n Matemdtica Contemporanea, Vol. 32, 1153—-13/
" s B M http://doi.org/10.21711/231766362007 /rmc326
K]/

(©2007, Sociedade Brasileira de Matemética

SUPERLINEAR ORDINARY
ELLIPTIC SYSTEMS INVOLVING
PARAMETERS

Joao Marcos do O® * Sebastidan Lorcal
Justino Sanchez® Pedro Ubilla®#
Abstract

We use a unified approach to study certain classes of elliptic prob-
lems. More precisely, we consider a Dirichlet problem for a system of
two ordinary differential equations which depends on two numerical
parameters a and b, and with nonlinearities satisfying very general
superlinear local growth conditions. Using the upper—lower solutions
method, fixed point theorems of cone expansion/compression type
and some degree—theoretic arguments, we prove that there exists a
non—increasing function I' of the parameter a such that the problem
has (i) at least one positive solution for 0 < b < I'(a), (ii) no posi-
tive solution for b > I'(a), and (iii) at least two positive solutions for
0 < b < T'(a). We apply the main results to a class of semilinear ellip-
tic systems in both bounded annular domains and exterior domains
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with non-homogeneous Dirichlet boundary conditions. In addition,
we apply our results to fourth—order boundary value problems. The
nonlinearities may have singularities, as well as may vanish in parts

of the domain.

1 Introduction

In this paper we will outline some recent advances concerning existence,
non-existence and multiplicity of positive solutions for a class of systems
of two ordinary differential equations which depends on two numerical pa-
rameters with Dirichlet homogeneous boundary conditions. We will apply
these results to study certain classes of semilinear elliptic systems in both
bounded annular domains and exterior domains with non—homogeneous
Dirichlet boundary conditions. In addition, we apply our results to fourth—
order boundary value problems.

We will mainly deal with the class of ordinary differential equations

—u" = ¢i(t,u,v,a,b) in (0,1),
" . (Sab)
" = go(t,u,v,a,b) in (0,1)
with Dirichlet boundary conditions
u(0) =v(0) =u(l) =v(1) =0. (BC)

Here the parameters a and b are non—negative, and the nonlinearities
g1, g2 : (0,1) x [0, +00)* —> [0, 400) are continuous and non-decreasing

in the last four variables, satisfying the following hypotheses:

(H1) Given a,b > 0, we have that, for all M > 0 and i = 1, 2, there exists
hi; € C((0,1), (0,400)) such that

/1 t(1 —t)hi(t)dt < +oo (1.1)
0
and

0 < gi(t,u,v,a,b) < hi(t), forall (¢, u,v)e (0,1)x [O,M]Q.
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(Hs2) There exist a function h € C((0,1),(0,400)) and an M* > 0 such
that

1
/0 t(1 = t)h(t)dt < 7

and

t b t b
i  Gwvab)+eltuvaeb) h(t)M*, for each t € (0,1).
(u,v,a,b)| =0+ u+v+a+b

(Hs) There exist a, 8,7,0,1m,§ € (0,1), with o < 8, v < and n < &,

such that . 0.0 . 0.0
lim gl(au’vv 5 )+g2(auava ’ ) — 400
uU—r—+00 U

uniformly for v >0 and ¢t € [a, (],

t t
lim gl(,u,v,0,0)+gg(,u,v,0,0) = 400
v—+00 v

uniformly for v >0 and ¢ € [y, ], and

lim  (g1(¢,0,0,a,b) + g2(¢,0,0,a,b)) = 400
[(a,b)| =40

uniformly for ¢ € [n, £].

1.1 Main Result

Theorem 1.1. Suppose g1, go : (0,1) x [0, +00)* — [0, +00) are con-
tinuous, non—decreasing in the last four variables and satisfy assumptions
(H1),(H2) and (H3). Then there exist a constant a > 0 and a non—
increasing function T' : [0,a] — [0,400) so that, for all a € [0,a], the
System (Sqp) has:

(1) at least one positive solution for 0 < b <T'(a);
(i) no positive solutions for b > I'(a);

(iii) at least two positive solutions for 0 < b < I'(a).
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The approach taken to prove our main result is based on some well
known fixed point theorem of expansion/compression type, the upper—

lower solutions method, and some topological degree arguments.

