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Abstract

The domination number v(G), the independent domination num-
ber (@), the connected domination number ~.(G), and the paired
domination number +,(G) of a graph G (without isolated vertices,
if necessary) are related by the simple inequalities v(G) < (G),
Y(G) < 7(G), and y(G) < 7,(G). Very little is known about
the graphs that satisfy one of these inequalities with equality. I.E.
Zverovich and V.E. Zverovich studied classes of graphs defined by
requiring equality in one of the first two above inequalities for all
induced subgraphs (without isolated vertices, if necessary). In this
article we prove hardness results which suggest that the extremal
graphs for some of the above inequalities do not have a simple struc-
ture.
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1 Introduction

We consider finite, simple, and undirected graphs and use standard
terminology and notation. Let D be a set of vertices of some graph G. The
set D is a dominating set of G if every vertex of G that does not belong to
D, has a neighbour in D. The set D is an independent dominating set of G
if it is a dominating and an independent set of G. The set D is a connected
dominating set of G if it is dominating and the graph G[D] is connected.
Finally, the set D is a paired dominating set of G if it is dominating
and the graph G[D] has a perfect matching. The domination number
~v(@Q), the independent domination number o(G), the connected domination
number v.(G), and the paired domination number v,(G) ([HS95], [McC13])
of G are the minimum cardinalities of a dominating, an independence
dominating, a connected dominating and a paired dominating set of G,

respectively. These definitions immediately imply:

1(G) < U(G) (1)
V(G) £ 7(G) (2)
(G) <(G) (3)

for every graph G where the parameters are well defined.

Very little is known about the extremal graphs for these inequalities. It
is usual to work with a less complex class. In that sense, V.E. Zverovich
and L.E. Zverovich [Z2Z95], L.E. Zverovich [Zve03], and J.D. Alvarado et
al. [ADRI15], studied classes of graphs defined by requiring equality in (1),
(2), or (3), respectively, for all induced subgraphs (where the parameters
are well defined). Their results are characterizations of these classes in

terms of their minimal forbidden induced subgraphs.

In this work, we prove hardness results which suggest that the extremal
graphs for some of the above inequalities do most likely not have a simple

description.
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2 Hardness Results

In this section we state and prove our results. For a positive integer n,

let [n] be the set of positive integers at most n.

Theorem 1. For a given graph G, it is NP-hard to decide whether v(G) =
U@G).

Proof. We describe a reduction from 3-CNF-SAT. Therefore, let f be a
3-CNF-SAT instance with clauses C,..., C, over the boolean variables
x1, ..., Ln. We construct a graph G whose order is polynomially bounded
in terms of n and m such that f is satisfiable if only if 7(G) = +(G).

For every variable z;, we create a copy G(z;) of the graph shown the

Figure 1 and denote its vertices as indicated in the figure.
L x;

Yi 2

Figure 1: Graph G(z;) created for the variable x;.

For every clause Cj with literals x,, zs and z;, we create a vertex C; and
the three edges Cjx,, Cjxs and Cjzy. This completes the construction of
G. Clearly the order of G is 4n+m. Since {z; : i € [n]}U{T; :i € [n]} isa
dominating set of G, we have 7(G) < 2n. Since every dominating set of G
contains at least two vertices from each G(x;), because of the pendant ver-
tices, we have v(G) = 2n and «(G) > 2n. Furthermore, if «(G) = 2n, then
G has a minimum independent dominating set D, that contains exactly
two non-adjacent vertices from each G(z;). Note that this implies that
D, NV(G(x;)) € {{zi,zi}, {Ti,vi}, {vi, zi}}. Therefore, if (G) = 7(G) =
2n, then the intersection of a minimum independent dominating set with

the graph G(z;) indicates a satisfying truth assignment for f. Conversely,
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if f is satisfiable, we consider a satisfying truth assignment for f. Now
{z; : 7 € [n] and x; is set to true} U {T; : i € [n] and z; is set to false}U
{yi : i € [n] and z; is set to false}U{z; : i € [n] and z; is set to true} is an
independent dominating set of G of order 2n, which implies ¢«(G) = v(G).
This completes the proof. |

For the benefit of the reader, we present in Figure 2 an example of the
graph G, associated with a particular instance f, of the proof of Theorem

1. This example also illustrates in a similar way the following proofs.

Figure 2: Graph G associated with the instance f = (21 V Z2 V z3) A (22 V
Z3Vag) N (x1VasVaey), where C; = (21 VT2 V), Cy = (22 VZ3Vay) and
C3 = (1 V3V xy). The black vertices represent a minimum independent

dominating set of G, corresponding to a satisfying truth assignment of f.

