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Stability Properties of Rotational

Catenoids in the Heisenberg Groups

Pierre Bérard® Marcos P. Cavalcante®

Abstract

In this paper, we determine the maximally stable, rotationally
invariant domains on the catenoids C, (minimal surfaces invariant
by rotations) in the Heisenberg group with a left-invariant metric.
We show that these catenoids have Morse index at least 3 and we
bound the index from above in terms of the parameter a. We also
show that the index of C, tends to infinity with a. Finally, we study
the rotationally symmetric stable domains on the higher dimensional

catenoids.

1 Introduction

Minimal surfaces in the Heisenberg group equiped with a left-invariant
metric have been studied by several authors, see [7, 8, 4, 5] and the ref-
erences therein. Catenoids in the Heisenberg group Nil(3) are complete
minimal surfaces which are invariant under a one-parameter subgroup of
rotations with axis the center of the group. They come in a one-parameter
family {C,,a > 0} of complete minimal surfaces and were first described

in [7] and [8] where the authors provide the classification of constant mean

2000 AMS Subject Classification: 53C42, 58C40.
Key Words and Phrases: Minimal Surface, Heisenberg Group, Killing Field, Index.


http://doi.org/10.21711/231766362012/rmc433
https://orcid.org/0000-0001-8712-9269
https://orcid.org/0000-0002-9919-0857

38 P. Bérard, M. Cavalcante

curvature surfaces in the Heisenberg group, invariant under certain sub-

groups of isometries (the parameter a is the neck size of the catenoid, see
(9))-

In this paper, we study the stability properties of the catenoids {C,,a >
0}. More precisely, we determine the rotationally invariant stable domains
of the catenoids in Nil(2n + 1), n > 1, with a different behaviour (Linde-
loef’s property) when n = 1 and when n > 2. We also study the Morse
index of the catenoids in Nil(3). As in [3], the proofs rely in part on a
detailed analysis of the Jacobi fields induced from the Killing fields of the

ambient Heisenberg space and from the variation of the parameter a.

The paper is organized as follows. In Section 2, we give some prelimi-
nary results. We first recall the basic geometry of the Heisenberg group
Nil(3) equiped with a left-invariant metric g (see [8] for more details). In
order to keep our paper self-contained, we derive the differential equation
satisfied by the generating curves of the catenoids, using a flux formula.
In Section 3, we describe the stable rotationally invariant domains on {C,}
(Theorem 3.1). The proof uses Jacobi fields. We also give some informa-
tion on the Gauss map of the catenoids {C,}. In Section 4, Theorem 4.1,
we prove that the catenoids C,,a > 0 have Morse index at least 3. We
bound the index from above in terms of a, and we also show that its goes
to infinity with a. The proof uses Jacobi fields, Fourier analysis and an
adapted perturbation of the original parametrization of the catenoids. Fi-
nally, in Section 5, we study the maximally stable, rotationally invariant

domains on the higher dimensional catenoids (Theorem 5.1).

In the sequel our functions will often depend on the parameter a. We
will occasionally omit a to keep the notations simpler. In this paper, we

only consider left-invariant Riemannian metrics on the Heisenberg groups.
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2 Preliminaries

2.1 The 3-dimensional Heisenberg manifold

Let Nil(3) denote the 3-dimensional Heisenberg group. This is a two-step
nilpotent Lie group which can be seen as the subgroup of 3 x 3 matrices

given by

Nil(3) =

o O =
S = 8

z
y | (2,y,2) €R® 3 C GL(3,R).
1

We denote the corresponding Lie algebra by

L(Nil(3)) = :(z,y,2) €R3

o o O
o O 8
[enBENSEERN

Using the exponential map, exp : £(Nil(3)) — Nil(3), and the Campbell-

Hausdorff formula,
exp (A) exp (B) =exp (A+ B + %[A, B]), VA, B € L(Nil(3)),
we can view Nil(3) as R? equiped with the group structure % given by
(z,y,2)x (@', y, 7)) = (w +aly+y, 2 +2 + %(wy’ - w’y)),

with neutral element 0 = (0,0,0) and inverse p of p = (a,b,c) given by
p = (—a,—b,—c). The left-multiplication by p in Nil(3), L, : ¢ — p*g,

has tangent map

(1)

= o O
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in the canonical coordinates {z,y, 2} of R? (they are often referred to
as exponential coordinates). Let {0, 0y, 0.} denote the canonical vector
fields in R3. It follows from the expression (1) that the vector fields

X(x,y,z) = TOL(x,y,z)(aac) = 8$_%aza

Y(az,y7z) = TOL(x,y,z)(ay) = ay"‘%am (2)
Z(x7y7z) = TOL(w,y,z)(az) = 0.,

form a basis of left-invariant vector fields in Nil(3).

