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GEOMETRIC ASPECTS OF THE
ALLEN-CAHN EQUATION*

Frank Pacard

1 Introduction

In these lectures, we are interested in entire solutions in RY, of the

semilinear elliptic equation
Au+(1—u*)u=0, (1.1)

known as the Allen-Cahn equation. This problem has its origin in the
gradient theory of phase transitions [2] where one is interested in critical

points of the energy

1
E.(u) := ;/M |Vgu|§ dvol, + = /M(l — u?)? dvolg,

where (M, g) is a N-dimensional compact Riemannian manifold (with or
without boundary). The critical points of E. satisfy the Euler-Lagrange
equation

A u+(1—-u?)u=0, (1.2)

in M. Working in local coordinates and changing x into z/e, it is easy
to see that (1.1) appears as the limit problem in the blow up analysis of
(1.2) as € tends to 0.

As we will see in these lectures, the space of entire solutions of (1.1) is

surprisingly rich and also has an interesting structure.
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2 The role of minimal hypersurfaces

The relation between sets of minimal perimeter and critical points of
functional of the form E. was first established by Modica in [35]. Let us
briefly recall the main results in this direction : If u. is a family of local
minimizers of E. for which

sup E(us) < 400, (2.3)
e>0

then, up to a subsequence, u, converges as € tends to 0, in L' to 15 — 1,
where A has minimal perimeter. Here 15 (resp. 1xc) is the characteristic
function of the set A (resp. A= M — A). Moreover,

B (u.) — \}5 HY1(9A) .

For critical points of E. which satisfy (2.3), a related assertion is proven
in [24]. In this case, the convergence of the interface holds with certain in-
teger multiplicity to take into account the possibility of multiple transition
layers converging to the same minimal hypersurface.

These results provide a link between solutions of (1.1) and the theory of
minimal hypersurfaces which has been widely explored in the literature.
For example, solutions concentrating along non-degenerate, minimal hy-
persurfaces of a compact manifold were found in [37] (see also [27]). Let us
describe these results more carefully. We assume that (M, g) is a compact
Riemanian N-dimensional manifold without boundary and that I' C M
is an oriented minimal hypersurface such that M \T'= My U M_ and n
the unit normal vector field to I' which is compatible with the orienta-
tion points towards M, while —n points toward M_ (I' might have many
connected components).

We recall the definition of the Jacobi operator about I
Jr := Ag + Ricy (n,n) + |Ar|§,

where Ay is the Laplacian on (I',g) for g the induced metric on I', Ric,

denotes the Ricci tensor on (M, g) and |Ap|§ denotes the square of the
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norm of the shape operator defined by
J(ArX,Y) = g(V&Y.n),

for all X,Y € T'I'. We will say that I" is nondegenerate if Jr has trivial
kernel.

Then we have the :

Theorem 2.1. [37] Assume that (M,g) is an N-dimensional compact
Riemanian manifold without boundary and I' C M is a nondegenerate
oriented minimal hypersurface such that M \T' = M, U M_ and n points
toward M while —n points towards M_. Then, there exists eqg > 0 and for
all € € (0,e9) there exists uc, critical point of Ee, such that u. converges
uniformly to 1 on compacts subsets of Mt (resp. to —1 on compacts

subsets of M~ ) and E.(uz) — % HN=UT), as e tends to 0.

As far as multiple transition layers are concerned, given a minimal hy-
persurface I' (subject to some additional property on the sign of the po-
tential of the Jacobi operator about I', which holds on manifolds with
positive Ricci curvature) and given an integer k > 1, solutions of (1.2)
with multiple transitions layers near I' were built in [15], in such a way
that L

N-1
E(ue) — ﬁ H (I).

More precisely, we have the following difficult result :

Theorem 2.2. [15] Assume that (M, g) is a N-dimensional compact Rie-
manian manifold and I' C M is a nondegenerate, oriented, connected min-
imal hypersurface such that M \T' = My U M_ and n points toward M

and —n points toward M_. Further assume that
Ricg (n,n) + \Aﬂg >0

along I'. Then, there exists a sequence (¢;); of positive numbers tending to

0 and there exists u;, critical point of E,, such that u; converges uniformly

k

to 1 on compacts subsets of M* (resp. to (—1)F on compacts subsets of
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M~) and E.,(uj) — % HNLT), as j tends to co. In particular, u;

has k transition layers close to T'.

Observe that the former result produces solutions for any e small while
the later only produces solutions for some sequence of € tending to 0. This
is due to some resonance phenomena which arises in the case of multiple

interfaces.

3 The de Giorgi’s conjecture

In dimension 1, solutions of (1.1) which have finite energy are given by

translations of the function H which is the unique solution of the problem
H'+(1—-H*)H=0, with H(+oo)=4+1 and H(0)=0. (3.4)

In fact, the function H is explicitly given by

H(y) = tanh (\%) .

Then, for all a € RY with |a| = 1 and for all b € R, the function u(x) =
H(a-x+b) solves (1.1).

A celebrated conjecture due to de Giorgi asserts that, in dimension
N < 8, these solutions are the only ones which are bounded and monotone
in one direction. In other words, if u is a (smooth) bounded solution of
(1.1) and if 9,y u > 0 then u=1()\) is either a hyperplane or the empty set.