Theorem 2. For a given graph G, it is NP-hard to decide whether v(G) =
7e(G).

Proof. We describe a reduction from 3-CNF-SAT. Therefore let f be a
3-CNF-SAT instance with clauses C4,..., G, over the boolean variables
Z1,...,Tn. We construct a graph G whose order is polynomially bounded

in terms of n and m such that f is satisfiable if only if v(G) = ~.(G).

For every variable z;, we create a copy G(z;) of a graph shown in Figure

3 and denote its vertices as indicated in the figure.
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Figure 3: Graph G(z;) created for the variable x;.

For every clause C; with literals z,, x5 and x;, we create a copy G(Cj)
of K3 and denote one of its two vertices by u;. Furthermore, we create the
three edges wjx,, u;xzs and u;x;. Finally, for each i € [n — 1], we create
the edge y;y:+1. This completes the construction of G. Clearly, the order
of G is bn+2m. Since {z; : i € [n]} U{y; : i € [n]} U{u; : j € [m]} is
a dominating set of G, we have v(G) < 2n + m. Since every dominating
set of G contains at least two vertices of G(z;) and at least one vertex
of G(C}), we have v(G) = 2n +m and 7.(G) > 2n + m. Furthermore, if
Y¢(G) = 2n+m, then G has a minimum connected dominating set D, that
contains exactly two vertices from each G(z;) and exactly one vertex from
each G(C}). Note that this implies that D.NV (G (z;)) € {{zs, i}, {Ti, vi} }
and D.NV(G(Cj)) = {u;}. Therefore, if 7.(G) = v(G) = 2n + m, then
the intersection of a minimum connected dominating set with the graphs
G(x;) indicates a satisfying truth assignment for f. Conversely, if f is
satisfiable, we consider a satisfying truth assignment for f. Now, {z; : i €
[n] and a; is set to true} U {Z; : i € [n] and x; is set to false} U {y; : i €
[n]} U{u; : j € [m]} is a connected dominating set of G of order 2n + m,

which implies 7.(G) = v(G). This completes the proof. [

Theorem 3. For a given graph G, it is NP-hard to decide whether v(G) =
W(G)-

Proof. We describe a reduction from 3-CNF-SAT. Therefore let f be a
3-CNF-SAT instance with clauses C4,..., G, over the boolean variables
x1, ..., Ln. We construct a graph G whose order is polynomially bounded

in terms of n and m such that f is satisfiable if only if v(G) = v,(G).
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For every variable xz;, we create a copy G(z;) of a graph shown in Figure
3 and denote its vertices as indicated in the figure. For every clause Cj
with literals z,, x5 and x;, we created a copy G(C}) of the graph shown

in Figure 4 and denote its vertices as indicated in the figure.

Figure 4: Graph G(C}) created for the clause Cj.

Furthermore, we create the three edges wjx,, ujrs and wjr;. This com-
pletes the construction of G. Clearly, the order of G is 5n + 5m. Since
{ziien)}U{y;ien]fu{a;:je[m]}U{c:je[m]}isadominat-
ing set of G, we have 7(G) < 2n + 2m. Since every dominating set of G
contains at least two vertices of G(z;) and at least two vertices of G(Cj),
we have v(G) = 2n + 2m and v,(G) > 2n + 2m. Furthermore, if 7,(G) =
2n + 2m, then G has a minimum paired dominating set D,, that contains
exactly two vertices from each G(x;) and exactly two vertices from each
G(Cj). Note that this implies that D, NV (G(x;)) € {{zi, i}, {Ts, vi}}
and D, N V(G(Cj)) = {bj,cj}. Therefore, if v,(G) = v(G) = 2n + 2m,
then the intersection of a minimum paired dominating set with the graphs
G(z;) indicates a satisfying truth assignment for f. Conversely, if f is sat-
isfiable, we consider a satisfying truth assignment for f. Now, {z; : i €
[n] and z; is set to true} U{Z; : ¢ € [n] and x; is set to false} U {y; : i €
[n]}U{b; : j € [m]}U{cj : j € [m]} is a paired dominating set of G of order
2n + 2m, which implies 7,(G) = «(G). This completes the proof. [
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3 Conclusion

This work suggests that the extremal graphs for the inequalities 7(G) <
L(G), Y(G) < 7.(G), and v(G) < v,(G) will not have a simple description.
It seems interesting to study the complexity of (v, 2)-extremal graphs,
that is, the graphs (without isolated vertices) that satisfy the inequality
7(G) < 29(G) with equality ([BC79], [CDHS80], [HS95], [Hen00]).

