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1 Introduction

In the flat Minkowski space LN*! = {(z,t) : € RV, ¢t € R} with
metric Z:jl\le(davj)2 — (dt)?, let us consider hypersurfaces, i.e. space-like
submanifolds of codimension one. Their mean extrinsic curvature is the
trace of the second fundamental form. Maximal hypersurfaces have mean
extrinsic curvature zero, and hypersurfaces with constant mean extrinsic
curvature are also of interest.

More specifically, let Q be a bounded domain in {(z,t) € LN*! : ¢ =
0} ~ RY, and let us restrict our attention to hypersurfaces which are the
graph of functions v :  — R. An extension of the problem of maximal
hypersurfaces consists, given f : 2 x R — R continuous and bounded, to

maximize the functional I defined by

:/Q[ 1~ [Vo(z \2/ xtdt]daz (1)
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over
Clp,Q) :=={v e C™(Q):v=yond, |Vuv| <1ae. inQ}. (2)

It has been proved by Bartnik and Simon [2] that the maximum exists if
and only if C(p,Q) # 0, and is unique if, furthermore, f(x,-) is nonde-
creasing for any x € ). The existence of a maximum for I follows from
the fact that I is bounded on C(p, ), that C(p, ) is equicontinuous,
v/1—|[p|[? concave, and, using Serrin’s semicontinuity theorem [9], I is

upper semi-continuous. If one introduces the differential operator

e Vo
M(v) =V (ﬁ = vaz) (3)

the problem is then to show that the Euler-Lagrange equation for a max-

imum of I over C(y,2) is given by
M(v) = f(z,v) in Q u=¢ on 0Q (4)

A long argument in [2], which essentially consists in showing that a max-
imizing function w for I is such that [|[Vu| < n < 1, gives conditions
which imply the existence of a solution u € C1(2) N W22(Q) such that
|[Vu|| < 1 for f and ¢ bounded, when ¢ has an extension v to Q such
that |V < 1.

More generally, given f : Q x R x RN — R continuous, one can raise

the question of the solvability of the equation
M) = f(z,0,Vv) in Q (5)

submitted to Dirichlet or Neumann boundary conditions. When N =1,
more general results that the one mentioned above have been obtained in
[6, 7], and we describe them in Section 2. A natural question is then to
see if corresponding results hold for the radial solutions of (4) when € is
a ball or an annulus in RY. This problem has been considered, for homo-
geneous boundary conditions, in [3] and [4] (also see [5]). Here we extend

it to non-homogeneous boundary conditions. In Section 3 we deal with
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Dirichlet problems, while Section 4 is devoted to Neumann problems. The
method of lower and upper solutions for Neumann boundary conditions is

developed in Section 5.

2 The case where N =1

For N = 1 and, say © = (0,1), it is shown in [7] that the non-

homogeneous Dirichlet boundary value problem

(ﬁ) = flz,0,0)), v(0)=A, v(l) =B (6)

is solvable for all f € C([0,1] x R%,R) and |B — A| < 1. The proof is
based upon the application of Schauder fixed point theorem to an equiva-
lent fixed point problem that we describe now. The following elementary
lemma, proved in [7], is required to obtain the fixed point operator in the

case of Dirichlet conditions.

Lemma 1. Let ¢ : (—a,a) — R be an increasing homeomorphism such
that $(0) = 0. For any (h,d) € C[0,1] X (—a,a), there exists a unique o :=
Qg(h,d) such that fol ¢71(h(s) — a)ds = d. Furthermore Q4 : C[0,1] x

(—a,a) = R is completely continuous.

—%__ and define N; : C1[0,1] — C[0,1] by

1—s2

Set ¢(s) ==

Ny(v)(t) = f(t,v(t),0'(t)),
and H : C[0,1] — C*[0,1], by
Hu(t) = /Otw(s) ds.
It is proved in [7] that v is a solution to (6) if and only if
v=A+Ho¢ o (HN(v) = Qs[HNf(v), B — A]),

and the operator defined by the right-hand side is well defined and com-
pletely continuous on C'[0,1] when |A — B| < 1, and maps C'[0,1] into
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Bo(|A] 4+ 2) € C*0,1]. With respect to the general case treated by Bart-
nik and Simon [2], the boundedness condition upon f has been removed.
Condition |B — A| < 1 corresponds to the possibility of extending the
boundary values to a function 1 : [0, 1] — R such that |[¢'(x)| < 1.

