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Abstract

Let X be a Banach space and L(X) be the Banach algebra of

bounded operators on X. In this note we prove that if we have a

compact subset K of a commutative sub-algebra of L(X), and given

ε > 0, then it is possible to define a new norm in X, equivalent to

its given norm, in such a way that inside a neighborhood Uε of this

compact set in the sub-algebra, the norms of all the operators differ

from their spectral radius in less than ε. If X is a Hilbert space then

it is possible to define this new norm as an Hilbertian norm.

When one wants to estimate the norms of functions of bounded op-

erators the properties of norms on L(X) usually are very helpful. But

imposing assumptions on the spectral radius of an operator is better than

imposing on its norm, because the first is intrinsic and the second one is
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not. But for certain sets of bounded operators one can change the norm

of the space to an equivalent norm in such a way that the norms of the

bounded operators are as near as we wish to their spectral radius. This

fact has been widely used by many authors, including C. Pugh classical

paper [1], for example.

In our previous papers Rodrigues-Sola Morales [2] and [3] we also used

this fact, and in [2] we proved that if we have a finite family of bounded

linear operators Tn, such that Tn commutes with Tm for every m, n, then

it is possible to define a new norm on the Banach space X, equivalent to

the initial norm, in such a way that in the new norm the spectral radius,

r(Tn), approximates the norm of the operator Tn, for every n. For just one

operator this result was proved by Holmes [4]. When the family consists

of two operators, and of the form T, T−1, the result had already appeared

in the mathematical literature, like for example in Cabre, Fontich, de la

Llave [6].

In the present note we improve the above result by proving that if we

have a compact subset, K, of a commutative sub-algebra of L(X), and

given ε > 0, then it is possible to define a new norm on X, equivalent to

its given norm, in such a way that in a neighborhood Uε of this compact

set inside the sub-algebra, the norms of all the operators differ from their

spectral radius in less than ε. If X is a Hilbert space then it is possible to

define a new Hilbertian norm with the specified property. This answers a

question posed by Charles Pugh to one of the authors.

In a Banach space X with a norm | · |, given an operator T ∈ L(X) and

a number ε > 0 one can define a new norm | · |T,ε with the formula:

|x|T,ε =

[
|x|2 +

(
|Tx|
M

)2

+ · · ·+
(
|Tmx|
Mm

)2
]1/2

,

where M = r(T ) + ε and m ∈ N has been chosen as the first integer such

that |Tm|1/m < M , where we denote by r(T ) the spectral radius of T . It

is easy to see that this norm is equivalent to the original norm and that

|T |T,ε < r(T ) + ε.
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We are interested in pointing out the following property, that plays a

key role in the rest of this paper:

Lemma 1. If T, S ∈ L(X) and ST = TS, then

|S|T,ε ≤ |S|.

Proof: It is easy to see that |Sx|T,ε ≤ |S||x|T,ε, for every x ∈ X.

As a consequence of this simple lemma, one can prove the following:

Proposition 1. If T, S ∈ L(X) and ST = TS, then

(a) r(T + S) ≤ r(T ) + r(S) and r(TS) ≤ r(T ) r(S).

(b) The spectral radius of T ∈ L(X) changes continuously when T is

subjected to a small change which commutes with T .

Proof: (a) Given ε > 0, from Lemma 1, there exists a new norm ∥ · ∥,
such that ∥T∥ < r(T ) + ε, ∥S∥ < r(S) + ε, So

r(T + S) ≤ ∥T + S∥ ≤ ∥T∥+ ∥S∥ < r(T ) + r(S) + 2ε

r(TS) ≤ ∥TS∥ ≤ ∥T∥∥S∥ < r(T )r(S) + ε(r(T ) + r(S)) + ε2.

(b) From (a) it follows that:

r(T ) = r(T − S + S) ≤ r(T − S) + r(S) ≤ ∥T − S∥+ r(S)

and

r(S) = r(S − T + T ) ≤ r(S − T ) + r(T ) ≤ ∥T − S∥+ r(T )

Therefore −∥T − S∥ ≤ r(T )− r(S) ≤ ∥T − S∥. This implies the conti-

nuity.

The following is our main result:

Theorem 1. Let X be a Banach space with a norm | · | and let K be a

compact subset of L(X) such that TS = ST for all T, S ∈ K.
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(i) Given ε > 0 it is possible to define a new norm ∥ · ∥ equivalent to

the given norm | · | in such a way that

∥T∥ < r(T ) + ε, (0.1)

for every T ∈ K.