In dimensions N = 2,3, de Giorgi’s conjecture has been proven in [20],
[3] and (under some extra assumption) in the remaining dimensions in
[40] (see also [17], [19]). When N = 2, the monotonicity assumption can
even be replaced by a weaker stability assumption [23]. Finally, coun-
terexamples in dimension N > 9 have recently been built in [14], using
the existence of non trivial minimal graphs in higher dimensions.

Let us briefly explain the proof of the de Giorgi conjecture in the two

dimensional case, as given by A. Farina in [18].
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Theorem 3.1. [20] The de Giorgi’s conjecture is true in dimension N =
2.

Proof. [18] Assume that u satisfies (1.1). Then
AVu+ (1 —3u?)Vu =0. (3.5)
It is convenient to identify R? with C and write
Vu = pe'?,

where p and 0 are real valued functions. Observe that we implicitly use the
fact that Oz,u > 0 and hence we can choose the function 0 to take values
in (0,m). Elliptic estimates imply that Vu is bounded and hence so is p.

Now, with these notations, (3.5) can be written as
Ap—|VOPPp+(1—3u)p+i(pAO+2Vp-Vh) =0.

In particular, the imaginary part of the left-hand side of the equation is

identically equal to O and hence
div (p*> V) = 0.

As already mentioned, 8 € (0,7) and the next Lemma (Liouville type
result) implies that 0 is in fact a constant function. Therefore, the unit
normal vector to the level lines of u is constant.

O

In order for the proof to be complete, it remains to prove the following :

Lemma 3.1. Assume that p is a positive smooth, bounded function. Fur-

ther assume that 0 is a bounded solution of
div (p* V) =0, (3.6)

in R%. Then @ is the constant function.
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Proof. Let x be a cutoff function which is identically equal to 1 in the
unit ball and identically equal to 0 outside the ball of radius 2. For all
R > 0 we define

xr = X(-/R).

Observe that [Vxg| < C R~ for some constant C > 0 independent of
R > 0. We multiply (3.6) by X%H and integrate the result over R? to find

/\V9\2p2xfzdx:—2/ 0p*xr VOV R dz .
R2 R2

Now, the integral on the right-hand side it taken over the set of x € R?
such that |ac|E € [R,2R]. Using Cauchy-Schwarz inequality, we conclude
that

1/2
/ IVO? p? xde < 2 </ p292|VXR|2dfC>
R2 |z|€[R,2R]

1/2
X / (V0% p* X% dx :
|z|€[R,2R)]

Using the bound |Vxgr| < C R™Y, we conclude that

1/2
/R2 VO] p* xhda < C </| o VOl p* X% dw) : (3.7)

This in particular implies that
/ IVO? p* x dz < C2,
R2
and hence

lim VO p? x%dr =0.
R—00 Jo€[R,2R)

Inserting this information back in (3.7), we conclude that

/R? VO] p x%dx =0,

which implies that 0 is the constant function.
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a

There is also a strong relation between the set of solutions of (1.1)
which are monotone in one direction and the stable solutions. We have

the following result which holds in any dimension :

Proposition 3.1. Assume that u is a solution of (1.1) which satisfies
Ozpyu > 0. Then u is stable in the sense that

/ (Vwl? + (362 — 1) w?) dz > 0
RN

for any function w € C>(RN), w # 0, with compact support in RN .

Proof. We set
¢ = Ozpu.
Certainly A¢p+ (1 —3u?) ¢ = 0 in RN . Multiplying this identity by w? ¢~

and integrating the result over RN, we conclude that
/ (207w Ve Vw—w? ¢ ? Vo> + (3u* — 1) w?) dz =0.
RN
In particular, we can write

/RN (IVw* + (3u® — 1) w?) dz = /RN |Vw —w¢ ! Vo|*dz =0,

and the result follows at once.

4 Entire solutions to the Allen-Cahn equation

In view of de Giorgi conjecture, it is natural to study the set of entire
solutions of (1.1), namely, solutions which are defined in the entire RN,
The functions u(x) = H(a-x+b) are obvious solutions. In dimension N =
2, nontrivial examples (whose nodal set is the union of two perpendicular
lines) were built in [8] using the following strategy : For all R > 0 we
define

Qp:={(z,y) €R? : x> |y| and 2*+y* < R?}.
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Then one considers the energy

1 1
Egr(u) := 2/9 |Vu|?dz + 1 /Q (1—u?)?de.
R R

Standard arguments of the calculus of variations implies that, for all R >
0, there exists a minimiser ugp € H}(Qr) which can be assumed to be
positive and bounded by 1. This minimiser is a smooth solution of (1.1)
in Qpr which has 0 boundary data and is bounded. It is easy to cook up

a test function to show that
Er(ur) <CR. (4.8)

(Just build a function which interpolate smoothly from 0 to 1 in a layer
of size 1 around the boundary of 2z and which is identically equal to
0 elsewhere. Obviously the energy of this function is then controlled by
the length of Qg and hence is less than a constant times R). Since the

energy of the trivial solution (identically equal to 0) is
1 ~ P2
ER(O):* deCR,
4 Ja,

we conclude that up is certainly not identically equal to 0 for R large

enough since otherwise we would have the inequalities
C R? < Eg(0) < Er(ug) <CR,

which does not hold for R large enough.