In the same way, the non-homogeneous Neuman boundary value prob-

lem

v’ / / iy C T %
(W) = flz,v,0), U(O)—ﬁ,v(l)—ﬁ (7)

is shown in [7] to be solvable for all C, D € R and all f € C([0,1] x R R)
for which there exists R > 0 and ¢ € {—1, 1} such that

e (sgn v) Uol Fav(@), (@) dz — (D — c>)} > 0

when ming ;) [v] > R, and [[v'||c < 1. The proof of this result is again
based upon a reduction to a fixed point problem. Define P, Q : C[0,1] — R
by

Pv=v(0), Qu :/0 v(x)dz,

and g € C[0,1] by g(t) = (1 —t)C + tD. Then, v is a solution to (7) if
and only if

v=Po+QN;(v)— (D—-C)+Ho¢p ' o[H(I —Q)Ns(v)+ gl

3 Radial solutions of Dirichlet extrinsic mean cur-
vature problem in a ball

We consider now the problem of the existence of radial solutions to the
Dirichlet problem in By(1)

Vo(z) ov ]
V- = x|, v(z), —(x in  By(l),
( — ”wxw) Fllellv(a), 5o @) in - Bo(1)

v = A on 0By(1), (8)
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0
where f € C([0,1] x R?2,R) and A € R. Here and below, 8—5(1‘) stands

for the directional derivative of v at x # 0 in the direction Hi A radial
x
solution of (8) is a solution of the form v(xz) = u(||z||), where, if r := ||z||,

u is solution of the one-dimensional boundary value problem

(TN_11M/2> B rN_lf(Tv u, u/)7 ul(o) = 07 u<1) = A (9)
u

More generally, if ¢ : (—a,a) — R is an increasing homeomorphism such
that ¢(0) = 0, let us consider the problem

(erltb(u’))’ = erlf(r, u,u’), u'(0) =0, u(l) = A. (10)

By a (classical) solution of (10), we mean a function u € C* := C[0,1]
such that r +— (rV~1¢(u/(r)) € C' and which satisfies (10). The Banach
space C! is considered with the norm |ul|c1 = |[ufle + [|1/]|0o. If CL =
{u € C* : W/ (0) = 0,u(l) = A}, Cop = {u € C[0,1] : u(0) = 0}, let
us introduce the operators S : C[0,1] — Cp, K : C[0,1] — C! and
M : C}, — C}, respectively defined by

Su(r) = TNl_l /OTtN_lu(t)dt (r € (0,1])

Ku(r) = /lru(t)dt (r €10,1])
Mu = A+Kop toSoNs(u)

The following result is proved in [3] for A = 0 but the proof is essentially

the same for arbitrary A.

Lemma 2. M is completely continuous and u is a solution of (10) if and

only if u is a fixed point of M.

An easy consequence is the following existence result, proved (for A = 0)
in [3].
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Theorem 1. If ¢ : (—a,a) — R is an increasing homeomorphism such
that ¢(0) = 0, then problem (10) has at least one solution for all f €
C([0,1] x R2,R) and all A € R.

Proof. By Lemma 2, it suffices to find u such that v = M (u) and the
existence of such an u follows from Schauder’s fixed point theorem because
M(CE) C{ue CL : ||ullcr < 2a+ |Al}.

O

Corollary 1. The problem
M) = f(||z]|,v,0v/0v) in By(l), v=A on 0By(1)

has at least one radial solution for any f € C([0,1] x R%,R) and any
AeR.

Corollary 2. If furthermore f = f(r,u) and f(r,-) is nondecreasing, the

radial solution is unique.

4 Radial solutions of Neumann extrinsic mean

curvature problem

Let p € [0,1), A, = Bo(1) \ Bo(p) when p > 0, Ag = By(1). We now

consider the Neumann extrinsic mean curvature problem

ov .
M) = f(Hf’fH:Ua%) in A, (11)
ov C ov D
5 e dBy(p), v ™ 9By(1),

where f € C([p,1] x R R) and C,D € R. We assume that C = 0 when
p = 0. Letting v(x) = wu(]|z||), this is equivalent to solving the boundary

value problem

C D

!/
N-1 u’ _ .N-1 / N N
<7" 1—u’2> =T f(r,u,u), U(p)— m> u(l)_ m
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More generally, if ¢ : (—a,a) — R is an increasing homeomorphism such

that ¢(0) = 0, we consider the boundary value problem

(o)) =V (), W (p) = ¢7HO), W'(1) = ¢7H(D). (12)