Remark 1.2. The results in this paper were in part motivated by several
recent papers on elliptic problems. Here we extend and complement some
of those previous works, see Section 1.2 and compare with the results of
[5], [6], [3], [4], [7], [8], [10], [12], [11], [14], [15] and [16] and references
therein. We consider a more general class of superlinear nonlinearities.
As a typical example of functions satisfying our assumptions above we

have

g1(t,u,v,a,b) = c1(t)(e =14 a)¥(v+ cat))
gt v,a,b) = di(t)(€” — 1+ bP(u+ da(t))

where p,q > 0 and c1,dy satisfy the integrability condition (1.1) and may
have disjoint support, and co,dy are positive continuous function defined
on [0,1]. These nonlinearities satisfy assumptions (Hi) through (Hz), but

do not satisfy the particular classical superlinear assumptions

t,u,v,a,b ) t,u,v,a,b
lim it u,v,a,b) =400 or lim g2t u, v, 0,b) = +00.
u+v—r+00 U+ v utv—r+00 U+

1.2 Applications

Next we give some examples of elliptic problems to which we can apply
Theorem 1.1 to prove existence, multiplicity and nonexistence of positive

solutions.

I. Elliptic Systems in Annular Domains.

—Au = f(“ﬂ?u?v)

~Av = g(Jz|,u,v), for ry <|z|<ry and z € RV(N > 3),
(u(m),v(m)) = (aab)v for ’l'| =T,
(u(z),v(x)) = (0,0), for |z| = ry.

(1.2)
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By applying the change of variable ¢t = a(r), with

A
a(T) = _7‘]\/7_2—’_B

where N2 N_o
A (rirg)™— d B=— rott T
= "N2 N2 Aau = "N=2_ N2
Ty ™ Ty 5]

it easy to see that (1.2) is equivalent to a system like (Sq,) with boundary
conditions (BC).

II. Elliptic Systems in Exterior Domains.

—Au = f(lzlu,v)

~Av = g(]z|,u,v), for |zr|>1 and x € RN(N >3),
(u(x),v(z)) = (a,b), for |z| =1,
(u(z),v(x)) — (0,0) as x| = 4o0.
(1.3)

We denote the radial solutions by
u,v: [1,400) = R, u(z) = u(|z]), v(zr)=v(|z]).
By applying the changes of variables
2(t) = u ((1 - t)1/<2—N>) w(t) = ((1 - t)1/<2—N>> ,

we may transform (1.3) into a system like (S,5) with boundary conditions

(BO).

ITI. Fourth—order Elastic Beam Equation.
—’LL(4) = f(ta u, UH) in (07 1)a
u(0) = a, u(l) =0b, (1.4)
u’(0) = 0, «"(1)=0.
In this case, it suffices to take go(t, u, v, a,b) = f(t, (1—t)a+tb+u, —v), v =

—u”, and ¢1(t,u,v,a,b) =v.
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1.3 Comments

Second-order elliptic problems in symmetric euclidian domains have
been received considerable attention in the recent years. We start from the
study of simpler case. In [3], it was used fixed point theorems of cone ex-
pansion/
compression type, the upper—lower solutions method and degree argu-
ments, in order to study the existence, non—existence and multiplicity of
positive solutions for a class of second—order ordinary differential equa-
tions with multi—parameters. They applied their results to study a class
of semilinear elliptic equations in bounded annular domains with non—

homogeneous Dirichlet boundary conditions of the form

—Au = Af(lz|,u) in 7 <|z|<re,
u(z) = a on |x|=mr,
u(z) = b on |x|=ry,

where a,b and A are non—negative parameters. One feature of the hy-
potheses on the nonlinearities that they consider is that they have some
sort of local character.

