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LOCAL AND GLOBAL STRONG
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THE MODEL OF MASS DIFFUSION
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Abstract

In this work, we present some results for local and global in
time solutions (defined in the time interval (0,7) with T" < 400
or T' = +00) for the model of mass diffusion by using the spectral
semi-Galerkin approximations. We establish results related to the
global existence of weak solutions, to the existence of strong solutions
(local in time or global in time for small enough data in 3D domains
or general data in 2D case), to the regularity of strong solutions
and the effects of the exponential decay of the external force in the

asymptotic behavior when t — +o00 for global solutions.

1 Introduction

1.1 Model

Let Q@ C R? (d = 2 or 3) be a bounded domain with boundary I' of
class C1'. We will use the notation Q = Q x (0,7), ¥ =T x (0,7T) being

0 < T < 400 and n the unit outwards normal vector on I'. We consider
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the following initial-value problem concerning fluids with mass diffusion
put + ((pu — AVp) - V)u — pAu — ANu-V)Vp+ Vp

42 <V- va@vp)) =pf inQ,

(1)
V-u=0 inQ, uly=0, u(0)=wup inQ,

l pt —AAp+u-Vp=0in Q, S'ZL =0, p(0)=pg inQ,

where the unknows are u the incompressible velocity, p the pressure and p
the fluid density. The data are, f the external force acting on the system
and p > 0, A > 0 the viscosity and density coefficients respectively.

An extensive physical discussions and derivation of problem (1) can be
seen in Frank-Kamenestskii [5], Kazhikhov and Smagulov [12], Antoncev,
Kazhikhov and Monakhov [1].

Throughout this paper we will assume that there exists some constants
m, M > 0, such that

O<m<pg<M in Q. (2)

1.2 Known results

For the model (1) considered in this paper, Beirao da Veiga [2] and
Secchi [17], established the local existence of strong solutions by using
linearization and fixed point argument. Indeed, in [2] the local existence
of strong solutions (defined in (0,7")) imposing smallness constraints on
data or on final time for 3D domains is proved. In [17], \/p small enough
is imposed in the 2D case, obtaining existence and uniqueness of global
strong solution (defined in (0,7")). Moreover, it is showed the convergence,
as A — 0, towards a weak solution of the Navier-Stokes problem with
variable density. In the 3D case, global existence of (1) and convergence
(as A — 0) towards weak solutions of Navier-Stokes with variable density
is proven in [7], imposing only positive initial density (po > 0). In [9], the
existence and regularity of strong solutions (and some error estimates) is

proved by means of an iterative method.
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The case where the solution is defined in ¢ € (0,400) is treated in [3],
imposing that the external force f € L°(0, +oo; L%(€2)) and periodic in

time and studies the asymptotic behavior of the solution as ¢t — +oo.

1.3 Some functional spaces and semi-Galerkin method

In the sequel, (-, ) denotes the L? inner product. Also, ||-|| will denote

the L?-norm. We now introduce the standard spaces of the Navier-Stokes

framework:
H = {u:ucL?N),V-u=0u-n=0ondN},
\'% = {u:uc H(Q), divu=0,u =0 on 90},

I2Q) = {p:pe Q) /Q p(x) = 0}.

The norms ||u| g and ||Vul/z2 are equivalent in V', and |u| g2 and
| Awl| 2 are equivalent in H?(2) NV ([13, 19]). On the other hand, the
norms ||p||z1 and ||Vp||z2 are equivalent in H*(Q) N L3(€2).

On the other hand, for the density, let us consider the affine space
(k=2,3)

0
@ = {pe @ 2 —oomon, [ = [ mio}.
on Q Q
Obviously, H¥ () = po + HY ,($2), where pg = |§12/ po(x)dx and
’ Q

Hf () = {p € H*(Q): 9% _§on R, /Qp(x) = o}.

" On

Therefore, HJ@’O(Q) (k=2 or k = 3) is a closed subspace of H% (). Con-
sequently, thanks to the H? and H? regularity of the Poisson-Neumann
problem, norms ||p||2 and ||Ap| 2 are equivalent in H% () and ||pl| g3
and ||[VAp||z2 are equivalent in H3,(Q) ([2)).

We also consider the Stokes operator A : D(A) — H defined by A =
P(—A) with domain D(A) = H*(Q) NV where P : L*(2) — H is the
Helmholtz orthogonal projection and define Vi = (uy,..., ux) the finite
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vectorial space spanned by the first k& € N eigenfunctions associated to the
Stokes operator.

The spectral semi-Galerkin approximations of problem (1) are defined
for each k € N as the solution (u®, p¥) € C2([0,T], V) x C2([0, T]; H3(£2))
of

(pkuf,v> + (((pkuk —AVpF) . V)uk,v) + /L(Auk, v)
- <(uk V)V, ’U) + A2 <V - (;Vpk ® Vpk> ,v> (3)

= (pkf,v), VveVy, in(0,7).

apk k k k :
E-i—u -Vp" = AAp" =0 inQ,
n (4)
OL =0, on X,
n

with the initial conditions
u¥(x,0) = Pyug and p*(0,z) = po(x), V = € Q.
respectively, where Py is the proyection operator on V.

