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On the study of Existence of solutions
for a class of equations with critical
Sobolev exponent on compact

Riemannian Manifold

Carlos Rodrigues da Silva

Abstract
We study the existence of solutions for a class of non-linear dif-
ferential equation with critical Sobolev’s exponent on the compact
riemannian manifold (M™,g), n > 6. We show that the equation
(1)

Au + a(z)u = flz)u® ™' + h(z)ul, (1)
where 0 < ¢ < 1, has solution u > 0, if a, f,h € C* satisfies
some growth condition. The equation (1) were studied by [5] in the
euclidean case (for 0 < ¢ < 2* — 1) and by [7] in the Riemannian
context (for 1 < ¢ < 2* —1).

1 Introduction

The study of the theory of nonlinear differential equations on Rieman-

nian manifolds, has began in 1960 with the so-called Yamabe problem. At
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a time when little was known about the methods of attacking a non-linear
equation, the Yamabe problem came to light of a geometric idea and from
time sealed a merger of the areas of geometry and differential equations.
Let (M, g) be a compact riemannian manifold of dimension n, n > 3.

4/(n=2) g some conformal metrical to the metric g, is well

Given g =u
known that the scalar curvatures R and R of the metrics g and g,
respectively, satisfy the law ofztransformation )
n— n—2 ~ o«
Au + mRu = mRu2 !
where A denote the Laplacian operator associated to g.

In 1960, Yamabe [16] announced that for every compact Riemannian
manifold (M, g) there exist a metric § conformal to g for which R is
constant. In another words, this mean that for every compact riemannian
manifold (M, g) there exist ue€ C*®°(M), u>0on M and A €R such
that

Au + 4(:221)Ru = L (Y)

In 1968, Tridinger [15] found an error in the work of Yamabe, which
generated a race to solve what became known as the Yamabe problem,
today it is completely positively resolved, that is, the assertion of Yamabe
is true.

The main step towards the resolution of the Yamabe problem was given
in 1976 by Aubin in his classic article [1]. In [1] Aubin showed that the
statement was true since the manifold satisfy a condition on an invariant
(called Yamabe invariant). Then he used tests functions, locally defined,
to show that non locally conformal flat manifolds, of dimension n > 6,
satisfying this condition. Finally, the problem was completely solved by
R. Schoen [13].

Several disturbances were considered in the Yamabe Problem, all of
analytical characters, both in the sense of equation (with the addition of
other factors) and in the sense of the operator (the Laplacian changed

for the p-Laplacian), and all (at least those listed in this study) using the
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idea of estimating the corresponding functional by functions wuy, defined
by Aubin. We can cite some articles, such as [2], [3], [6], [7], [8] and [12] .

This work aims to study with problems related to the equation (Y'), al-
though, as we shall see, with different methods from those used by Yam-
abe, these results were obtained in [14]. The equation (1) was studied
simultaneously by Djadli [7] (in the Riemannian context), where he con-
sidered the case 1 < ¢ < 2* —1, and by Gongalves and Alves [5] (in the
Euclidean context), where they considered the case 0 < ¢ <2*—1. In
both cases, they have used the Aubin’s functions to perform a condition
that, like [1], was needed to be imposed. Here we use the methods of [7]
and [5] to study the case 0 < ¢ < 1, in the riemannian setting.

The Main Theorem is

Theorem 1.1. Let (M, g) be a compact n—dimensional riemannian man-
ifold with n > 6. Then the equation Au + a(z)u = f(z)u®> ! +
h(z)ul, where 0 < ¢ < 1, admits a regular positive solution wu, if

(h1), (h2) and (hs), holds.

The conditions (h1), (he) and (hsz) will be presented and discussed in

the next section.

2 The equation and the conditions

Let (M,g) be a compact n—dimensional riemannian manifold, where

n > 3. Consider the equation (1)
Au + a(z)u = f(z)u® ' + h(z)ul,

where 0 < ¢q < 1.
Suppose that a(z) is such that there is A > 0 satisfying

1
2/M(!VUF + au®)dv > )\||u||§{12 Y u € H

Jur IVul2+au?)dv

Let A\, = %inf
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Remark 1: In the sequence we will use the notations (hi), (ha) and (hs)
to designate three different hipotheses.
The first one, (hy), refers to the function a(x):

(hl) Ao > 0.