Several papers on existence and multiplicity of positive radial solutions
of elliptic systems in annular bounded domains involving nonlinearities
as in Problem (1.2) and imposing Dirichlet or Newmann boundary con-
ditions have recently appeared. For homogeneous boundary conditions,
see [7], [8] and references therein. For non-homogeneous boundary condi-
tions, see [4], [10], [12] and the references therein. In [4], the same authors
study a Dirichlet problem for a system of two ordinary differential equa-
tions which depends on two numerical parameters and with nonlinearity
satisfying very general superlinear local growth conditions. Using the
method of lower—upper solutions, a fixed point theorem of cone expan-
sion/compression type and some degree-theoretic arguments, the authors
prove the existence of one and then two positive solutions depending on the
values of the two parameters. The nonexistence of solutions with respect

to these parameters is also considered. These results are then applied to
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establish the existence and multiplicity of positive radial solutions for a
certain class of semilinear elliptic systems in annular domains.
In [5], we study existence and multiplicity of positive solutions of the

non—homogeneous elliptic equation

~Au = q(|z|)f(u), for |z|>1 and x € RV,
u(z) =a, for |z|=1,

u(z) = b as |z] = +oo

where N > 3, the nonlinearity f is superlinear at zero and infinity, ¢
is a non—trivial, non—negative function, and a and b are non—negative
parameters. A typical model is given by f(u) = uP, with p > 1. For
related results about exterior domains, see also [14], [15] and [16] and

references therein.

1.4 Organization of the Paper

This paper is organized as follows. In Section 2, we state three well
known theorems which are crucial for proving our main result, Theorem
1.1. Section 3 is devoted to proving the existence of one positive solution
when the parameters a and b are sufficiently small. In Section 4, we
introduce a theorem of lower and upper solutions method for singular
systems. Section 5 establishes a non—existence result, as well as an a priori
estimate result used in Section 6 to prove the existence of two positive

solutions.

2 Auxiliary Results

We next state the following three well known theorems (see e.g. [1], [2],
(9], [13]).

Theorem A. Let X be a Banach space endowed with norm || - ||, and
let C C X be aconein X. For R > 0, define Cr = C' N B[0, R], where
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B[0, R] denotes the closed ball of radius R centered at the origin of X.
Assume that F : Cr — C is a completely continuous operator and that
there exists 0 < r < R such that

(A1) || Fu| < ||ul]], for all w € OC, and Ful| > ||u||, for all u € ICR or

(A2) ||Full > ||u|, for all w € OC, and ||Fu| < ||u|, for all uw € OCR,

where 0Cg = {u € C : ||u]| = R}. Then F has a fixed point u € C, with
r < |ul] <R.

Theorem B. Let X be a Banach space endowed with norm || - ||, and
let C' be a cone in X. For r > 0, define C, = {u € C : |Ju| < r}.
Assume that F : C, — C is a compact map such that Fu # wu, for
uedC, ={uelC:|ul|=r}

(B1) If ||u|| < [|[Ful|, forall ue dC,, then i(F,Cy,C)=0.

(B2) If |ju| > | Full, forall ue dC,, then i(F,C,,C)=1.

Theorem C. Let X be a Banach space; let C be a cone in X; and let 2
be a bounded open set in X. Let 0 € Q, and let F: CNQ — C be a
compact operator. Suppose that Fu # Au, for all v € C NI and all
A>1. Then

iI(F,CnQ,C)=1

where i (F,C N Q,C) denotes the fized point index over 2 with respect to
C for the compact operator F.