Definition 1. A pair (p,u) is called a weak solution of (1) in (0,T") with
T =T < oo or T = +oc0 if it verifies:
a)
(uw,p) € L®(0,T'; H x Hy (1)),
(u,p) € L*(0,T";V x HX(Q)) if T' < 00 or (u, p) € Li,.([0,00);
V x H3(Q)) if T' = oo,
0<m<p(e,t) < M, ae. (xt)€(0,T7) x Q.
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b) V¢ € CL([0,t]; V) such that ¢(t) = 0, where t € (0,T")

/Ot {=(wpo1 + (ou = AVp) - V6) + (1Vu = Ao(Va)', Vo) } ds

- /ot (pf, gb) ds + (p0u07¢(0)>‘

c) The equation of mass diffusion is verified almost everywhere in (0, T")x

Q.

Definition 2. A weak solution (u,p) of (1) in (0,T") is said to be a
strong solution of Problem (1) in (0,T") with T' =T < oo or T = +o0 if
it satisfies (u,p) € L°°(0,T";V x H%(Q)),

The rest of the paper is as follows. In Section 2, we study the existence of
global weak solutions imposing A\/u small enough for 2D and 3D domains.
In Section 3, we prove the existence and regularity of strong solutions, first
for 3D domains and second for the 2D case, where the main difference
between these two cases is that smallness of the data is necessary only for
3D domains. In Section 4, we study the effects of exponential decay of the

external force on the global solution.

2 Existence of global weak solution

Theorem 3. Let Q C R®. Assume uwy € H, py € HL(Q) verifying (2)
and either f € L*(0,T; L%°(Q)) if T < oo or f € L(0,00; L5/°(Q)) if
T = oco. Then, if \/u is small enough, there exists a weak global solution
(u, p) of Problem (1) in (0,T) and satisfies

0 <m < plat) < M in Q. (5)
1(w(®), p(E) L2 <€ VE =0, (6)
t
Yy >0, e”t/ 75| (w(s), ()|}, gz ds < C, ¥Vt > 0. (7)
0

Moreover, in the finite time case (T' < 00), one can take v =0 in (7).
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Proof: Since the Galerkin approximations (u*, p*) will appear in the
proof everywhere, there will be no ambiguity in setting u = u* and p = p*.
For brevity, we will only prove estimates (5)-(7) in the case T = +o0.

The maximum principle applied to (4) gives (5).

Working as in [17] we can find the differential inequality (whenever A/

small enough)

d
p [!IPI/QUII2 +aX|Vpl?| + aX?[[Ap|* + ullVul® < Cl I es gy  (8)

for a certain o > 0 (depending on the data).
Let us denote 1 = ||p"?u||?4+aX||Vp||? and ¥1 = aX?||Ap||? +u|| Vul 2.

Then, (8) is written as

o1+ 91 S ClfllZesi0) < C 9)

Using ¢1 < Py1); where P; > 0 is a Poincaré constant and multiplying (9)
by "t for v* < 1/P;,

* ! 1 * *
(o)’ + () o) <
1

which implies

t
() < 1(0) + C / 7" *ds < ¢(0) + g(ev*t—l).
0

Thus, we obtain ¢1(t) < e 7 p1(0) + C(1 — e™7t) < 1(0) + C for all
t >0, hence ¢1(t) < C, Vt > 0 and (6) holds.
Getting back to (9), multiplying by €7 for any v > 0 we get

/
<67t¢1> + eMapy < CeVt 4 yeltp < Ce.

From this last differential inequality is easy to deduce

t
e_w/ e’¥Py(s)ds < C,
0

for all ¢ > 0, hence (7) holds. O
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3 Existence of strong solution and regularity

This section is divided into two parts: the first part corresponding to
3D Case and the second one to 2D Case. In both cases we study local
and global existence of strong solutions and some regularity properties,
but the main difference is that for 3D domains some smallness constraints
(on data or on the final time) must be imposed, whereas for 2D domains

these constraints do not appear.

3.1 The 3D case

Theorem 4. Let Q C R3. Assume ug € V and py € H%(Q) satisfying
(2).

Case 1: (T < +o0) Let f € L?*(0,T;L*(2)). Then, there exists a
unique strong solution (u, p) of Problem (1) in (0,T*) for certain T* < T,
verifying

1(w(t), p(O) sz < €, VE€[0,T7], (10)

N
16 61w, N sggmnds <€ a1

Moreover, if ||Vuol|, [|Apo|l are small enough, one can take T* =T.