In order to define the two other hypotheses, (hg) and (h3), we need
some considerations.

According to Hebey and M. Vaugon [11] there is C' > 0 such that
Vue HEM),

()™ < s ([ weem) s o)
(2)

where K (n,2) is the best constant for the inequality (2).
Let C, = inf{C > 0 such that (2) holds Vu € H?}.
Therefore (see [9])

( /M\uP*dv)l/Z* < K(n,2) ( /Myvu\de>1/2 + C, ( /Mu2dV>l/2 (3)

From this

(o

where C7 = max{K(n,2),C,}.

1/2*
“av) " < Cilllag, Ve B (@)

Thus, we obtain V u € HZ,
/ FhH¥av < suplf/ [ul*’dV < sup|f|(C)* |lullf (5)
M M M M !
where u™ = max{u,0}.

Analogously, by (4) and by Hoélder’s inequality

/h(u+)q+1dv < sup|hy/ lu|?TtdV
M M M

. . X (g+1)/2*
sup |h|vol (M) —(a+1)]/2 </ |ul? dV)
M M

<
< sup h|Cyljull(t " (6)
M 1
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where Cy = vol (M) =(@+DI/2"(C)@+D)  and vol(M) = volume of M.

Cy.sup |h and f — (C1)* .sup|f|

g+1 2% ’
the second hypotheses:

Taking o = we can consider

(he) f > Oand h > 0 such that

[ a(l —q) ]<q1>/[2*<q+1>1 .

X a1 —g) ]<2*2)/[2*<q+1)1
B2 —2)

+ 8|5

To define the last hypotheses, let us consider 1z, € M such that
f(zo) = mj\z/}xf . Thus, the third condition is:

(hs) 2R(x,) B 8(n — 1)a(z,) Af(zo)
Von—4 T =2 —-4) T flx)

where R(z) is the scalar curvature of ¢ at z.

Remark 2: From now on we will consider n > 6.

3 Auxiliary lemmas

To proof the Theorem 1 we need some considerations and two lemmas.

Lemma 3.1. Let 0<¢g<1, 2*=2n/(n—2), A>0 and B >0. For
each

k € N let consider A(k), B(k) and C(k) real numbers such that A(k) —
A,

B(k) — B and C(k) — 0, when k — oo, with C(k) > 0, ¥V k € N.
Define Fltk) = A()L2 — Bk)A£2 — C(k)toH,

Then for a large enough k, there exist tp > 0 such that
F = F
(tr, k) max (t,k) >0
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94 \ V(-2
with the aditional property that, if t, = (2*B> , then tp —
to, when k — oo.

Moreover, if A(k)= A+O(1/k), B(k)= B + O(1/k) and C(k)=
O(1/k), then
ty =to+ O(1/k).

Proof of Lemma 1:
Take a big enough k such that A(k), B(k) > 0.
Hence, tlim F(t,k) = —oo. Therefore there is t; > 0 such that
—00
F(tx, k) = F(t, k).
(t, k) = max F(t, k)

On the other hand,
F(t,k) = ¢ [A(k) ~ Bk C(/-c).tq_l] .
Let us define
g(t, k) = B(k).t* 2 + C(k)t7 L.
Since 2*—2>0, ¢—1<0and B(k),C(k) >0 we have that
tliré}F g(t,k) = 400 and tlggo g(t,k) = +4oo.
Then, there exist s > 0, such that

(s, k) = Igglg(t, k) >0,

where s;, is given by ¢ (s, k) =0, namely,
B(k) (2" =2) (sx)” 7% = (1-q)C(k)(s1,)"?

and then, (1 _ q)C(k‘) 1/[2*—(g+1)]
* [(2—2>B(k¢)] '
Whence
_ (27=2)/[2* —(g+1)]
(1—q)C(k) (g—1)/[2*—(g+1)]
+ 00 [ 5= Y5z

—[B(k)] 19/ B~ (at Dl [ ()2 -2/ 2~ (et DI g
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> 0.