Define the operator F: X — X by

F(¢,9)(t) = (Ao, ¥)(1), B(¢,9)(t)), for t € [0,1]

where
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Ao, ¥)(t) = / G(t,7)g1(1,6(7),¥(7),a,b)dr and
BMW@==/GHWNWUWM%MW

Here G(t,s) denotes the associated Green’s function that is given by
(2.5)

Therefore, the System (S,5) with boundary conditions (BC) is equivalent
to the fixed point equation

F(9,9) = (6, 9)

in the usual Banach space X = C([0,1];R) x C(]0,1]; R) endowed with
the norm |(u, v)|| = [[ulloc + [v]]oss where [[u]loe = maxicioy [u(t)]- In
this paper, we use topological methods in order to prove our main results.
More precisely, we use a combination of fixed point techniques, degree
theory, fixed point index theory, and the lower and upper solution method.

For this, we consider the cone C' in X defined by
C={(u,v) € X : (u,v)(0) = (u,v)(1) =0, and u,v are concave}.

Lemma 2.1. Fizing a,b > 0, we have that F : X — X is well defined,
F(C) C C, and F is completely continuous.

We next state a technical result about some elementary properties of

concave functions.

Lemma 2.2. Suppose u(t) is a non—negative, concave, continuous func-
tion defined on [0,1]. Then, for all 0 <ty < t; < 1, we have

i t) > to(l —1¢ .
téﬁ‘éﬁﬂu()— o(1 —t1)|ullo
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3 Existence of a Positive Solution for Small Pa-
rameters

In this section, we show the existence of a fixed point of F for a and b

sufficiently small.

Lemma 3.1. Suppose conditions (Hy) and (Hz) hold. Then there exist
Ry > 0 and 69 so that, for all (¢,v) € Cgr, and all (a,b) with 0 <
a+b<dy, we have

[1F (@, D) < 1l(& )l -

Proof. It follows from condition (Hs) that we may choose o € (0,1) so
that

1
M /0 (1 —m)h(r)dr <1—0.

Also, there exists R > 0 so that, for all 0 < r+4+s+a+b < R and
t €(0,1), we have

g1(t,r,s,a,b) + ga(t,r,s,a,b) < M*h(t)(r+s+a+Db).

Thus, for (¢,7) € Ci_o)r, a+b€ (0,0R), and t,t' € (0,1), we

have
1
A6, 9)() + B, )() < M* R /0 (1 - r)h(r) dr
< (1-o0)R.

Taking Ry = (1 — o)R and §y = oR, for all (¢,v) € Cg, and for
0<a+b<dy, we have

15 (@ )| = [A(@, )l loo + [[B(¢, )lloo < Ro = [[(&, 9[-
a

Lemma 3.2. Assume that conditions (Hy) and (Hs) hold. Then there
exists R1 > Ry so that, for all (¢,v) € Cg, , we have

IF (@ ) > [[(& )] -
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Proof. For otherwise, there would exist an increasing sequence 7, — +00

123

and a sequence {(¢n,?¥n)} in C so that the real sequence {r,} defined

by [[(¢n, ¥n)|| = rn would satisfy

IF (@, n) | < [1(&n; ¥n)]] -

We consider two cases:

Case 1: ||¢n|loo/rn — 0 as n — +o0o. Consequently, ||¢n]lco/mn — 1 as

n — +o0o. Combining the monotonicity of the nonlinearities, the concavity

of ¢,, and v,,, and Lemma 2.2 we would have

[ F (o, ton)l| - = /G1/2T [91(m,7(1 = 8)[[#nllo , (1 = 0)[[¥n oo, O,

+ 92(7, 7 (1 = §)l|@nlloc , (1 = )[4 [0, 0,0)] d7

- / o2, ——D 1 8o dr

Y@ =) Ynlloo
s, ol .
Tn
where
Jn(1) = q1(m,7(1 = 9)[|¢nllec , (1 = 0)[[¥n]lc , 0, 0)
+92(7,7(1 = 0)[[@nlloc , (1 = 6) |90 |00 0, 0)
and s
Jn(T)
Mn:/ G/2, 1) —T) g s o
) oy 8
by assumption (Hs). Therefore, we would have
Tn

which is impossible.