The metric § on Nil(3). From now on, we fix the left-invariant metric
g on Nil(3) to be such that the family {X,Y, Z} is an orthonormal frame.

In the coordinates {x,y, z}, this metric is given by
1
§=dz? +dy? + (dz + §(yd1‘ — xdy))Q.

The following properties are well-known and can be found for example
in [8], Section 1. Equiped with the left-invariant metric g, the Heisen-
berg group Nil(3) is a homogeneous Riemannian manifold whose group of

isometries has dimension 4. A basis of Killing vector fields on (Nil(3), )

is given by
§ = X+yZ,
n =Y —zZ
¢ = Z

p = yX —zY+3(2*+y*)Z
The first three vector fields &, 7 and ¢ correspond to the one-parameter
subgroups of isometries generated by right-invariant vector fields in Nil(3),
while the vector field p corresponds to the one-parameter subgroup of

isometries defined by

wg((w,y,z)) = (accos& —ysinf, rsinf + ycos&,z), (z,y,2) € R3,0 €R,
(3)
in the representation (R3,x) of Nil(3). We call them rotations around the

z-azis. Notice that the z-axis is precisely the center of Nil(3).
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2.2 Surfaces of revolution in Nil(3)

We say that a surface M in Nil(3) is a surface of revolution if M is
invariant under the action of the one-parameter subgroup {uy,0 € R}
given by (3). We will consider surfaces of revolution whose generating
curves are graphs ¢ — (f(t),t) above the z-axis in the 2-plane {z,z},
where f is a positive function, and where t varies in some interval I C R.

They are given by a map
F(t,0) = (f(t)cos, f(t)sinb,1), (4)

fort € I C R and 6 € [0, 27].

Catenoids, i.e. minimal surfaces of revolution, in Nil(3) are described in
[7, 8], using the methods of equivariant differential geometry. They come
in a one-parameter family of complete minimal surfaces, {Cq,a > 0}.
For the sake of completeness and for later purposes, we will derive the
differential equations satisfied by the generating curve of a catenoid using

a flux formula which we now state.

Proposition 2.1. Let (M",g) & (M™!,§) be an isometric immersion
with Riemannian measure p, and normalized mean curvature vector H.
Let © be a relatively compact smooth domain in M. Let v;,; denote
the unit normal to 02 in M, pointing inwards, and o, the Riemannian
measure on Jf2 induced by g. Then, for any Killing vector field X on
M+, we have
/ G(K, vint) doy = —n/ G(K, H) dpyg.
o0 Q

Proof. Let x be the restriction to M of the 1-form dual to IC, i.e. kK =
(K, .)|ar- Recall that K is a Killing field if and only if, for any vector field
X on M, g(ﬁXIC, X) =0 ([9], Proposition 3.2, p. 237). A straightforward
computation shows that the divergence d4x of the 1-form «, for the induced

metric g on M, is given by

dgk = —ng(K, H).
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The proposition follows from the divergence theorem. |
Let M = F(I x [0,27]) be a minimal surface of revolution in Nil(3),
given by an immersion F(¢,0) as in (4), with ¢t € I C R, 6 € [0,27].
We can make a coherent choice of a unit vector field v tangent to M
and orthogonal to the circles C; = F({t} x [0,27]) in such a way that

Proposition 2.1 gives

/g(IC,V)daCt:/ g(K,v)dog,, (5)
Cy Cy

0

for all g, ¢ € I and for any Killing vector field K in Nil(3).

Proposition 2.2. The generating curve of a minimal surface of revolution
of the form (4) in Nil(3) satisfies the first order differential equation

f4+ 22+ 4]“252)_1/2 = C (a constant), (6)
and the second order differential equation

FA+ ) fu=40+ 13, (7)

textupwhere f; and fu denote respectively the first and second derivatives

of the function f with respect to the variable t.

Proof. According to [8] Theorem 3, we already know that minimal sur-
faces of revolution do exist in Nil(3). Equation (6) is established by ap-
plying Proposition 2.1 with the Killing field £ = Z. The constant C can
then be interpreted in terms of a flux. The vectors F; and Fy are tangent
to the surface. Using (2), they can be expressed in the orthonormal frame
{X,Y,Z} at F(t,0) as

Fi = frcos@ X + fisinfY + Z|

(8)
Fo = —fsinﬁX—i—fcosHY—%fQZ.