_ (2*=2)/[2* = (¢+1)] _ (¢=1)/[2"=(g+1)]
where R = (1=q) + Ui}
(2* - 2) (2% —2)

And with this, as B(k) — B >0 and C(k) — 0, when k — oo,

we obtain
lim g(sg, k) = 0.

k—o0
Thus, as A(k) — A > 0, when k — oo, we have that, for a large

enough k,
9(sk, k) < A(k).

Therefore,

sup F(t,k) > F(si, k) = (si)?[A(k) — g(sp, k)] > 0.

>0
Since F(0,k) = 0, we have that F(ty,k) = supF(t,k) >
t>0
0 with ¢ > 0.

Now, as 0 < ¢<1<2<2* forasmall t we have that F(t,k) <0,
what tell us that there is € > 0 such that t; > e for big k.

Analogously, as tlim F(t,k) = —oo, there exist T > 0 such that
—00
ty < T for big k.

Then, under a subsequence, tp — t,, for some t, > 0.
On the other hand, as
0 = F(tp, k) = 2A(K)tx — 2°B(k).(tx)> ™" — (¢+ D)COK).(tr)?,

A(k) — A >0, B(k) — B > 0, C(k) — 0 and t;, — t,, obtemos
2At, = 2*B(t,)?> ~!. Therefore,

o4 \ /(27 2)
fy = <2*B> |

To prove the second part of the lemma, we can suppose that t, = t,+0y,

where 6, — 0 when k — oo.

Now, as 2A(k) = 2*B(k).(tx)?> =2 + (q+ 1)C(k).(tx)?*
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and by using that A(k) = A+ O(1/k), B(k) = B + O(1/k), C(k) =
O(1/k) and the fact that (¢x) is bounded, we obtain
24 = 2°B.(t{)* 72 + O(1/k).

Consequently,

. . 0\ 2 2
24 + O(1/k) = 2*B.(to +0;)> 2 = 2°B.(t,)> 2 (1+ t’“) .

) 0,\? 2 2F — 2
As 2A = 2*B(t,)* 2 and (1+t> =1+ Or + o(Ok)
we obtain
0, = O(1/k).
|
Let consider the functional
J H12 — R given by
1 1
J(u):/ (IVul? + au?) v-/ Py = — [ hetyriay.
2 Ju qg+1
(7)

Thus, J € CY(H}) and

(J'(u),v)= /M(Vqu—f—auv )V — /f )2 " lodv — / YdV,
(8)

for u, v € H}.

Lemma 3.2. Assume that f > 0, h > 0 and (h3). Then there is
uo > 0, u, Z 0 such that

1
0 < J(tu,) <
sp (i) < i 2 sup D

Proof of Lemma 2:
Consider, for each k& € N*,

L 1 — cos(pr(z)) BEIS! 1—cos(pd)\'"2 |
woy = 1 (G =) = (=5 s e i)
0 it x ¢ Bs(o)
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where r(z) = dy(z,z,) (the distance function from x to x, with respect
to the metric g), R(z,) = n(n—1)p?, R(z,) is the scalar curvature of
g at x,, and Bs(z,) is the geodesic ball with center at z, and radius
0, ¢ issuch that [p|d < 7 is smaller than the injectivity radius of

M. 1In the above expressions we use the convention that if R(z,) < 0,

1— 2
cos(pr) = cosh(ipr) and if R(z,) = 0, #(/ﬂ") = %
p
We define also, for two positive real numbers v and n such that
v—mn>1

[o.¢]
I = / (1+7)"Yrdr
0
that have the following properties

v—n—1

1
L?+1 = Tln and InJrl = Lf7

v v+1 V—’I7—1 v+1*

Moreover, if v € RT

k—o00

v 1
lim [/ (t+ E)—VTndT — kV—n—ljg] is a finite number, if v—n—1 > 0.
0

Remark 3: In the following computations we will use that w, =
2"_1wn,1[n§_1, where wyn_1 18 the volume of the unitary ball in R",
4
2 _
and K(n,2)* = (= 2) @) (see [1] and [10]).
_9)7(n=2)/4
et wi@) = |72 )