0)

Case 2: ||¢n|oo/rn = a > 0 as n — 4oo. Similarly, in this case we

would have



124 J. M. B. do O, S. Lorca, J. Sanchez and P. Ubilla

Fninl > [ @072 - Bl dr
= a1 - g N, 1ol
where :
Su(r) = (a1 = B)ldallee a1 = B)[[¥nlls 0,0)
+ ga(7,0(1 = D)l gnloe s a(1 = D1, 0,0)
and 5 5.(7)
Nn:/a G1/2.7) i dr — 4o

by assumption (Hs). Therefore, we would have

1> a1 - ) N, 12ellee

Tn
which is impossible.
O

Taking into account Lemmas 3.1 and 3.2, the following is a direct con-

sequence of Theorem A.

Theorem 3.3. There exists 6y > 0 so that, for all a and b satisfying
0 <a+b<dy, the operator F has a fized point (¢p,v) € C wverifying
Ry < [(¢,¥)]| < Ru.

Combining the maximum principle with hypothesis (H;) we obtain that

¢ and 1 are positive functions.

4 Upper and Lower Solutions

In this section, we establish the classical upper—lower solutions method
for obtaining non—negative solutions of our class of singular systems. For

this, consider the system
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U'(t)Jr [t u(t),v(t) = 0,
+ g(t,u(t),v(t)) = 0, for te(0,1), (P)

(u(0),0(0)) = (0,0), (u(1),v(1)) = (0,0)

where both of the functions f and ¢ satisfy assumption (Hy).

As usual, we will say that (u,v) is an upper solution of System (P) if

(u,v) verifies the following inequalities:

u”(t) + f(t,u(d),v(t) < 0,
V"(t) + g(t,u(t),v(t)) < 0, for te(0,1), (4.6)
(u(0),0(0)) = (0,0), (u(1),v(1)) = (0,0),

Similarly, we define a lower solution of System (P) replacing “greater than

or equal to” with “less than or equal to”.

The upper—lower solutions method is established in the next lemma.
(See also [11].)

Lemma 4.1. Let (u,v) (resp. (u,v) ) be a lower (resp. an upper) solution

of System (P). Moreover, we suppose
(0,0) < (u,v) < (w,v).
Then System (P) has a non-negative solution (u,v) verifying
(u,v) < (u,v) < (u,v).
Proof. Let
M(u,0)(t) = / G(t,7)  (r,u(r), v(r)) dr,
N(u,v)(t) = / G(t,7)g(r,u(r),v(r))dr and

T(u,0)(t) = (M(u,v)(t), N(u,v)(t)).
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Thus System (P) is equivalent to the fixed point equation
T(u,v) = (u,v)

in the Banach space X = C([0, 1];R) x C([0, 1];R) endowed with the norm
[ (w, )| = [lulloo +[l0]]oo -

We need to introduce the auxiliary operator T defined by

N

T (u,0)(t) = (M (u,0)(t) , N(u, 0)(1))

where

1
M(u,v)(t) = /0G(t,7)f(7,§(t,u),C(T,v))dr and

~

1
N = [ 6 e, (o)
and
&(t,u) = max{u(t), min{u,u(t)}} and
C(t,v) = max{v(t), min{v,v(t)}}.
It is not difficult to see that the operator T has the following three prop-

erties:

(a) The operator T is bounded and completely continuous.

(b) If the pair (u,v) € X is a fixed point of T, then (u,v) is a fixed
point of T, with (u,v) < (u,v) < (w,v).

(¢) If (u,v) = AT (u,v), with 0 < A < 1, then ||(u,v)|| < K3, where
K3 does not depend on either A or (u,v) € X .

The proof now follows from the topological degree of Leray—Schauder.
(See [1, Corollary 8.1, p. 61].)
O

The following is an application of the preceding result.
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Proposition 4.2. Assume that System (Sg,p,) has a non-negative solu-
tion and that
(070) < (alabl) < (a25b2) .

Then System (Su,p,) has a non—negative solution.