The Riemannian measure o¢, is given by

1
dUCt = \/g(]:g,]:g) dd = fq/1+ Zf2 dé.
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Up to sign, the vector v is characterized by the facts that it is unitary,
tangent to the surface — hence a linear combination of F; and Fy — and
orthogonal to Fy. Consider the vector n = F; + aFy with « such that
g(n, Fy) = 0. Choose v = §(n,n)""/?>n. The expression §(Z,v) which
appears in (5) when we choose K = Z, is the Z-component of v. A
straightforward computation gives that o = 2(4 + )7, g(n, Z) = 4(4 +
) ~Vand g(n,n) = f2 +4(4+ f2)~1. It follows that

4 \-1/2

4+fﬁ

Using (5),we obtain that the quantity (a flux)
FOR+ 0 F70) +4720]

is independent of ¢. Equation (6) follows. Taking the derivative of (6) and
using the fact that f; # 0 (see [8]), we obtain Equation (7). [ |

9(Z,v) =44+ A+

Remark. The above equations can also be derived directly from [8]
(using the computations in the proof of their Theorem 3) or by minimizing

the area of a rotational domain, in the spirit of the calculus of variations.

2.3 Qualitative analysis of Equation (7)

Given a > 0, consider the Cauchy problem,

FfP+Dfe = 41+ f7),
f0) = a, (9)
fi(0) =0,
where the subscript ¢ means that we take the derivative with respect to
t. Recall that this differential equation admits a first integral and, more

precisely, that

f2 a?

A simple analysis shows that (9) admits a maximal solution f(a,t) which

UQ+4XL+ﬁ)_a2+4' (10)

is an even function of ¢t on some interval (—A,, A,). Furthermore, the
function

f(a,-) : [0, A,) = [a,o0)



44 P. Bérard, M. Cavalcante

is an increasing function and we can introduce its inverse function
¢(a7 ) : [aa OO) — [O7Aa)'

Using (10), we infer that ¢ is given by the integral

2 2
/ a +4dv. (11)

It follows that

o(a, ) ~ gT, when 7 — 0.
Finally, we conclude that the Cauchy problem (9) admits a global solu-
tion f(a,-) : R — [a,00) which satisfies
f(aat) = f(a7 _t)a
fla,t) ~ Zlt|, and

fila,t) ~ 2sgn(t), when [t| — oo.

2.4 The Jacobi operator of minimal surfaces

In this section, we recall some classical definitions and facts about the
Jacobi operator of minimal surfaces. Let M? o M?3 be an orientable
minimal surface immersed into an oriented Riemannian manifold (]\7 ,4)-
Let Njs be a unit normal field along M, Ajs the second fundamental form
of the immersion with respect to the normal Njs, and let Ric be the Ricci
curvature of M. The second variation of the volume functional gives rise
to the Jacobi operator Jyr of M (see [10])

Jur i= —An — (|Au[? + Ric(Nar)), (12)
where Ajy is the non-positive Laplacian on M for the induced metric.

Given a relatively compact regular domain €2 on the surface M, we let
Ind(€2) denote the number of negative eigenvalues of Jy, for the Dirichlet
problem in 2. The Morse index of M is defined to be the supremum

Ind(M) := sup{Ind(Q); 2 € M} < o0,
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taken over all relatively compact regular domains. Let A1(€2) be the least
eigenvalue of the operator Jy; with the Dirichlet boundary conditions in
Q. We call a relatively compact regular domain Q stable if \1(Q2) > 0,
unstable if A\1(2) < 0, and stable-unstable if A;1(2) = 0. More generally,
we say that a domain € (not necessarily relatively compact) is r-stable if
any relatively compact subdomain is stable. In the following proposition,

we collect classical results which will be used later on.

Proposition 2.1. Given a minimal immersion M? % ]\73, the following

properties hold.

(i) Let Q be a stable-unstable relatively compact domain. Then, any

smaller domain is stable while any larger domain is unstable.

(ii) We refer to the solutions of the equation Jys(u) = 0 as Jacobi func-

tions on M. Let X4 : M? ¢ (M\?’,g}) be a one-parameter family

of oriented minimal immersions, with variation field V, = 88)2“ and

with unit normal N,. Then, the function §(V,, Ny) is a Jacobi func-

tion on M.

(iii) Let Q be a relatively compact domain on a minimal submanifold M.
If there exists a positive function u on Q such that Jyr(u) > 0, then

Q is stable or stable-unstable.