Elliptic estimates together with Ascoli-Arzela’s theorem allow one to
prove that, as R tends to oo, this sequence of minimisers up converges
(up to a subsequence and uniformly on compacts) to a solution of (1.1)
which is defined in the quadrant {(z,y) € R? : x > |y|} and which
vanishes on the boundary of this set. A solution uo defined in the entire
space is then obtained using odd reflections through the lines x = +y.
The function us is a solution of (1.1), whose 0-level set is the union of the

two axis.
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Observe that we need to rule out the fact that us is the trivial solution
(identically equal to 0). The proof is again by contradiction. If uy = 0,
then for R large enough, the solution ur would be less that 1/2 on Qp
(here R is fixed large enough, independently of R). However, arguing as
above it would be possible to modify the definition of ur on Q25 while
reducing its energy (this would contradict the fact that ug is a minimiser
of the energy).

This construction can easily be generalised to obtain solutions with
dihedral symmetry by considering, for & > 3, the corresponding solution
within the sector {(r cos #,7sinf) : >0, |[§] < 5} and extending it by
2k — 1 consecutive odd reflections to yield an entire solution wuy (we refer
to [22] for the details). The zero level set of wuy, is constituted outside any
ball by 2k infinite half lines with dihedral symmetry.

Recently, X. Cabre and J. Terra [4] have obtained a higher dimensional
version of this construction (using similar arguments) and they are able to

find solutions in R?™ whose zero set is the minimal cone {(z,y) € R*™ :

] = ly[}-

5 New entire solutions

Recently, there has been some progress on the understanding of the
existence of solutions of 1.1 which are defined in the entire space. All
these new solutions are conterparts, in the complete noncompact setting
of the solutions obtained in [37] and rely on the knowledge of complete
noncompact minimal hypersurfaces which are not invariant by dilations.
Let us mention two important results along these lines.

There is a rich family of minimal surfaces in R? which are complete,
embedded and have finite total curvature. Among these surfaces there is
the catenoid, Costa’s surface [5] and its higher genus analogues, and all
k-ended embedded minimal surfaces studied by J. Perez and A. Ros [38].
The main result in [16] asserts that there exists solutions of (1.1) whose

nodal set is close to a dilated version of any nondegenerate complete,
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noncompact minimal surface with finite total curvature. In other words,

if one considers the equation with scaling
E2Au+tu—ud=0, (5.9)
then the following result holds :

Theorem 5.1. [16] Given T', a nondegenerate complete, embedded min-
mal surface with finite total curvature, there exists eg > 0 and for all
e € (0,e0) there exists u. solution of (5.9), such that u=1(0) converges

uniformly on compacts to I.

In this result, nondegeneracy refers to the fact that all bounded Jacobi
fields of I' come from the action of rigid motions on I

Also, thanks to the result of Bombieri-de Giorgi-Giusti, it is known
that there exists minimal graphs which are not hyperplanes in dimension
N > 9. Following similar ideas, it is proved in [14] that one can construct
entire solutions of (1.1) whose level sets are not hyperplanes, provided the

dimension of the ambient space is N > 9.

6 Entire solutions in the 2-dimensional case

We assume from now on that the dimension is equal to N = 2.

Definition 1. We say that u, solution of (1.1), has 2k-ends if, away from
a compact set, its nodal set is given by 2k comnected curves which are
asymptotic to 2k oriented, disjoint, half lines a; -x+b; =0, j =1,...,2k
(for some choice of aj € R?, |a;| = 1 and b; € R) and if, along these

curves, the solution is asymptotic to either H(a;-x+0b;) or —H (a;-x+b;).

Given any k > 1, one can prove the existence of a wealth of 2k-ended
solutions of (1.1). Moreover, one can show that these solutions belong to

a smooth 2k-parameter family of 2k-ended solutions of (1.1). To state this
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result in precise way, we assume that we are given a solution g¢i, ..., qg of

the Toda system

coq = eV20ai-1=4;) _ oV2(aj=as+1) (6.10)
for j =1,...,k, where ¢g = g and we agree that
go = —00 and Qk+1 = +00.

The Toda system (6.10) is a classical example of integrable system which
has been extensively studied. It models the dynamics of finitely many
mass points on the line under the influence of an exponential potential.
We refer to [26] and [36] for the complete description of the theory. Of
importance is the fact that solutions of (6.10) can be described (almost
explicitly) in terms of 2k parameters. Moreover, if q is a solution of (6.10),

then the long term behavior (i.e. long term scattering) of the ¢; at +oo

is well understood and it is known that, for all j = 1,... k&, there exist
aj, bj € R and a;, bj_ € R, all depending on ¢y, ..., gx, such that

q;(t) = aF |t| + bF + Ocoory(e ™M), (6.11)

as t tends to +oo, for some 79 > 0. Moreover, ajjirl > aji for all j =
1o k—1.
Given € > 0, we define the vector valued function ¢, ..., gy, whose

components are given by

gje(r) = gi(ex) — V2 (j - %) loge. (6.12)
It is easy to check that the ¢;. are again solutions of (6.10).

