A-
integral and (3(ny—ng)—2(r1—r2))2+4niny is a perfect square.

Theorem 2.10. Fori = 1, 2, 3 let G; be a r;i-reqular graph on n; vertices.
Then, the characteristic polynomial of the matriz DP(G1V(GoUG3)) is

equal to

PA(Gl)(*ﬂZJr(Q(’I’Ll*2)+n2+n3*’Fﬂ)PA(GQ)(*IE%(nl +2(n272)+2n37r2)) v
(x—(2(n1—2)+no+n3—2r1))(x—(n1+2(ny—2)+2n3—2r2))

PA(Gg)(—$+(n1+2n2+2(n3—2)—?”2)) ( )
(z—(n1+2n2+2(ng—2)—2r3))

where g(x) is the characteristic polynomial of the matrix

)

4(n1—1)—|—n2+n3—27“1 no ns
n n1+4(n2—1)+2n3—2r2 2n3
ni 2n2 ni +2n2 +4(n3 - 1) *27‘3

(2)

Proof. Let G = G1V(G2UG3). Then, D?(G) can be written as

Cr Jnyms Jnyms C1 = (2n—ri+n2+nz—4)L,, —A(G1)+2]n,;
Jng,nl CQ 2e]]n2,n3 3 C2 (m —|—2n2+2n3 T2—4) A(G2>+2Jn2,
Inzny 2Ingme - O C3 = (n1+2n2+2n3—r3—4)L,, — A(G3)+2],,.

We note that if v; € R™ is such that A(G1)vy = Ay, v1 and v; 11,,, then
the vector u; = {vl O} € RmHn2tns gatisfies D?(G)uy = (201 +na+nz—
r1—4—Ay, )u1. So, 2ny+ng+n3—r;—4—X\,, is an eigenvalue of DR(@).
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Analogously, choosing vo € R and v3 € R™ such that A(G2)va = Ay, v2,
with vaL1,,, and A(G3)vs = A\yv3, with v3L1,,, we conclude that uy =
[0 V9 O}T € RM+n2t1s and yg = [0 0 vg}T € R™M 2113 are eigenvectors
of D9 (@), associated to the eigenvalues 2ny+n1+2n3—7r9—4—\,, and
2ng+ni+2ng—r3—4—\,,, respectively. Moreover, from Lemma 2.2, the

eigenvalues of the matrix presented in (2) are also eigenvalues of D?(G). M

Corollary 2.11. Fori = 1, 2, 3 let G; be a r;-regular graph on n; vertices.
The graph G1V (G2UGS3), is D@-integral if and only if the graphs Gy, Go
and Gs are A-integral and the eigenvalues of matriz presented in (2) are

integer numbers.

3 Infinite families of D%integral graphs

In this section we build many infinity families of D?-integral graphs. We
also determine the unique wheel and the unique star that are D@-integral,

as immediate corollaries of precedent results.

Corollary 3.1. Let n € N, n > 4. The wheel graph W, =2 C,_1V K1 is
DR integral if and only if n = 5, where C,_1 denotes the cycle on n—1

vertices.

Proof. 1t is already well know that the graph C,_; is A-integral if and
only if n = 4,5 or 7. So, using Corollary 2.9, we just have to check that

among these values, just n = 5 makes 9n?—56n496 a perfect square. W

Proposition 3.2. The complete bipartite graph K, = K VK, is D9-
integral if and only if 9(a—0b)?+4ab is a perfect square.

Corollary 3.3. Let j € N. K, is DR -integral if a =b or if a = ﬁ#
and b = 72%33

Corollary 3.4. The star S, is D9- integral if and only if n = 2.

Proof. As S, 2 K1VK,_1, it follows that the graph is D®-integral if and
only if 9n?—32n+32 is a perfect square, what happens if and only if there
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is € N such that 9n?—32n+32 = z2. This equation can be rewritten as
(62+18n—32)(6x—18n+32) = 27. As the sum of the terms in the left of
the equation is equal to 12z, it remains to analyze the possibilities z = 3 e

x = 2. Thus, we conclude that the only possible solution is n = 2. |

Proposition 3.5. CS¢ = K,V K, is D?-integral if and only if (3a+b+
2)2—8a(b+3) is a perfect square.

Corollary 3.6. Let j € N. CS}y is DR -integral if one of the following
conditions is satisfied: a =1 andb=j;a=j andb=2j—1; a = j+2 and
b=2j;a=2j—1 and b=9j—6; a =25 and b = 9j—6.

Proposition 3.7. MCSy, = K,V (nKy) is D?-integral if and only if
(3a+2b+3bn—2)%2—8bn(4a+3(b—1)) is a perfect square.

Corollary 3.8. Let j € N. MCSgn is DY -integral if one of the following
conditions is satisfied: n =2, a =3j+2 and b=2j+1;n =3, a =25+3
and b= j+1;a=(n—1)j+1 and b = j, for all n € N.

Proposition 3.9. ECS{ = K,V(K,xK>) is DR -integral if and only if
(3a-+4b)2—40ab is a perfect square.

Corollary 3.10. Let j € N. ECS} is DR -integral if one of the following
conditions is satisfied: a = b; a = 3j and b= j orb = 2j; a = 7§ and
b=9j; a=16j andb="7j or b=9j; a = 2j+1 and b = 2HTI+2,

Proposition 3.11. MEC’S{}m is D@ -integral if and only if (3a+2b+6bn)>—
16bn(4a+3b) is a perfect square.

Corollary 3.12. Let j € N. MC’Sgn is DQ-integral if one of the following
conditions s satisfied: n =2 anda=8j,b=j;n=3 anda=3j, b=
ora=8j,b=7jora=>5jb=2j;a=2n-1)j and b= j; a = (5n—2)j
and b= j; a= (4n—1)j and b = 2j; a = (Tn—2)j and b = 5j.

Proposition 3.13. G = K, V(K,,UK,,) is D®-integral if and only if

n%+16n2n3 s a perfect square.
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Remark 3.14. It follows from the last proposition that if G = K,V
(Kny,UKy,) is DO integral then it is also Koy V(Keny UK epy), for all c € N.
Actually, we can proceed analogously idea to get D-integral graphs for
the classes of the extended complete split-like graphs and multiple extended
complete split-like graphs.

Corollary 3.15. Let j,p € N. G = K, V(K,,UK,,) is D?-integral if

; " ; ; ey — e — _ 24342,
one of the following conditions is satisfied: ny = ny = 2 and ng = =51,
ny =ng = 2j+2 and ng = j+1; n1 = j, ng = p and ng = 4p—j, for

J <d4dp—1.

We finalize by pointing out that, although for graphs of diameter 2
it could be established an equivalence between the classes of Laplacian
integral graphs and distance Laplacian integral graphs (Theorem 2.7), we
can not claim the same considering signless Laplacian and distance signless

Laplacian matrices:

o Sp (DY (CSY))

(9,4,39) and Sp (Q(CSF)) = (T42,3,2)) .

o Sp (D9 (CSY)) = (18,8W,6()) and Sp (Q(CSY)) = (12,6®),43),2) .

o Sp(DAACSE) = (BHE,110,7)) and Sp (Q(CSF)) = (12,72),30),1) .
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