Proof. Assertion (i) follows from the min-max characterization of eigen-
values and the maximum principle. Assertion (ii) appears in [1] (Theorem
2.7 and its proof) in a more general framework. For Assertion (iii), see
the proof of Theorem 1 in [6]. |

3 Stable domains of revolution on the catenoids
We consider a catenoid C given by the map,
F : R x [0,27] — C 9> Nil(3),

F(t,0) = (f(t)cosb, f(t)sinb, 1),
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where f is a global solution of (7). It follows from (8) that the first

fundamental form induced by F is given by
L+ —5f
—3f* PP+
For later purposes, we introduce the functions
G =P+ ) and D= Detlgr) = F(+ 2+ 3200 (13)
Let N be a unit normal field to F. Writing N = aX + Y + vZ, we

can choose N to be

9F =

= W(—cosf — 3ffisind),
= W(—sinf+ 3fficosb),
W f, where

= (i)

(14)

= 2 = R
|

3.1 Jacobi functions coming from ambient Killing fields.

Since the set {&,n, (, p} is a basis of Killing vector fields, it follows from
Proposition 2.1(ii) that the functions

ve = g(§&,N) = W(—cosf+ %ffisinb),
vy = g(n,N) = W(—sinf — ffft cos @), (15)
ve = g(GN) = Wi,

are Jacobi functions on the surface F (note that v, = g(p, N) = 0).
Remark. The Jacobi functions v¢, v, and v are linearly independent.
3.2 A Jacobi function coming from the variation of the
family

We now consider the one-parameter family of catenoids {C,,a > 0},

associated with the family of maps

Fla,t,0) = (f(a,t)cosb, f(a,t)sinb,t), a>0, (16)
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where f(a, ) is the unique global solution of the Cauchy problem (9). The

variational field of this family is given by
Fala,t,0) = fa(a,t)cos® X + fa(a,t)sinf, (17)

where f,(a,t) := %(a,t). By Proposition 2.1(ii), this yields another Ja-

cobi function on C,, namely, e(a,-) = —§(F,, N). More precisely,

e(a,t) = (Wfa)(a,t), (18)

where the function W is given by the last line in (14). We note that e(a, -)
does not depend on 6 and is an even function of . Furthermore, since
f(a,0) =a and fi(a,0) =0, Va > 0, we have e(a,0) =1, Ya > 0.

The rotationally invariant stable domains of the catenoids C, are de-

scribed in the following theorem.
Theorem 3.1. Let C, be a catenoid in Nil(3). Then

(i) The upper (resp. the lower) half catenoid C, y = CoN{z > 0} (resp.
Ca,— = Co N {z < 0}) is r-stable.

(ii) The function e(a,-) is even and has exactly one zero z(a) on (0, 00).
The domain F(a,[—z(a),z(a)],[0,27]) is a stable-unstable domain

in C,.

(iii) Given any t; > 0, there exists some to > 0 such that the domain
Do(—t1,t2) = F(a, [—t1,t2],[0,27]) is stable-unstable. This implies
in particular that both C, 4 and C, — are maximal r-stable rotation-

ally invariant domains (i.e. in some sense, stable-unstable).

Proof. Assertion (i). It follows from Section 2.3 that the Jacobi function
v¢ is positive on (0, +00) and negative on (—o00,0). The assertion follows
from Proposition 2.1(iii).

Assertion (ii). We already know that e(a, -) is an even function of ¢ and
that e(a,0) = 1 for all @ > 0. Claim 1. The function e(a,-) has at most
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one zero in (0,+00). If not, e(a,-) would have two consecutive positive
zeroes, 0 < z1(a) < z2(a) and the domain F(a, [21(a), z2(a)], [0, 27]) would
be stable-unstable. According to Proposition 2.1(i), this would contradict
the r-stability of C, 4 in Assertion (i). Claim 2. The function e(a,-) has
at least one zero in (0, +00). Indeed, e(a, -) has the sign of f,(a,t). Using
the function ¢ defined by (11), we have

¢(a, fa,t)) =t and @4 (a, f(a,1)) + fa(a,t) ¢+ (a, f(a,t)) =0
for all a,t > 0. Since ¢, is positive, it suffices to look at the sign of ¢,.
We find that
2 244
(a,T) / s v~ e (19)
\/av2+4 )(v2 —1) 2V 12 —a?

and we easily conclude that ¢,(a, 7) is positive when 7 is large enough. It

follows that e(a,t) is negative for ¢ large enough so that it must vanish at

least once in (0, +00).