According to the Aubin’s development [1], Djadli [7] or Druet [8] we
have that
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and

[ =272 sy ey 51 Lnp* 1
0 2
A CP TN - L A | GRS P
k 4 k
By using (12), we obtain that
) —2/2*
ol = ([ wav)
M
X (2—n)/n
= < / (vg)? dV>
M
n_ 2—n)/n
_ [n(n - 2)](2—71)/2 |:2(n—2)/2wn_117‘% 1:| ( )/ y
1(n—2)p? 1
{1 + A 1 + O(k) (13)
by using (9) and (10)
_9)2
/ (IVor2 + a(vp)2dV = [n(n —2)]"2/2 2”/2(n42)wn_1lg/z{l + % X
M

a(zo)8(n —1)  n(n+2)p? 1
<n(n —2)(n—4) - 4(n —4) > + O(k)}' (14)

By (13), (14) and the Remark 3 we obtain that

/M [IVoul® + a(vr)*)dv 1 1/ a(x,)8(n—1)  n(n+2)p?
lvel13- - K(n’Q)Q{ +k<n(n—2)(n—4) C An—-9)
+ (714_2);)2> + 0(]1)}. (15)

Analogously, we can obtain that

/M flop)*dv

lvel[3-

1 Af(x,) 1

= ) ~ 1o+ o) (16)
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Statement 1

/ h(v) T tdV
M

1
lvelI3-

— 0 when k — oo.

Indeed, by (12)

" . (g+1)/2*
lols? = [ [ w dv}
ﬂq] (q+1)/2*

_ [[n(n M2 on=D/2y, 2

Lnp? 1@t/
1-— -2 -
{1-2 +o)}
oo n_17(q+1)/2*
2 - 222020, 1 TR an
-1
Namely, (Hvk gjl) is bounded in R.
On the other hand,
_ 9y latD(n—2)/4 -
(o) = [n(nk )] (Yr)? "2 0 ae. in M
and (v;)?*! is bounded in L?"/(¢+1) | since by (12)
[ ot aay = [ ) av = - 2220 o, 0
M M
Therefore, (see [4])
()t — 0 in L¥/D),
What give us
/ h(vp)?dV — 0 when k — oc. (18)
M
Consequently, by (17) and (18) we obtain the Statement 1. O

Now we can estimate
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J(iﬁ - ) = tQ/M”W’f’Q + a(vp)?]dV

[0k |2+ 2 ||vk||§*

gl g

Taking for each k € N*

([Vur)? + a(vp)?)dV
A(k) = 1/M : :

2 o 13- ’
| [ sy
B(k) = —JIM
2 luell3:
and
) / h(vy) 4 dV
Ck) = M

¢+ Jols
we obtain, by (15), (16) and from Statement 1, that

k—oo 1

By =¥ p = 1)

and
C(k) "= 0 with C(k) > 0.

235

Then, using Lemma 1, there is t; > 0, for a big enough k, such that
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o <o (1) =7 (o)
aw?__mﬁ7@a+1{ (1)’ [M%BW—D

~ 2K (n, 2)2 2 k2K (n,2)2 | n(n — 2)(n — 4)
n(n+2)p*  (n=2)p*]  (ts)* Af(zo) 1
T a4 T 4 ]+ I;*(n—Q) }+O(k)

) (£)0+L /M h(v) TV

¢+l foglg”