Proof. Let the pair (ug,v2) be a non—negative solution of System (S,,p, ) -
Since g1 and gy are non—decreasing functions in the last two variables, we
have that (u2,v2) is an upper solution and that (0,0) is a lower solution
of System (Sg,p,). The conclusion results from Lemma 4.1.

O

5 A priori Bounds and Non—existence

This section is devoted to establishing a priori estimates for the positive

solutions of System (Sgp).

Lemma 5.1. Suppose that conditions (Hy), (H1) and (Hs) hold. Then
there exists a positive constant K > 0 such that, for every positive solution
(u,v) of System (Sap), we have

[(w, v)]] < K
where K may be chosen independent of a and b.

The proof is analogous to that of Lemma 3.2.

Remark 5.2. Assume that (¢,1) is a positive solution of System (Sqp),

using the same argument as in the proof of Lemma 3.2 we find

[F(@ )l =A@ ¥)lloc + [1B(d,9) o
3
> / G(1/2,7)[91(7,0,0,a,b) + g2(7,0,0,a,b)] dr.
n
From Lemma 5.1 and hypotheses (Hs) we conclude that there exists a

p >0 such that, for all (a,b) € (0,400) x (0,400) with |(a,b)| > p, the

System (Sqp) has no positive solutions.
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We next define the set
A ={a>0: System (Sg) has a positive solution for some b > 0} .

From Theorem 3.3 and Remark 5.2 we conclude that A is non—empty and
bounded. Thus
0<a=supA < +c0.

Using the upper—lower solutions method, we see that for all a € (0,a),
there exists b > 0 such that System (Sg;) has a positive solution. We now
define the function I' : [0,a] — [0, 4+00) by

I'(a) = sup{b > 0 : System (S,;) has a positive solution} .

By Proposition 4.2 we know that the function I' is non—increasing. More-
over, I' (0) > 0 as is easily verified. We claim that I'(a) is attained. In
fact, it suffices to use Lemma 5.1 and the compactness of the operator F.
Finally, it follows from the definition of the function I' that the System
(Sap) has at least one positive solution for 0 < b <I'(a), and furthermore
that it has no positive solutions for b > I'(a), which proves parts (i) and

(77) of Theorem 1.1, respectively.

6 Existence of Two Positive Solutions

In this section, we establish existence of two positive solutions of System
(Sap), which corresponds to proving part (iii) of Theorem 1.1. For this,

we will assume that the nonlinearities g; and g9 are increasing.

Fix a € [0,a], and let (¢,%) be the solution of Problem (Sar(a)) which
is obtained using Proposition 4.2. Our next result allows us to establish
another solution of System (5,3) for 0 < b < I'(a).

Lemma 6.1. For each 0 < b <I'(a), there exists £9 > 0 so that, for all
0<e<egy and all t €[0,1], we have
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1 —_ _
> [ Gt )0 (56209, ()b s
and .
0> [ Glt9)a(s,.(5).02(5).0.1) ds
where ¢.(t) = ¢(t) +¢ and P.(t) = P(t) +e.

Proof. Fix 0 € (0,1/2). Since g¢; is increasing, we have that, for each
0 < b < TI'(a), we may find a positive constant I = I(b) such that, for all
s € [6,1 — 4], we have

g1(s,0(s),%(s),a,T'(a)) — g1(s, d(s),%(s),a,b) > 1 > 0.

By the uniform continuity of g1, there exists 9 > 0 so that, for all
s€[0,1—4¢] and all 0 <e <egy, we have

N |~

|91(5,8(5) + €, 9 (s) + €, a,b) — g1(s,6(s), ¥(s), a, b)| <
Next we define
C(t,5) = G(t, 5)[g1(s, 0. (5), ¥e(s), a,b) — g1(s, 6(s), ¥(s), a, b)]
and
n(t,s) = G(t, s)[g1(s, ¢(s), ¥ (s),a,T(a)) — g1(s, ¢(s), P(s), a, b)] .