Let C! := C[p,1] with the norm |lulc1 = ||ulleo + [|t/]|oo, and let us
write u € C' as u = W+ U, with @ = u(p), and & € C' := {u € C! :
u(p) = 0}. Let us define the linear operators P,Q, L : C[p,1] — C|p,1]
and H : C[p,1] — C! by

Pu = wu(p),
_ N ! N—-1
Qu = 1—PN/p o T tu(r)dr,
Lu(r) = — / LNy, (13)
p

and let py : [p,1] = R, 7+ !~

Lemma 3. u is a solution of (12) if and only if u is a fixed point of the
operator R : C* — C* defined by

N

R(u) = PUHQNf(U)—1_pN(D—PN*10)} (14)

L Hoglo {lecpN + LI~ QNy(w) + 5 — (D _pwlc)]}_

Proof. If u is a solution of (12), then

D - PN_lc = /1 ’r’N_lf(T,’U,(T), u'(?‘)) dT’, <15)
p
i.e.
1_szv [D — pN7'C) = QN (u). (16)
Hence

(N 10)) = ) = QNy () + e lD = V1)
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Consequently

u'(r) = ¢~ {p" 1 COpn(r) (18)
+ Tlel / N1 |:f(3,u(8),u/(s)) — QNf(u) + 1 jva [D _ pN—lc]:| dS}
PR {pN—lc’pN(T) +L [(I — QN ()(r) + - _NpN D pzv_lc]} } .
Consequently,
u(r) —u(p) (19)

= Hoo o {0 + L [(1- QN0 + g - ],

As equations (16) and (19) take value in the supplementary spaces R
(constant functions) and C', they can be written as the unique equation

u(r) = ulp) + QNj(w) — T (D= pNIC + Hog™! (20)

o1t + L (7= Q) + 12y D - e .

i.e. as u = R(u). Conversely, if u = R(u), then, taking r = p we get
(15) and what remains is (19). By differentiating we get (18) and then
(17) and the differential equation in (12). The boundary conditions easily
follow from (15) and (17).

|

A slight modification of the argument in [4] shows that R is a completely

continuous operator on C'.

Let us now introduce the modified operator R:R x C! = C! defined
by

R(u,q)

= Hoo oo Oy L |- QN 4 D - ],
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The fixed points of R are the solutions of the modified Neumann problem

(r" (@) = PN THNp @+ W) - [QNp(T+T) - 5 _Np

u(p) = ¢ H(0), W'(1) = ¢7H(D) (21)

v (D =" O)N}

as it is easily verified.

Lemma 4. The set of solutions (u,7) € R x C of (21) contains a con-

tinuum C with projrC = R and projzC C Bo((2 — p)a).

Proof. Given uw € R, 4 € C' is a solution if and only if

i = R(u,u).
The nonlinear operator R is completely continuous, and such that E(R X
CY) € Bo((2 — p)a). The result follows from a version of Leray-Schauder

theorem with unbounded parameter set.
Od

An easy consequence of Lemma 4 is the following theorem.

Theorem 2. If p € [0,1),¢ : (—a,a) — R is an increasing homeomor-
phism such that ¢(0) = 0, and if there exists € € {—1,1} and R > 0 such
that

1
g(sgn u) [/ N7 u(r), o (r)) dr — (D — pN_lC) >0 (22)
p

Jor any u € C' such that minj, ;j|u| > R and |[v/||c < a, then problem

(12) has at least one solution.

Proof. Apply Lemma 4 to get C and observe that QNf—$ (D — pNﬁlC)
(D- ¥ 10)

takes opposite signson  C. By connectedness QN (u+u)— il _Al[) ~

vanishes for some (u,u) € C, and u = @ + u is a solution of (12).
a
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Corollary 3. Under the same conditions upon f, problem (11) in A, has

at least one radial solution.

Corollary 4. If furthermore f = f(r,u) and f(r,-) is nondecreasing, the

radial solution is unique.

We can deduce from Theorem 2 some surjectivity results.

Corollary 5. For any g € C([p,1] x R,R) such that

lim g¢(r,s) =400 or Foo (23)

s—+oo

uniformly in [p, 1], and for all bounded h € C([p,1] x R R), problem

M) = glllzlv) + Al v.00/00) in Ay, 1)
ov C ov D
o = Vizer O OB G = o 900

has at least one radial solution.