Assertion (iii). Fix some t; > 0 and consider the function
w(aa 1, t) = U(aa tl)e(a7 t) + 6(0,, tl)v(a7 t)v

where we have written v(a,t) instead of v¢(a,t) for short. This is a Ja-
cobi function on C,, which vanishes at ¢ = —t;. Note that w(a,t;,0) =
v(a,t1) > 0 because e(a,0) = 1 and v(a,t) > 0 for any ¢ > 0. As in the
proof of Assertion (ii), Claim 1, we see that w(a,t;,-) can vanish at most
once in (—o0,0) and (0, 00). It follows that w(a, t1,-) has exactly one zero
in (—o00,0) — namely —¢; — and that it vanishes in (0, c0) if and only if it
takes some negative value near infinity. Recall that

Ji
N
As in the proof of Assertion (ii), Claim 2, we use the functional equations

gi)(a, f(a, t)) =t and ¢, (a, f(a,t)) fi(a,t) = 1for all t > 0. Plugging these
relations into (20), we find that

v(a,t) (a,t). (20)

v(a,t) = ﬁ(a,f(a,t)), vVt > 0,
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1/

where o(a,7) = (1+ % + ¢2(a, 7)) ?. Similar computations yield the

relation

e(a,t) = é(a,f(a,t)), vVt > 0,

where é(a,7) = —¢q4(a, 7)0(a, 7). Define 1 := f(a,t1) and
QZ](CL, 71, 7_) = 17(&, Tl)é(av 7-) + é(av Tl)f}(aﬂ 7—)7
so that w(a,t1,t) = U?(a,ﬁ,f(a,t)). Then,

w(a,71,7) = —0(a,7)0(a, 1) (¢ala, 7) + ¢ala, m)).

Using (19), we conclude that w is negative when 7 approches infinity,
for any given a,t; > 0. This proves the existence of a positive t5 such
that the domain D,(—t1, t2) ist stable-unstable. The last assertion follows

immediately. |

Remarks. (i) Consider the family of curves Ty : t — (f(a,t),t). This
family admits an envelope £ and the values +z(a) correspond to the points
at which the curve T', is tangent to €. (ii) Using (14) and Section 2.3, we
can see that the Gauss map of the catenoid C, covers a closed symmetric
strip about the equator of the unit sphere in the Lie algebra £(Nil(3)).
This strip, whose width depends on a, is strictly contained in the sphere
minus the south and north poles. Each point of the open strip is covered
exactly twice, except the points of the equator which are covered once

(look at the variations of the Z-component ~ of the vector N).

4 The index of the catenoids C, in Nil(3)

In this section, we study the Morse index of the catenoids C,. It turns
out that the representation F given by (4), with the function f satisfying
(7), is not well-adapted to Fourier analysis on C, because the vectors
Fi: and Fy are not orthogonal. To avoid this problem, we introduce a

perturbed representation,

F(t,0) = F(t,0+ o(1)) = (/1) cos(® + (), F()sin(0 + o(1)), ).
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The tangent vectors are given by

Fi(t,0) = Fult,0+o(t) + ou(t) Fo(t,0 + ¢(t)),
Folt,0) = Fo(t,0+ o(t)).

It follows that the representation F is orthogonal — i.e. the vectors
F; and Fy are orthogonal — if and only if the function ¢ satisfies the

differential equation
2

Pt = 1172 7
From now on, we choose ¢ to be the solution of (21) such that ¢(0) = 0.

(21)

Note that in the above expressions, we have omitted the dependence
on the parameter a. The unit normal vector to C, at the point F (t,0) is
N(t,0) = N(t,0 + ¢(t)). In the representation F, the Riemannian metric
induced by the immersion C, 9 Nil(3) is of the form D?G~1dt? + Gd§?,
with the functions D, G as in (13). It follows that the Laplacian on C, is
given, in the representation F , by the expression
1

- 1./G
A:r—@(ﬁ— = %p.

D 875) +

We introduce the operator

~ 1 G
L=-=a(7a),
D ‘\D™
and the function
V = (Ric(N) +]AP),
which only depend on the variable ¢t (and the parameter a). In the
parametrization F, the Jacobi operator (12) of the immersion C, % Nil(3)

is given by the expression

- -1
J=L-V -

=

We have the following lemma.
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Lemma 4.1. With the above notations, the function V on the catenoid
C, is given by,

2a? N 2(a? +4)

e

Furthermore, the function GV is equal to % 44}; ’ + a22+ 4 1 {?2 and satisfies

V=

the inequalities

(a®+2),/1— s =ava2+4 < (GV)(a,t) < a® +2,

(a?2 +2)
for all @ > 0 and all t € R.