Assume 0 < e <¢p. Then

¢ (t) > G t.s) g1(s, ¢(s),%(s), a,T'(a)) ds

:/Gtsgl (5,8.(5), .(5), a,b) ds

- /Oga(t,s)ds+/0 0t s)ds.
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Since 7(t,s) is positive and n(t, s) — (:(t,s) > L G(t,s), for s € [§,1 -],

we have

1 6
¢E (t) > / G(t7 S) 91(57%(5);1%(5)7@75) ds — / Ca(t7 S) ds
0 0
1 I 1-6
- C(t,s)ds + = G(t,s)ds.
1-6 2 Js
It is not difficult to show that Lebesgue’s Dominated Convergence The-
orem implies that f06 C(t,s)ds + f11_5 ((t,s)ds converges to zero, uni-

formly in t, as € tends to zero. Thus, for e sufficiently small, we have

1 — J—
5.(t) > /O G(t, 5) 1(5, B.(5), B.(5), 0, b) ds

uniformly in ¢ € [0, 1].
A similar computation holds for 1. .
O
We are now in a position to prove part (iii) of Theorem 1.1, or in other
words show the existence of two positive solutions of System (S,;) for
0 < b<T(a), where a € [0,a is fixed.

Proof of part (iii) of Theorem 1.1.

Consider the set

Q={(dV)eX: —e<d(t) <. (t), —e <V (t) <¥.(t), for t€[0,1]}

where ¢, and 1, are the functions of Lemma 6.1. It is not hard to see
that € is bounded and open in X , and that 0 € 2. Note that one solution
of System (Sy) belongs to C'N Q. Also, we known that F: CNQ — C
is a compact operator.

Let (¢,1) € CNoQ. It follows that there exists a ¢ty € (0,1) such that
one of the following two cases hold: ¢ (tg) = &, (to) or ¥ (to) = . (to).
In the case ¢ (to) = ¢, (o), it follows from Lemma 6.1 that, for all A > 1,
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we have

1
A6, ¥)(to) = /0 Glto, 5) g1(5, &(5), ¥(s), a, b) ds

1 —_ _
< / Gto,5) g1 (5, B (5), D.(5), 0, b) ds
70

< P (to) = ¢ (to) < Ao (to) -

Similarly, B(¢,)(tg) < Mp(to) in the case 1 (tg) = . (tp). Hence
F(p, ) # X, 1), for all (¢p,1p) € C N IN and all A > 1. Now according

to Theorem C, we have
i1(F,CNnQ,C)=1.

On the other hand, a slight change in the proof of Lemma 5.1 shows
the existence of an r > 0 sufficiently large, say r > Ry, where R is as in
Theorem 3.3, so that

[ F (o )l > ll(, 9l

for every ||(¢,v)| = r and every (¢,v) € C.
Let R = max{K + 1,7,|(¢.,%.)||}, where K is as in Lemma 5.1. Set

Then Lemma 5.1 implies that F (¢, ) # (¢,v), for (¢,1) € 0Cg. Conse-
quently, part (B1) of Theorem B implies i (F, Cr,C) = 0.
Now by the additivity property of the fixed point index we obtain

i(F,CNQ,C)+i(F,Cp\CNQ,C) =i(F,Cr,C) =0.

Since i (F,C NQ,C) =1, we conclude 4 (.7-", Cr\C'N Q,C’) = —1. There-
fore, F has another fixed point in Cr\C N2, which was to be shown.

Remark 6.2. Detailed proofs, more examples and comments can be found
in [6].

Open Problem 1. Does the conclusion of Theorem 1.1 hold for problems
twvolving p— Laplacian operator and without the non-decreasing assump-

tion on the nonlinear terms?.
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Open Problem 2. Do (1.2), (1.3) and (1.4) have infinitely many solu-

tions for a, b > 0 small enough?

Open Problem 3. It would be interesting to study multiplicity of posi-

tive solutions of elliptic systems in more general domains or more general

boundary conditions.
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