Observe that, according to the description of the asymptotics of the
functions g;, the graphs of the functions ¢;. are asymptotic to oriented
half lines at infinity. In addition, for £ > 0 small enough, these graphs are
disjoint and in fact their mutual distance is given by —v/2 loge + O(1) as
e tends to 0.

It will be convenient to agree that x™ (resp. x~) is a smooth cutoff

function defined on R which is identically equal to 1 for x > 1 (resp. for
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x < —1) and identically equal to 0 for x < —1 (resp. for z > 1) and
additionally xy~ + x™ = 1. With these cutoff functions at hand, we define

the 4 dimensional space
D := Span {z — x* (), z — zxE(2)}, (6.13)

and, for all 4 € (0,1) and all 7 € R, we define the space C2*(R) of 2+

functions h which satisfy
12l g2 gy = [ E(cosh )", | cz.ur) < oo
Keeping in mind the above notations, we have the :

Theorem 6.1. [10] For all € > 0 sufficiently small, there exists an entire
solution uc of the Allen-Cahn equation (1.1) whose nodal set is the union

of k disjoint curves I'i ¢, ..., 'y which are the graphs of the functions
T+ qje(z) + hj(ex),

where the functions hj. € C?’“(R) @ D satisfy
el ez myap < Ce”-

for some constants C, a, 7, u > 0 independent of € > 0.

In other words, given a solution of the Toda system, we can find a one
parameter family of 2k-ended solutions of (1.1) which depend on a small
parameter € > 0. As ¢ tends to 0, the nodal sets of the solutions we
construct become close to the graphs of the functions g; .

Going through the proof, one can be more precise about the description
of the solution u.. If I' C R? is a curve in R? which is the graph over the
z-axis of some function, we denote by dist (-,I") the signed distance to I'
which is positive in the upper half of R? \ T and is negative in the lower
half of R?2 \ I". Then, we have the :

Proposition 6.1. The solution of (1.1) provided by Theorem 8.2 satisfies

le” P (ue —ul) || oo 2y < C,€°E,
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for some constants C, &, & > 0 independent of €, where

k
u:ﬁ:§:(—1y+lﬂ(dEM3F$g)——%«—1yﬁ+1). (6.14)

J=1

It is interesting to observe that, when k& > 3, there are solutions of
(6.10) whose graphs have no symmetry and our result yields the existence
of entire solutions of (1.1) without any symmetry provided the number of

ends is larger than or equal to 6.

7 Sketch of the proof of Theorem 8.2

Let us briefly give the main ideas in the proof of Theorem 8.2. We start

by considering the linearized operator about H, namely
Lo:=0;+1—-3H".

First, observe that Ly has a one dimensional kernel spanned by H’ since
Lo H' = 0 as can be checked by taking the derivative of H”+(1—H?) H =
0. Since H' > 0 this implies that 0 is the bottom of the spectrum of —Lg.

In fact more is known and we recall the following result from [1] :

Lemma 7.1. [1] The spectrum of the operator —Lg is the union of the
point spectrum, given by 0 (associated to the eigenfunction H') and % (as-
sociated to the eigenfunction H\/ﬁ) and the continuous spectrum given
by [2,+00).

In particular, for all £ # 0, given f € L?(R), the problem
(Lo—&) o =, (7.15)

is uniquely solvable in H'(R).

Let us now consider operator

L:=08?+1Lg,
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acting on functions defined in the plane. Obviously, we still have L H' = 0.
The following key result asserts that any bounded solution of L ¢ = 0 is
colinear to H'. The proof of this fact follows the method first introduced
in [37].

Lemma 7.2. Let ¢ be a bounded solution of
Lp=0, (7.16)
in R2. Then ¢ is colinear to H'.

Making use of the previous Lemma, we now obtain the existence of a

solution of
Lo=7, (7.17)
in R2. The classification of the bounded solutions of L ¢ = 0 suggests to

impose the following orthogonality condition on the function ¢

/ ¢(x,-), HE dy = 0, (7.18)
R

As far as the existence of solutions of (7.17)-(7.18) is concerned, pro-
vided we assume that

/Rf(:z:,-)H’dyzo, (7.19)

for all z € R, we have the following result whose proof relies on the

previous analysis :

Proposition 7.1. Assume that o € (0,/2) is fized. For all a € |0,
such that

1
%)
o2 +a® <2 ,
there exists a constant C, > 0, which depends on a but remains bounded
as a tends to 0, such that, for all f satisfying the orthogonality condition

(7.19) and
[[(coshz)* (coshy)” fllco.n(r2y < +00,

there exists a unique function ¢, solution of (7.17)-(7.18), which satisfies

I(cosh)?, (coshy)”, Ellczuga) < Co. l[(coshz), (coshy)° E fllcon s -
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Let us briefly comment on the orthogonality condition we impose on
the function f. Given any function f, with the appropriate decay as in
the statement of Proposition 7.1, we want to solve the equation L¢ = f.
We can certainly find a function  — ¢(z) such that f — ¢ H' satisfies
(7.19). And then, we can apply the result of Proposition 7.1 to solve
L¢ = f — cH'. Therefore, it just remains to solve the equation L =
c H', but this is rather easy since it is enough to look for 1 of the form
Y(z,y) = d(x) H'(y) in which case the equation reduces to the solvability
of the equation d” = ¢. Observe that, it is not possible to find a solution
of this ordinary differential equation which decays exponentially at +oo

unless the function c satisfies

/Rc(x),dx:/R:c,c(x),dx:OE,.