< gl " S
{2K (n,2)? [n ?n 14)1 i?n—i_—Qé)l?Q * = _42>p2]
2% nA—f N }

By using that R(z,) = n(n —1)p?, we obtain

U (tr)? (tr)? flzo) 1 (tr)*R(x,)
0<$€JGW%@)<2KWJV‘ > _k{Mn—QKMJP
a(x,)4(n — 1)(tk)2 Af(a:o)(tk)Q* 1
T hm—2)n—4HKm2?  on }*“ﬁ'
Now,
1 1
Alk) = 2K(n,2)? o)
f(ZL'o)
sy = L9 4 o
and )
C(k) = 0(%)

we have that

where
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o4\ 1/2"-2)
%::(TB> |

Thus,
(t)R(zo)  alz)dn—1)(tk)>  Af(zo)(tr)*
n(n — 4)K(n, 2)? n(n —2)(n — 4)K(n,2)? 2n
_ (to)*R(zo) a(wo)d(n —1)(t,)* Af(wo)(to)” 1
S DKM nm—2m—DEkm2 2 TG
And, as T
) _
o (owmer)
(to)*R(xo) _ a(x,)4(n — 1)(t,) _ Af(xO)(tO)Q* > 0
n(n —4)K(n,2)? n(n —2)(n —4)K(n,2)? 2n

if, and only if,

R almo-1) Afw)
n(n —4)K(n,2)? n(n —2)(n — 4)K(n,2)? 2nf(z,)K(n,2)?

or, equivalently

2R(x,) a(z,)8(n — 1) Af(z,)

-1  -2n-4 ~ fl@)

Then,
Uk () _ (t)* f (o) 1 (to)*R(,)
0= 50 / (t |UkH2*> = 2K (n.2)? 2 k{n(n —4)K(n,2)?
a(wo)d(n —1)(t,)* Af(wo)(to)* 1
T —2)n—HKm 22 on } +olg)
Thus, by (hg) and for a big enough k&
1{ (to)’R(zo)  alzo)dln—1)(t)* Af(wo)(te)” }
k| n(n—4)K(n,2)? n(n —2)(n — 4)K(n,2)? 2n
+ o) <o

k
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Therefore,
Vg (tr)? (te)* f(20)
0 < supJ |t < —
tzg ( ”Uk||2*> 2K (n,2)? 2
< (to)? o (tO)Z*f($0)
= 2K(n,2)? 2+
_ 1
~ nK(n,2)"(sup f) 2/
it concludes the proof of the lemma. |

4 Proof of the Main result

Using the estimates we can now prove the Theorem 1.

For u € H%, by (hy), (5) and (6), we have that

I 2 ol — FEO gz, SR e
= Nollulde — allullyy — Bllully;
= Nl [2o — allulds' — BllullZ;
Let
Q(s) = as?™! + Bs¥ 72 5 > 0.
As

lim Q(s) = 400 and li)m Q(s) = +o0,

s—0+

there is s, > 0 such that

Q(so) = minQ(s).

s>0

Then,

where
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Thus, by (h2)

B a(l—q) (¢—1)/[2"=(¢+1)] a(l—q) (2*—2)/[2* —(g+1)]
QU = | 5= | 53— 3] <
Therefore,
J(u) > (30)2[)‘0 - Q(s0)] = n >0,
when

lullgs = 0 = p > 0.

Since for any w, > 0, u, Z O,

tgréloJ(tuo) = —©

taking wu, like in the Lemma 2, we can take a big enough ¢, such that
J(tou,) < 0.
Taking

v=tu,and B = {b € C([0, 1], H?) such that b(0) = 0 and b(1) = v},

we have satisfied the hypotheses of the Mountain Pass Theorem. Then

there is a sequence (u;) € H7 such that

J(u;) — ¢ (19)

and
J'(u;) — 0 strongly in (H?) (20)

where ¢ = inf sup J(b(?)).
beBo<t<i
And, by Lemma 2

1
0 . 21
S ¢S UK (m2)(sup f)n-2 (21)

Statement 2 (u;j) is bounded in H?.

Indeed, as
J(y) = ¢ + of1) (22)
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and
(I (ug)yug) = llugllgzo(1) (23)

it follows by (7), (8), (22) and (23) that

/ 1
J(uj)—%<J (uj),uj> 2/ (|Vuj\ + a(u;) dV—/ f(( uj 1%

q 1
—571 WW)“W—QANWﬂ+a%WW

/ f(u)) ™AV + ;/M h((u;) ") av
q—1 NHya+l
/ Flu)H¥dv + g+ 1) /Mh((uj) )T av

=C + |lujlgz-0(1)

where C' represents a positive constant.