(ii) Given a set U , not necessarily compact, with K ⊂ U ⊂ L(X) and

such that TS = ST for all T, S ∈ U , property (0.1) also holds for

T in a neighborhood Uε of K inside U .

Proof: For all T ∈ K we consider the open ball centered at T of radius

ε/3. This is a covering of K, from which one can extract a finite covering,

with centers T1, T2, · · · , Tn.

By using the above procedure, we modify successively the norm | · | of
X to | · |T1,ε/3, then by using the operator T2 we modify the norm | · |T1.ε/3

and so on.

At the end, we have an equivalent norm ∥ · ∥, such that, by Lemma 1,

∥Ti∥ < r(Ti) + ε/3,

for i = 1, 2, · · · , n and such that ∥S∥ ≤ |S| for all S ∈ U .
Given now any T ∈ K, there exists a Tj such that |T − Tj | < ε/3, and

we have:

∥T∥ ≤ ∥Tj∥+ ∥T − Tj∥ ≤ ∥Tj∥+ |T − Tj |,

where we have used that T − Tj commutes with all of the Ti’s. And now

∥T∥ ≤ ∥Tj∥+ ε/3 < r(Tj) + ε/3 + ε/3.

Finally, by Proposition 1,

r(Tj) ≤ r(T ) + r(T − Tj) ≤ r(T ) + |T − Tj | < r(T ) + ε/3

Then ∥T∥ < r(T ) + ε and the proof or (i) is complete.

To prove part (ii) we first use part (i) and consider the norm ∥ · ∥ such

that

∥T∥ < r(T ) + ε
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for all T ∈ K. Then we observe that because of Proposition 1 the map

T 7→ r(T )is continuous from U to R, where U inherits the topology of the

norm ∥ · ∥ of X. Then it is obvious that the set

{T ∈ U : ∥T∥ − r(T ) < ε}

contains K and is an open set in the relative topology of U .

Remark 1. The previous results hold true without changing to a new

norm if X is a Hilbert space and T is a selfadjoint or a normal operator.

Remark 2. The result (ii) needs not to be true if one drops the property

that TS = ST for all T, S ∈ U , that is if we speak about the neighbor-

hoods of K in X. As it is explained in Kato [5] the spectral radius can

shrink discontinuously in arbitrary neighborhoods of an operator.

Remark 3. Note that every compact K ⊂ L(X) as in Theorem 1 gen-

erates a commutative Banach algebra A ⊂ L(X), so the set U could be

taken as U = A.

Let us explain some more what could be one of the uses of Theorem 1

above. If X is a Banach space, and L ∈ L(X), then one can consider the

operator f(L) defined with the Operational Calculus formula:

f(L) =

∫
γ
f(z)(L− zI)−1dz. (0.2)

The typical case is when f is an holomorphic function in an open set

Ω ⊂ C with σ(L) ⊂ Ω and γ : [0, 1] → Ω \ σ(L) is a closed rectificable

curve. Then, the set

K = {(L− z)−1|z ∈ {γ}} ⊂ L(X)

is a compact set of commuting operators.

Then the previous Theorem can be applied, and given an arbitrary ε > 0

there exists a suitable new equivalent norm ∥ ∥ such that

∥f(L)∥ ≤
∫ 1

0
|γ′(s)| |f(γ(s))|

dist (γ(s), σ(L))
ds+ ε lenght [γ], (0.3)
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an inequality that can be useful in many cases. And we point out that

the inequality (0.3), and inequalities of similar type, can be derived from

(0.2) without requiring f(z) to be holomorphic in Ω containing σL. The

only thing that one needs is f(γ(s)) to be integrable in (0, 1).

Some of the above results can be extended to abstract Banach algebras.

Theorem 2. Let A be a commutative algebra of Banach with norm | · |.
Let K be a compact subset of A. Then given ε > 0, there exists a new

norm ∥ · ∥ in A equivalent to | · | and a neighborhood Uεof K, such that

for every T ∈ Uε

∥T∥ < r(T ) + ε.

Proof: The proof follows the ideas of Theorem 1 with minor changes.

We first observe that A with norm | · | is a Banach space. For T ∈ A, we

define a new Banach space norm as:

|S|T,ε =

[
|S|2 +

(
|ST |
M

)2

+ · · ·+
(
|SmT |
Mm

)2
]1/2

,

where M and m are given as above. This norm will induce a Banach

algebra norm, | · |T,ε, in L(A), defined in the usual way and A ⊂ L(A).

It is possible to prove that this norm restricted to A is equivalent to the

norm | · |.
The remaining part of the proof follows the steps of the proof of Theorem

1.
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