In fact this solution is explicitly given by

d(x):x/x c(z)dz—/x se(z)ds.

—00 —0o0

Now, if ¢ is bounded by a constant times (coshx)™®, and satisfies the
two conditions above, it is easy to check that d is also bounded by a
constant (independent of a € (0,1)) times a~2 (coshx)~®. In particular,
this solution blows up as a tends to 0. In the proof of the result, we need
to invert L on functions spaces corresponding to a tending to 0 and, in
order to get a right inverse whose norm does not blow up, is is necessary
to impose the restriction (7.19) on the functions f.

Let us assume that we are given a solution g1, ..., gi of the Toda system
(6.10), we define

Ge(@) = qj(ex) — V3 (j - ’f;l) loge

With these data at hand, we define the planar curve fj to be the image
of

() = (2, gje () -
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and, for each j = 1,...,k, we introduce the Fermi coordinates (z;,y;)
which are associated to the curve f‘j. More precisely, we consider the

parameterization of a tubular neighborhood of fj by X;

Xj(wj,y5) = v(x5) + y;inj(z;), (7.20)

where n; is the normal vector about I'; (the curves are assumed to be
positively oriented). Observe that the coordinate y; is nothing but the
signed distance to fj.

The basic idea is to consider the approximate solution which is close to
the function +H (dist(-,I';)) (with alternative signs according to whether

J is odd or even). A natural choice would be the function

k
SO (=1 H(dist(-, Ty)) — %((—1)“1 +1). (7.21)

j=1
The fact that we have to impose the orthogonality condition (7.19) to
produce a right inverse of L. whose norm does not blow up as the weight
parameter a tends to 0 translates into the fact that, even though the nodal
sets of the solutions we will construct are close to the curves I'; (say in
Hausdorff topology), this topology is not refined enough to perform the
construction. Hence, in some sense, we need to improve the definition of
the nodal sets of the approximate solutions by allowing more flexibility in
the definition of the curves f‘j. This is the reason why we need to introduce
hi,...,h € CP*(R) ® D (here T > 0) and we define the functions H; by

the identity

X; Hj(xj,y;) == H(y; — hj(ex;)) . (7.22)

With these data and notations, we are now in a position to define a

multiple-ended approximate solution of (1.1) by the formula

& 1
Z ]+1 7((_1)]6"!‘1 + 1) )

2
7j=1
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Granted the above notations and definitions, the equation we want to
solve reads

Ala+¢)+a+¢—(a+¢)’=0, (7.23)

for some ¢ € C2*(R) and hy, . .., hy € C2*(R) & D. We can then formally

rewrite the equation (7.23) as

L¢ =Q(9),
where the linear operator L is defined by
L:=A+1-3a?,
and where the nonlinear operator @) is defined by
Q(¢) = —(Au+ (1 —a>)a) + > +3u¢?. (7.24)

We need to study the mapping properties of the linear operator L and the
nonlinear operator () when defined between appropriate weighted function

spaces. This part is very technical but there is no real difficulty.

We can measure how far the function @ is from a genuine solution.
The key point is the following estimate (p; is a cutoff function which is
identically equal to 1 in some tubular neighborhood of width % log1/e
about fj and identically equal to 0 away from a tubular neighborhood of
width g log 1/¢ about T';)

/(Aﬂ—l—ﬂ—ﬁ?’)pj Hidy, = ¢ (c* ¢+ (V2 @w=a) —eﬁwl—qﬂ) (e)
R

+ 0@,
(7.25)

on any compact of R. Here the constants ¢* and c, are given by

c* ::6\@/6‘@5([{')2&:12/6% (cosht)_4dt:32,
R R
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and
Cy 1= /(H')2 dt =2 /(cosht)_4 dt = é\@
R R 3
This estimate explains why the functions g; are required to be solutions
of the Toda system (6.10), since, with such a choice, the leading term in

(7.25) vanishes.

8 The moduli space of 2k-ended solutions in di-

mension N = 2

We first give a precise description of the solutions we are interested in.
This requires some preliminary definitions.

We will denote by L the rotation of angle 7/2 in R%. At the heart of
the description of the nodal set of the solutions is the set A of oriented

affine lines in R?. Any element A € A can be uniquely written as
A:=ret +Re,

for some r € R and some unit vector e € S'. Observe that A is diffeo-
morphic to R x S and writing e = (cos#,sin @) we get local coordinates
(r,0) in A. There is also a natural symplectic structure on A, which in

these local coordinates, is given by

w=dr Ndf.