Proof. For the catenoid C,, the function f satisfies the differential equa-
tions (10) and (7) and we have W = %, where the function W is defined
in (14). The Z-component 7 of the unit normal N is a Jacobi function
which only depends on ¢, hence L(y) = V. Using (10) and (7) again, we
can compute E(’y) and derive the formulas for V on the catenoid C,. The

second assertion follows easily. |

Let v¢ and v, be the expressions of the Jacobi functions associated with
the Killing fields £ and 7 in the parametrization F. Tt follows from (15)
that

Be(t,0) = 3 (§(F(£,0)), N(1,0)) = W (= cos(9+ ) + %fft sin(0+ ),

and similarly for v,, (we have omitted the dependence on a). We introduce
the smooth function 1 (a,t) such that

cosp = (L4 f2f7) 12
sing = $fH(+ 12D
¥(a,0) = 0.
It follows immediately that
Ve(a,t,0) = —Wi(a,t)cos (6 +p(a,t)+1b(a,t)),
Oy(a,t,0) = —Wi(a,t)sin (0 + ¢(a,t) +¥(a,t)), where

Wi = W@+ L1222 =
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With the above notations, we have the following lemma.

Lemma 4.2. Let w := ¢+, a function of the variable ¢ and the param-

eter a. Then,

(i) The functions

wi(a,t,0) := Wi(a,t)cos(w(a,t))cosb,
wa(a,t,0) := Wi(a,t) c?s(w(a,t))sinﬁ, (22)
ws(a,t,0) := Wi(a,t)sin(w(a,t))cosb,
wy(a,t,0) := Wi(a,t)sin(w(a,t))sinb,

are bounded Jacobi functions on C,, J(w;) =0, for 1 <i < 4.

(ii) The function w(a,-) is an odd function of ¢, satisfying w(a,0) = 0
and w; = 4f2(f* + 4a?)7L.

(iii) Let Q(a) := limy_, 4o w(a,t). Then

&0 uvVu? +4
Q(a) = 2a du.
(@) /a (ut + 4a?)Vu? — a?

™

(iv) For all @ > 0, we have § < €(a) < 7 and the lower and upper
bounds are achieved as limits when a tends respectively to zero and

infinity.

Proof. Assertion (i) follows from the equalities v¢ = —w1 + w4, v, =
—wo — w3, and the fact that the operator J separates variables. Assertion
(ii). The computation of wy is straightforward. To prove Assertion (iii),
we use the fact that f; is positive for positive ¢ and can be computed from

(10), namely,
2 f2 — a2

NS

o 2af2\/f? +4 ;
BN

fe=

We write
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for ¢ > 0, and we compute the integral fg wrd7 by making the change
of variables v = f(t). Assertion (iv). Assume by contradiction that
Q(ag) > 7 for some ag. There would then exist a value ty such that
w(ap,tp) = m. The function w3 in (22) would then vanish on the circles
F(ao, {0}, [0, 27]) and F(ao, {to}, [0, 27]). Because this function is a Jacobi
function, this would contradict Assertion (i) in Theorem 3.1. The fact
that § < Q(a) follows from a direct estimate of the integral, [11]. Indeed,

making the change of variables u = av, we get Q(a) = Q1(4/a?) where

V2 +b © Vu Vu+b
Ql(b) =2 dv = 3
1 (v+b)ver—1 1 Vu—1 u?+b

du > I(b),

where

u?+b
and we claim that I(b) > 5. To prove this last assertion, we consider two
cases, 0 < b<1andb > 1.

I(b):/ L
1

e We have I(0) =2 and for 0 < b < 1,
> [ duZQ/
1

d p—
1 U2+1 v

s
vZ 41 2"

e When b > 1, we can write

I(b):/l vu+b CVu+b

du +

d
uZ+b , wtb

and estimate the integrals on the right-hand side separately.

o) b 0 o] 2
/ vt du > Vu du—2/ v dv
b

u?+b y ur+b T 5 vt+b
oo
1
> 2 —~ _dv =1 — 2arctanVb.
Vi v +1

On the other hand,

b b Vb
u+b 1 dv
d > b du =

/1 wZtb = \[/1 W+

= arctan(v/b) — arctan

—~

S

(=
S~—

= 2arctan(vb) — 2.
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It follows that I(b) > 7 and hence that Q(a) > 7. Recall that Q(a) < 7
for geometric reasons. Clearly, when b tends to zero, Q1(b) tends to m,
and hence Q(a) tends to m when a tends to infinity. Making the change
of variable u = v/bv, one can show that I(b) tends to 3 when b tends to
infinity. On the other hand, it is easy to see that €4(b) — I(b) tends to 0
when b tends to infinity. It follows that {(a) tends to 5 when a tends to

zero. This finishes the proof of the lemma. |

Lemma 4.3. For £ € N, consider the operator E;; = L+ % —Vin
L?([-r,r], Ddt), with Dirichlet boundary conditions. Then,

(i) For any r > 0, the operator Z; has at most one negative eigenvalue

(with multiplicity one).