Corollary 6. For all g € C([p,1] x R,R) such that g(r,-) : R — R is an

increasing homeomorphism for all v € [p, 1], problem

M) = g(llz|,v) in A, (25)
ov C ov D
5 = " 0Bo(p), &~ oz dBo(1)

has an unique radial solution.

This is in particular the case for g(||z||,v) = |[v[P~ v +e(||z]]) (p > 1),
with e € C[p, 1].

We can also deduce from Theorem 2 some Landesman-Lazer type re-

sults.
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Corollary 7. Let g € C(R,R). Then problem

0
M(v) +g(v) =e(fall) in A, Z-=0 on 04, (26)
has a radial solution if either
. N 1
it g(s) < oo [V el)dr <l a(s) (20)
o p
or
. N 1
lim;s— 4009 (s) < 1 pN/ rNle(r)dr < lim, . g(s) (28)
B P

For example, of g(v) = arctanv + sinv, the conditions become

™ N N_1 s
1_§<1—pN pr e(r)dr<§—1
Remark 1. Conditions (27) or (28) are sharp if either

Es%foog(s) < g(v) < hims—>+oog(5)
or
limgs 4 00g(s) < g(v) < lim, , . g(s) for all veR.

For example, if g(v) = +e”, (26) has a radial solution if and only if

1
/ rN_le(r)dr = 0.
p

5 Lower and upper solutions method for Neu-
mann boundary conditions
Let again ¢ : (—a,a) — R be an increasing homeomorphism such that

#(0) =0, p € (0,1), f € C([p, 1] x R R) and let us consider the Neumann

problem

(Vo) =V (ru), W (p) = ¢7HO), W' (1) = ¢7H(D) (29)
where C; D € R and p > 0.
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Definition 1. A lower solution for (29) is a function o € C* such that

& |loo < @, rN_1¢(o/) eCt,

and
(N Lol (1)) > VT (r a(r), /(1) for all T € [p,1]. (31)
An upper solution for (29) is a function 3 € C' such that

18 0o <a, N 71p(8) € C,

B'(p) <¢7H0), B'(1)=2¢7H(D) (32)

and

(e (8' () < NI, B(r), B'(r))) for all € [p,1]. (33)

Theorem 3. The existence of a lower solution o and an upper solution
B for (29) implies the existence of a solution to (29).

Proof. We follow the ideas of [4]. One first proves the result when
a(r) < B(r) for all r € [p,1] by the standard approach : introduction
of a modified problem outside [a, (], existence of the modified problem
using Corollary 5, and finally proof that any such solution lies in [«, f],
and solves the original problem. If o and § are unordered, we adapt
an argument introduced by Amann-Ambrosetti-Mancini [1] in semilinear
Dirichlet problems. If QNy(u) — l_Alf)N (D — pN~1C) = 0 for some u € C,
we are done. If QNy(u) — % (D—pN1C) < 0 (resp. > 0) on C,

one gets the existence of an upper (resp. lower) solution greater (resp.

smaller) than « (resp. (), and then apply the first part of the proof.
O
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Remark 2. No Nagumo-type growth condition with respect to u’ is re-

quired in Theorem 3.

Corollary 8. Problem
(PN = PN f ), ol (p) = 0 = (1)
has at least one solution if there exists A, B € R such that
f(r,A,0)- f(r,B,0) <0 for all r€]|p1].

Proof. Take constant lower and upper solutions & = A and 5 = B.
O

We can apply the method of lower and upper solutions to get an exis-
tence result of the type introduced by Kazdan-Warner [8] for the Dirichlet

problem of an equation involving a second order elliptic operator.

Corollary 9. If f € C([p,1] x R,R) is such that f(r,-) is either nonde-

creasing or nonincreasing for all r € [p, 1], then problem
(PN o)) = N (ru), W (p) = ¢7H(O), W(1) = ¢ (D) (34)

1s solvable if and only if there exists ¢ € R such that

1
/ N f(re)dr =D — CpN Tt (35)
o

Corollary 10. If f € C([p,1] x R,R) is such that f(r,-) is either nonde-

creasing or nonincreasing for all v € [p, 1], then problem

M(v) Flzll,v) in Ap, (36)

ov c ov D
w - e on  0By(p), v Vit on  0By(1)

has a radial solution if and only if there exists c € R such that (35) holds.
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Uniqueness holds if f(r,-) is strictly monotone.

Example 1. For all p > 1,

@:0 on 0A,
v

M) £ [oP ot =e(lal)) in Ay 5

has a radial solution if and only if fpl rN=le(r)dr >0 (resp. <0).
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