For all k, we denote by A* the set of k oriented affine lines in R2. This
set is diffeomorphic to R¥ x (S')*¥ and there exists a natural symplectic
structure on A* which, in local coordinates (r1,...,rx,61,...,0;), can be

written as
wp=dri ANdbfy + ... +drp ANdOy . (826)

We have the definition :

Definition 2. A set of k oriented affine lines A1,..., \, € A is said to be

ordered if each A\j can be written as

e ot .
Aji=rje; +Rej,
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for some 7; € R and some unit vector e; € S which can be written as

ej = (cosfj,sinb;) with
01 <by<...<O,<2m+064.
We will denote by A’fwd the set of k ordered, oriented affine lines.

Assume that we are given k ordered oriented affine lines \; := r; ejL +
Rej, for j =1,...,k. It is easy to check that for all R > 0 large enough,
there exists s; € R such that : The points x; := r; ej‘ + s;e; belong to a
circle 0Bpg, with R > 0, the half lines

/\;' =x; + R ey, (8.27)

are disjoint and included in R? \ Bg and the infimum of the distance
between two distinct half lines )‘z‘+ and )\;r is larger than 4.
Given k > 1 and
(AL dop) € AZF

ord

we write )\j+ =z; + RT e; and we define

2k

j 1L
Ung, o (%) 1= D (1) Ti(x) uo((x — x5) - &) -
j=1
Here I; is a partition of unity subordinate to the choice of the half lines
)\f, ey )\;k and is designed in such a way that I; is identicaly equal to 1
close to )\;r and away from a compact.

Observe that, by construction the function wuy, . »,, is, away from a

2k
compact, asymptotic to one of the model solutions dug , whose nodal set
are the half lines )\f, cees )\Srk. A simple computation shows that wy, . x,,
is not far from being a solution of (1.1) in the sense that Awuy,  x,, +
(1-— “il,...,x%) Ux,,... Ny 15 @ function which decays exponentially to 0 at
infinity.

We are interested in solutions which are asymptotic to uy, ... x,, for some

choice of (A1,...,Agx) € Agfi’d. More precisely, we have the :
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Definition 3. We will denote by Moy, the set of solutions u of (1.1) which

can be written as

U— Uy, .. Ny, € XV (R?), (8.28)

for some choice of (\1,..., 9p) € Ag:fd and some 6 < 0 (close enough to
0).

The existence of the heteroclinic solution wug shows that 2ty is non

empty. Indeed, it is enough to consider
u(x) = ug(xE - et — 1),

for any unit vector field e and any r € R. As we already discussed in
the introduction, the result of Theorem 8.2 provides solutions of (1.1)
whose nodal set decomposes into k nearly parallel lines, very far from
each other, this result (and the existence result in [8]) show that 9oy # ()
for any k> 1.

Before, we can state the main result, we have to introduce the notion

of non-degenerate solution in this context.

Definition 4. A function u € Moy is said to be non-degenerate if the

linearized operator
—A — 1+ 32,

is injective in the space e®* L%(R2), for some § < 0.
With these definitions, one has the following :

Theorem 8.1. Assume that u € Myy, is non-degenerate. Then, close to

u, Moy is a smooth manifold of dimension 2k.
We define the mapping P : My, — A% by
‘,B(u) = ()\1, ey )\gk) N

if w—wux, ., € Ol 71722 (R?%), for some § < 0. Geometrically the

meaning of the mapping P should be clear : for any solution u € My,
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B(u) € A?! correspond to the choice of 2k oriented affine lines that deter-
mine the asymptotics of the nodal set of u at infinity.
Near any nondegenerate elements of sy, we also have some information

about the mapping ‘.

Theorem 8.2. Assume that u € Moy is non-degenerate. Then, there
exists an open neighborhood of u in Moy, whose image by B is a Lagrangian
submanifold of A** for the symplectic structure defined in (8.26).

One can show that there is in reality less freedom than what might be
initially expected in selecting the asymptotes for the nodal sets of the
solutions of (1.1). Indeed, at regular points of Mgy, the image of P is a
2k dimensional submanifold of A which is 4k dimensional.

Observe that the image of P is further naturally constrained. In fact,
if u € My and

m(u) = ()‘la‘°'7>\2k)u
with
)\j:rjej‘—i—Rej.

it follows from [22] that
D e =0. (8.29)

Moreover, pushing further the analysis in [22], we can also prove that
2k
> rp=0. (8.30)
j=1

9 Standing waves for the nonlinear Schroedinger

equation
We are now interested in the the classical semilinear elliptic problem

Au—u+uP =0, uw>0, inRY (9.31)
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where p > 1. Equation (9.31) arises for instance as the standing-wave

problem for the standard nonlinear Schrédinger equation

W = Ayt + [P,

corresponding to that of solutions of the form w(-,t) = u(-) e~ . It also
arises in nonlinear models in Turing’s biological theory of pattern forma-
tion such as the Gray-Scott or Gierer-Meinhardt systems. The solutions of
(9.31) which decay to zero at infinity are well understood. Problem (9.31)
has a radially symmetric solution wy(y) which approaches 0 at infinity
provided that 1 < p < % This solution is unique [28], and actually
any positive solution to (9.31) which vanishes at infinity must be radially
symmetric around some point [21]. Not much is known about solutions of
this equation in the entire space which do not tend to 0 at infinity (while
they are all known to be bounded, see [39]). For example, the solution
wy of (9.31) in RY induces a solution in RY¥*+! which only depends on N
variables. This solution vanishes asymptotically in all but one variable.
For simplicity, we now restrict ourselves to the case N = 2. We denote

by K the unique positive solution of
K{ - Ko+ K} =0,

with K((0) = 0 and lim Ko(y) = 0. This solution corresponds, in the
phase plane, to a homoclinic orbit for the equilibrium O.