The above expression give us that

1 . O ) g '
e e ) B e I O PR

As 2 > ¢ + 1 and M is compact, given € > 0 thereis C¢ > 0
such that

ha)titt < e? + C., Yz € M and Yt > 0. (24)
Therefore,
inf f e (1 —q)e e
L[ v < GBS ()t Eav - €+ fulgel).

Namely,

1nff - (1_q>6 U 2 Will zr20
[ n 2(q+1)]/M(( DAV < C 4 lug] gzo(1).

Taking a small enough € such that

inf f  (1—gq)e
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We conclude that

/ (w2 dV < C + Juglol). (25)
M

Therefore, by (h1), (22), (24) and (25), we obtain
Dol < 1 Vu;|? )V
5 O||uj||H12 = (’ uj|” + a(uy)?)

1
_ / F) v+ g [ n())tav e

gc/ (W) NEAV + € < C + Juglgao(1)

and with which we conclude the Statement 2. O

Then, by Statement 2, the compact embedded H? <+ L° for 1 <
s < 2* and the fact that H? is reflexive, there is a subsequence
(uj) of (uj) (we will use the same notation here and for the sequence)
and u € H? such that

uj — wu in HE, (26)
uj — w inL® 1 < s < 2° (27)

and
uj — u a.e. in M. (28)

Note that, by (28)
(u))™)> ' — (W")> " ae in M.

By the continuous embedded H? — L?" and the Statement 2, we know

that
((u;)T)¥ ! is bounded in L2"/Z"~1).

Then, (see [3]) under a subsequence

() )~ = (@hH*h (29)

Analogously,
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(uj)*)? — (u*)? ae. in M and ((u;)*)? is bounded in L'/4
(note that 0 < ¢ < 1). This last conclusion follows by the embedded
H? < L' and by Statement 2.

Thus, taking a subsequence
((uj)H)® = (@) in LY. (30)
Substituting (u;) in (3.7) we obtain Vv € HZ,
<J, (uj),v) —/M (Vu;.Vou + aujv)dV — /M F((u)H)> "twav

- / h((uj)*)wdV. (31)
M

Taking j — oo, in (31), and using (20), (26), (27), (29 ) and (30),

we get
/ (Vu.Vo + auv)dV = / fwhH? ~tudv + / h(u™)wdV, Vv € HE.
M M M

Namely, u is a weak solution for equation

Au + a(2)u = f@)h)? T+ hiz)(ut)e.

As f > 0 and h > 0, by the weak comparison principle, we

conclude that w > 0. Thus, u satisfies the equation

Au + a(z)u = f)u¥ 1 + h(z)ud

By a Global Elliptic Regularity Theorem u € C*®(M).

And, by the Strong Maximum Principle, v = 0 or u > 0. Our

goal now is to show that u > 0.
Let us suppose that v = 0.

By (22) we have that

1 1

= ¢ +o(l).



On the study of Existence of solutions for a class of equations
Using (27) in the above equation, we obtain

j—00
By using (23) and the Statement 2

lim / V2V = lim [ f((u))Fdv
M

By (32) and (33)

On the other hand, by (2)

(/M f((uj)+)2*dv> 2

IN

)

(sup f) [lu]lo-

IN
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lim 1/ Vu,|?dV — lim 1/ f(u)H¥dv = ¢ (32)
2 M J]—00 2* M

=1

v

0. (33)

1/2
s ) K(,2) ([ [9uPav)
M

+ C (/M (uj)de> 1/2.

Taking j — oo in the above expression and using (27), (33) and

u = 0, we obtain
M%< (sup )7 K (n,2)12.
Thus,

1
I > .
~ K(n,2)"(sup f)n—2)/2

And, by (34)
1
>
~ nK(n,2)"(sup f)2/2

what give us a contradiction with (21).

Therefore, u > 0 is a regular solution of equation (1), this concludes

the proof of Theorem 1.
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