References

[ADR15] José D. Alvarado, Simone Dantas, and Dieter Rautenbach, Per-
fectly relating the domination, total domination, and paired domina-
tion numbers of a graph, Discrete Math. 338 (2015), no. 8, 1424-1431.
MR 3336112

[BC79] B. Bollobas and E. J. Cockayne, Graph-theoretic parameters con-
cerning domination, independence, and irredundance, J. Graph The-

ory 3 (1979), no. 3, 241-249. MR 542545

[CDHS80] E. J. Cockayne, R. M. Dawes, and S. T. Hedetniemi, Total dom-
ination in graphs, Networks 10 (1980), no. 3, 211-219. MR 584887

[Hen00] Michael A. Henning, Graphs with large total domination number,
J. Graph Theory 35 (2000), no. 1, 21-45. MR 1775793

[HS95] Teresa W. Haynes and Peter J. Slater, Paired-domination and the
paired-domatic number, Proceedings of the Twentysixth Southeast-
ern International Conference on Combinatorics, Graph Theory and
Computing (Boca Raton, FL, 1995), vol. 109, 1995, pp. 65-72. MR,
1369295

[McC13] J. P. McCoy, Paired-domination in graphs, Ph.D. thesis, Univer-
sity of Johannesburg, 2013, PhD thesis.

[Zve03] Igor Edmundovich Zverovich, Perfect connected-dominant graphs,
Discuss. Math. Graph Theory 23 (2003), no. 1, 159-162. MR 1987568


https://www.sciencedirect.com/science/article/pii/S0012365X1500117X?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0012365X1500117X?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0012365X1500117X?via%3Dihub
https://mathscinet.ams.org/mathscinet-getitem?mr=3336112
https://onlinelibrary.wiley.com/doi/10.1002/jgt.3190030306
https://onlinelibrary.wiley.com/doi/10.1002/jgt.3190030306
https://mathscinet.ams.org/mathscinet-getitem?mr=542545
https://onlinelibrary.wiley.com/doi/10.1002/net.3230100304
https://onlinelibrary.wiley.com/doi/10.1002/net.3230100304
https://mathscinet.ams.org/mathscinet-getitem?mr=584887
https://onlinelibrary.wiley.com/doi/10.1002/1097-0118(200009)35:1%3C21::AID-JGT3%3E3.0.CO;2-F
https://mathscinet.ams.org/mathscinet-getitem?mr=1775793
https://mathscinet.ams.org/mathscinet-getitem?mr=1369295
https://mathscinet.ams.org/mathscinet-getitem?mr=1369295
https://www.dmgt.uz.zgora.pl/publish/bbl_view_short.php?ID=-12956
https://mathscinet.ams.org/mathscinet-getitem?mr=1987568

J. D. Alvarado, S. Dantas and D. Rautenbach

[2795] Igor E. Zverovich and Vadim E. Zverovich, An induced subgraph
characterization of domination perfect graphs, J. Graph Theory 20

(1995), no. 3, 375-395. MR 1355436

José D. Alvarado
Inst. de Matematica e Estatistica
Univ. Federal Fluminense, Brazil

josealvarado.mat17@gmail.com

Dieter Rautenbach
Inst. of Optim. and Operation Research
Ulm University, Germany

dieter.rautenbach@uni-ulm.de

Simone Dantas
Inst. de Matematica e Estatistica
Univ. Federal Fluminense, Brazil

sdantas@im.uff.br


https://onlinelibrary.wiley.com/doi/10.1002/jgt.3190200313
https://onlinelibrary.wiley.com/doi/10.1002/jgt.3190200313
https://mathscinet.ams.org/mathscinet-getitem?mr=1355436

	Introduction
	Hardness Results
	Conclusion