(ii) For all k > va? + 2 and r > 0, the operator E; is positive.

Proof. Assertion (i). Recall that the eigenvalues of a Sturm-Liouville
problem with Dirichlet boundary conditions are always simple. If Eg had
at least two negative eigenvalues, we would have an eigenfunction v of E;
associated with a negative eigenvalue and having one zero in (—r,7). The
function v cos(k€) would be an eigenfunction of the Jacobi operator J with
negative eigenvalue, vanishing on the boundary of an annulus contained
in C4 4 or in C,—. This would contradict Assertion (i) in Theorem 3.1.
Assertion (ii). By Lemma 4.1, GV < a2 + 2 and the second assertion
follows from the positivity of the operator L in L2([—r, 7], D dt). [

Theorem 4.1. Consider the catenoids {Cq,a > 0} in Nil(3).

(i) For all a > 0, the catenoid C, has finite Morse index at least equal
to 3 and at most equal to 14 2[v/a? + 2], where [z] is the integer part

of x. In particular, the index of C, is equal to 3 for a close to zero.

(ii) When a tends to infinity, the index of C, grows at least like /3 a.

In particular, it tends to infinity when a tends to infinity.



Stability Properties of Rotational Catenoids in the Heisenberg Groups 55

Proof. Fourier analysis and Lemma 4.3(i) show that the Morse index of
C, is equal to 1 plus twice the number of positive integers k£ such that
the operator L, has a negative eigenvalue. Assertion (i). The fact that
the index of C, is at most 1 4 2[v/a? + 2] follows from Lemma 4.3(ii). By
Lemma 4.2(iv), for any a > 0, Q(a) > 7/2. Since w(0) = 0, there exists
some r, > 0 such that w(a,r,) = §. The functions wi,ws of Lemma 4.2
(i) are Jacobi functions which vanish on the boundary of the domain
F(a,(=ra,7a),[0,27]). It follows easily that the index of the operator
El is equal to 1 and hence the index of the catenoid C, is at least 3.
Assertion (ii). To determine whether the index of Ly, is 1 or 0, consider

the associated quadratic form on functions ¢ € C(R),
~. D
GV)— ¢} dt.
o= [ {Ge+ )0}

Write ¢(t) = 1 (s(t)), with
D 4

St = —

e :m, 5(0) = 0.

The function s is a diffeomorphism from R onto ( — S(a), S(a)), where

fedt

I du
\/4+f2 (F2—a?) _a/1 \/(u2+ff2)(u2_1)'

(23)

It follows that
S(a)
Qo) = [ {u+ (- V) ds
—S(a)

where the function U is defined by U (s(t)) = (GV)(t). Choose the func-
tion v to be ¥y(s) = cos (#&)) and let ¢g be the corresponding function.
Using Lemma 4.1, one finds that Qx(¢p) < 0, i.e. that the index of Ly is

1, as soon as

k? < (a®+2)y /1~ (a22+2)2— (2S7Ea))2. (24)
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By (23), S(a) = £ — %J(a), where the function J(a) is given by

©° dv
J(a)_Q/l oo+ o2+ &)\ [0 @R+ k)

a? a?

This function tends to § when a tends to infinity and hence the right-hand

side of (24) is equivalent to % when a tends to infinity. This proves the

second assertion. [ |

Remarks.

(i) Given a > 0, there is a simple criterion to decide whether the opera-
tor L, has a negative eigenvalue in the interval [—r, 7] (with Dirichlet
boundary conditions). Let uy be the solution of the Cauchy problem
Li(u) = 0, u(0) = 1 and u;(0) = 0. If uy, has a zero in the interval
(0,7), then Lj has a negative eigenvalue in [—r,r]; if ), does not
vanish in the interval (0,7), then Lj(u) > 0 in [—r, 7].