Using a classical bifurcation argument [7], we can define a family of
solutions K of equation (9.31) which are symmetric with respect to both
the = and y axis and which are 1-periodic in the z direction. Namely,
Ks(x,y) == Ks(x + t,y), for some ¢t € R depending on ¢. To do so, we
consider problem (9.31) with ¢-periodic conditions in x and we regard
t > 0 as a bifurcation parameter. The linearized operator about Ky is
given by is

L=32+02-1+pK) ",

We consider the operator

Ly=082-1+pKy'.
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Recall that Lj has a one dimensional kernel spanned by K, since Lo K, = 0
as can be checked by taking the derivative of K] — Ko + K} = 0. Since
K|, changes sign it can be associated to the least eigenvalue of —L¢ and
in fact we have the following result which describes the spectrum of — L
[1] -

Lemma 9.1. [1] The spectrum of the operator —Lg is the union of the
point spectrum, given by A\ := —%(p— 1)(p+3) with associated eigenfunc-
tion

7 .— Ko(p+l)/27

A2 := 0 which is associated to the eigenfunction K|, and the continuous

spectrum given by [1,+00).

This result implies that the operator L (acting on functions which are

t periodic in the z variable) has an eigenfunction
2
Z(y) cos <:x> )

which corresponds to the eigenvalue

om\ 2
-1+ (t)
This eigenvalue crosses 0 precisely when ¢ = j—% Crandall-Rabinowitz’s
bifurcation Theorem can then be applied to yield the existence of a con-
tinuum of solutions bifurcating from Ky at this value of ¢t. The bifurcating
branch of solutions is denoted by K5 where § = 0 corresponds to K. The
functions Kj is periodic in x with period t5 = 2—)\”1 + O(d). We also have

the asymptotic expansion

Ks(z,y) = Ko(y) + 0Z(y) cos(v/Mz) + O(8% e 9.

We refer to the functions K in what follows as Dancer solutions.
Paralleling what is done for the Allen-Cahn equation it is possible to
construct a new type of solutions of (9.31) in R? which have multiple ends
along which they are asymptotic to copies of Kj;, for some appropriate
choice of the parameters ;( depending on j). We refer to [13] for precise

statements.
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10 Correspondence with geometric problems

One of the striking features of the above existence results which are
purely PDE results, is that its counterparts can be found in geometric
frameworks. Indeed, there are many examples where correspondence be-
tween solutions of (9.31) and those of some geometric problem can be
drawn. To illustrate this, we will concentrate on what is perhaps the most
spectacular one: the analogy between the theory of complete constant
mean curvature surfaces in Euclidean 3-space and the study of entire so-
lutions of (9.31). For simplicity we will restrict our attention to constant
mean curvature surfaces in R3 which have embedded coplanar ends. In
the following we will draw parallels between these geometric objects and
families of solutions of (9.31).

Embedded constant mean curvature surfaces of revolution were found
by Delaunay in the mid 19th century [9]. They constitute a smooth 1-
parameter family of singly periodic surfaces D., for 7 € (0,1], which
interpolate between the cylinder D; = S*(1) x R and the singular surface
Dy := lim,_,o D, which is the union of an infinitely many spheres of
radius 1/2 centered at each of the points (0,0,n) as n € Z. The Delaunay

surface D, can be parametrized by

Xr(z,y) = (p(x) cosy, p(x) siny,9(z)) € D; C R,

for (z,y) € R x R/2nZ. Here the function ¢ is smooth solution of

2 2
"2 PTHTYN o
WP+ (55) =

and the function v is defined by

As already mentioned, when 7 = 1, the Delaunay surface is nothing
but a right circular cylinder D; = S'(1) x R, with the unit circle as the

cross section. This cylinder is clearly invariant under the continuous group
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of vertical translations, in the same way the single bump-line solution of
(9.31) is invariant under a one parameter group of translations. It is then

natural to agree on the correspondence between

The cylinder The single bump-line
Dy =S"xR (z,y) — Ko(y)

Let us denote by wq the unique entire, radially symmetric, decaying solu-
tion of (9.31). Inspection of the other end of the Delaunay family, namely

when the parameter 7 tends to 0, suggests the correspondence between

The sphere The radially symmetric solution

SH(1/2) (z,y) — wo(y/2% + y?)