(ii) Using the fact that the metric § on Nil(3) is left-invariant, one can
easily express the associated Levi-Civita connexion and curvature
tensors in the orthonormal basis {X,Y, Z} of left-invariant vector
fields. In particular, given a unit vector N = aX + Y +~Z, we
find the following formula for the Ricci curvature,

ﬁﬂMNﬁré+%

(iii) Using the preceding remark, we can write the Jacobi operator on an
orientable minimal surface in Nil(3) as

1
J:_A+§_72_|A|27

where 7 is the Z-component of the unit normal to the surface. Using
the fact that the scalar curvature of Nil(3) is —i, we also have the

formula

1 1
— A4+ -+ Ky —=|A]?
J + 5+ Ku 2!M

where K is the Gauss curvature of the surface M.
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(iv) Using Lemma 4.1 and the second remark, we deduce the following

expression for the second fundamental form of the catenoid C, in
Nil(3),

1 4 4(a®*+4 2(a® +4
|A‘2:*_72+ 2( 2 )+ (2 g
2 2 P4 (P19

This shows that the norm squared of the second fundamental form

tends to % uniformly at infinity. This is in contrast with the situation
in R3, H? x R or H3.

5 Catenoids in higher dimensions

In this section, we study the rotationally symmetric stable domains
on the higher dimensional catenoids. Let Nil(2n + 1) be the (2n + 1)-
dimensional Heisenberg group. As in Section 2, we use the exponential
coordinates and choose the left-invariant metric g to be such that the left-
invariant vector fields {Xy,---,X,,Y1,---,Y,, Z} form an orthonormal

basis, where

Xi(z,y,2) = Oy — %yﬁz, 1<4

IN

n?
Y;'(l’,y, Z) = ayi + %xlaz’ 1<
Z(x,y,z) = O0,.

IN

n,

We look for hypersurfaces of revolution of the form

] Rx S$*71 5 Nil(2n + 1),
(t,0) — F(t,0) = (f(t)0,t),

where f is a positive function of ¢. If follows from [7, 8] that the hyper-
surface F is minimal if and only if f satisfies the second order differential

equation,

FA+ ) fu=42n - 1)1+ f2) + (2n — 2) f2f7.

As in Section 2.3, one can show that for a > 0, there is a unique maximal
solution f(a,t) such that f(a,0) = a and f;(a,0) = 0. This is an even
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function of ¢ defined on the interval (—T'(a),T(a)), where T'(a) is finite
when n > 2. As in dimension 3 (n = 1), the above differential equation

admits a first integral,
f2n—1 (1 + ftz + fzftz)flﬂ — 21

As in (14), we let W := (1+ f? + f2ft2)_1/2. We also use the following
notations,
Co = F(a (- T()T(),5*),
Coy = ]-"(a, (O,T(a)),SQ”_l),
Car = F(as(
Du(r,s) = .7-"<a, (r,s), SQ"_I).

\

We can now state the following result.
Theorem 5.1. Assume that n > 2 and a > 0.
(i) The half-catenoids Co + are r-stable.

(i1) There exists some z(a) > 0 such that the domain D,(—z(a), z(a)) is

stable-unstable. In particular, the catenoid C, has index at least 1.

(i1i) There exists some €(a) > 0 such that the domain Dy(—{(a),T(a)) is

r-stable.

(iv) For any r > {(a), there exists some s > 0 such that the domain

Do(—r,s) is stable-unstable.

Proof. The proof relies on the expressions of two explicit Jacobi func-
tions on C,, namely the Jacobi functions v(a,t) = §(V, Z), and e(a,t) =
—§(Fa, N), where N is a unit normal to C,, and F, is the variation
field along F when the parameter a varies. As in dimension 2, we have
v(a,t) = W(a,t)fi(a,t) and Assertion (i) follows immediately from the
fact that fi(a,t) > 0 for ¢ > 0.
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To prove the other Assertions, notice that e(a,t) is an even function of
t which can be studied using the inverse function ¢(a,7) of the function
f(a,-) : [0,00) = [a,T(a)). It turns out that

2n—1 T 2
a u® +4
ola,7) = —5 /a i iz U

This formula shows that ¢(a,7) has a finite limit 7'(a) when 7 tends to

infinity and that its derivative ¢4(a,7) has a positive finite limit when

T tends to infinity. We now use the same method as in the proof of
Theorem 3.1. Assertion (ii), follows from the fact that e(a,0) = 1 and that
e(a,t) takes negative values near infinity. For the proofs of Assertions (iii)
and (iv), we use the fact that in higher dimensions (n > 2), both ¢(a, 1)
and ¢g4(a,7) have finite limits at infinity, so that the higher dimensional

case differs from the case in which n = 1. [ |

Remark. Theorem 3.1(iii) tells us that the half-catenoids C, + in Nil(3)
are stable-unstable, i.e. that they satisfy the Lindeloef’s property as de-
fined in [2, 3]. Theorem 5.1(iii) and (iv) tell us that catenoids in Nil(2n+1),
n > 2, do not satisfy Lindeloef’s property. As for catenoids in R"*2 and
H" x R, n > 2, this is related to the fact that these catenoids have finite
height.
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