To justify this correspondence, let us observe that on the one hand, as the

parameter 7 tends to 0, the surfaces D, resemble a sequence of spheres
of radius 1/2 arranged along the x3-axis which are connected together by
small catenoidal necks. On the other hand an analogous solution of (9.31)
can be built as follows. Let Sg = R x (0, R) and consider a least energy
(mountain pass) solution in H!(Sg) for the the energy

1 1 1
/ |Vu|2+/ u? — —— uP Tt
2 Jsg 2 Jsg p+1Js,

for large R > 0, which we may assume to be even in y and with maxi-
mum located at the origin. For R very large, this solution, which satisfies
zero Neumann boundary conditions, resembles half of the unique radial,
decaying solution wg of (9.31). Extension by successive even reflections in
x variable yields a solution to (9.31) which resembles a periodic array of
radially symmetric solutions of (9.31), with a very large period, along the
x-axis. While this is not known, these solutions may be understood as a
limit of the branch solutions constructed by Dancer.

More generally, there is a natural correspondence between

Delaunay surfaces Dancer solutions
D, (x,y) ’—>K§($7y)
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To give further credit to this correspondence, let us recall that the Jacobi
operator about the cylinder D corresponds to the linearized mean curva-
ture operator when nearby surfaces are considered as normal graphs over

D;. In the above parameterization, the Jacobi operator reads

1
Ji=— (00+02+1).
14
In this geometric context, it plays the role of the linear operator defined
in section 2 which is the linearization of (9.31) about the single bump-line

solution w. Hence we have the correspondence

The Jacobi operator The linearized operator
Ji= 2 (02405 +1) L=02+02-1+pK})™"

In our construction, the polynomially bounded kernel of the linearized
operator L plays a crucial role. Similarly, the polynomially bounded kernel
of the Jacobi operator J; has some geometric interpretation. Let us recall
that we only consider surfaces whose ends are coplanar, the Jacobi fields

associated to the action of rigid motions are then given by
(x,y) — cosz and (z,y) — y cosz,

which correspond respectively to the action of translation and the action
of the rotation of the axis of the Delaunay surface D;. Clearly, these
Jacobi fields are the counterpart of the elements of the kernel of L which

are given by
(,y) — Oyw(y)  and  (z,y) — 20, Ko(y),

since the latter are also generated using the invariance of the problem with
respect to the same kind of rigid motions.

Two additional Jacobi fields associated to J; are given by

(z,y) — cosy and (z,y) — siny,
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which are associated to the existence of the family D, as 7 is close to 1,
as can be easily seen using a bifurcation analysis, in a similar way that

the functions

(€,y) — Z(y) cos(v/\iz)  and  (2,y) — Z(y) sin(v/\iz),

are associated to the existence of Dancer solutions when the parameter §
is close to 0. These two bifurcation results have their origin in the fact

that we have the correspondence between

The ground state 1 of The first eigenfunction Z of
o +1 02— 1+pKh™

both of them associated to negative eigenvalues. The fact that the least
eigenvalue of these operators is negative is precisely the reason why a
bifurcation analysis can be performed and gives rise to the existence of
Delaunay surfaces close to Dy or Dancer’s solutions close to the bump-line
w.

With these analogies in mind, we can now translate our main result
into the constant mean curvature surface framework. The result of The-
orem 8.2 corresponds to the connected sum of finitely many copies of the
cylinder S'(1) x R which have a common plane of symmetry. The con-
nected sum construction is performed by inserting small catenoidal necks
between two consecutive cylinders and this can be done in such a way
that the ends of the resulting surface are coplanar. Such a result, in the
context of constant mean curvature surfaces, follows at once from [32].
It is observed that, once the connected sum is performed the ends of the
cylinder have to be slightly bent and moreover, the ends cannot be kept
asymptotic to the ends of right cylinders but have to be asymptotic to
Delaunay ends with parameters close to 1, in agreement with the result
of Theorem 8.2.

However there is a major difference. The Toda system which governs the
level sets has found no analogy in the constant mean curvature surfaces.

This is mainly due to the strong interactions in the elliptic equations.
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Another (older) construction of complete noncompact constant mean
curvature surfaces was performed by N. Kapouleas [25] (see also [31])
starting with finitely many halves of Delaunay surfaces with parameter
7 close to 0 which are connected to a central sphere. The corresponding
solutions of (9.31) have recently been constructed by A. Malchiodi in [29].

It is well known that the story of complete constant mean curvature
surfaces in R? parallels that of complete locally conformally flat metrics
with constant, positive scalar curvature. Therefore, it is not surprising
that there should be a correspondence between these objects in conformal
geometry and solutions of (9.31). For example, Delaunay surfaces and
Dancer solutions should now be replaced by Fowler solutions which cor-
respond to constant scalar curvature metrics on the cylinder R x SN—1
which are conformal to the product metric dt? + ggn-1, when N > 3.
These are given by

U (A% + gana),

where t — v(t) is a smooth positive solution of

(V)2 —v? + %v% = —%72.

When 7 =1 and v = 1 the solution is a straight cylinder while as 7 tends
to 0 the metrics converge on compacts to the round metric on the unit
sphere. The connected sum construction for such Fowler type metrics was
performed by R. Mazzeo, D. Pollack and K. Uhlenbeck [34] (where it is
called the dipole construction). N. Kapouleas’ construction mentioned
above was initially performed by R. Schoen [41] (see also R. Mazzeo and
F. Pacard [31]).
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