Case 2: (T = +o0) If [[Vuol|, [[Apoll and || f[|Le(0,00:22(0)) are small
enough, then there exists a unique strong solution (u, p) of Problem (1) in
(0,00) such that

I(w(®), o)l 1z < €, VE=0, (12)

t
vy >0, e‘”/o e |[(w(s), p(s), we(s), pe() I Fr2 o2

ds < C, Vt=>0.

(13)

Proof: Again, for brevity in the notation, we denote u = u* and p = p*
and we will see estimates (10)-(11) and (12)-(13).

Taking as test function v = u; into (3), this gives
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wd
LIVl + o a2 < |(((u = AVp) - V), u )

+ A ‘ ((u . V)Vp,ut)

(o (oo
14)

Estimating the terms on the right-hand side of (14), taking into account
the Sobolev embedding H*(€2) < L%(Q) and the interpolation ||w||s(q) <

C Hw||1/2Hw||;{12(Q recalling that 0 < m < p(z,t) < M, one has ([9])

+ A2

3
2  om 2 2 2 2
L Ivul+ P l? < CUFIE +C(IVul? + 20]2)
+ 3l Aul? + VA2,

being vy and § positive constants to be chosen later (and C' > 0 is a constant
depending on « and §). In order to control the term || Au||?> which appears
n (15), we take as test function v = Aw in (3) (that is possible because

the spectral basis of A has been considered), getting

pl|Au|?> = —(put,Au> - (((pu — AVp) - V)u, Au) - )\((u -V)Vp, Au)

A2 (v- <1Vp®Vp> ,Au) - (pf,Au).
)

The terms on the right-hand side can be estimated in the same way as

before. We only bound the first term
M? 2 | M 2
[(pue, Au)| < Mjw ||| Aul| < TIIUtH + 7 1Al
Then, we get the inequality

p M? 3
SllAulP < Sl +C(ITul+ [Vul?) 1|V A0 +CI 12 (16)

Multiplying (16) by
enough)

1 M2 and adding to (15), one has (choosing ¢ small
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Vul? + Ml + T aul? < (10l + [Vul?)”

2 dt’ 8M2‘ (17)

+ AIIVAI? + ClIFIP.

On the other hand, multiplying the density equation (4) by —Ap;+AA2%p

and integrating by parts, one obtains
IV el + A HApH2 + X[VA|E = (V(w- V)~V +AVAP).

Using the Holder’s and Young’s inequalities in the previous equality, it

becomes (for arbitrary § > 0)

d A2 3
/\allﬁplluIIth||2+7IIVAPII2 < C(IIVuH2+IIAP||2) + 6] Aul®. (18)

Finally, adding inequalities (18) and (19) and choosing v and ¢ small

enough, we obtain

dfp
{BIValP + Mg |+ 5l + 1902 +

A 2
2 v

e (19)

/\—QVA2<C’A2 v230 2
+4|| pll© < CApll® + IVull®) +C|[f]*

. M m
By setting ¢a(t) = SVa(®)® + 20(0)I, xa(t) = Sl + [ Vol

and o(t) =

my’ Al z? Abll2. i : :

e | Aul|” + ZHV pll*, inequality (19) can be written as
Ph(t) + xa(t) + ¥2(t) < C3(t) + Ol F (1), (20)

Thus, using that ¥y > Papy (with P, > 0) and classical results of

differential inequalities we shall obtain two results:

Case 1: There exists a time 7" < T small enough such that ¢y(t) < C

T*
for all t € [0,T*] and / (Xg(s) + @Z)g(s)) ds < C (see [11]), hence (10)
0
and (11) hold.
On the other hand, if ¢2(0) is sufficiently small, we get 7% = T ([19]).
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Case 2: For |[Vuo|?, [|Apo||? and 1 £l o< 0,7 £6/3 62y sufficiently small,
one obtains ¢9(t) < C, hence (12) holds. Getting back to (20) and multi-

t

plying by e, we can get e_'yt/ er* (XQ(S) + ¢2(S)> ds < C for all t > 0,
0

hence (13) holds. O

Corollary 5. Assume hypotheses of Theorem 4, uwg € V. N H?*(Q) and
po € H3(Q).

Case 1: (T < +o0) Let f € L*0,T;H*Q)) and f,
e L2(0,T; L%°(Q)). Then, the unique strong solution (u,p) of Problem
(1) in (0,T*) for certain T* < T given in Theorem 4 verifies the additional

estimates:

[(u(t), p(), we(t), ()l w2 s xp2xmr < €, VE€[0,T7],  (21)

.
/0 (), p(5), we(5), e () s rponrmr < C- (22)

Moreover, if py € Hx ()

(o2 (alt), p(t), M 2ag (), pe () | s sz < Cs V€ 0,77,
(23)

*

/ "(Ul/2u7p701/2ut7ptaUl/zuttaptt)"%{4xH5><H2><H3><L2><H1 <C. (24)
0

where o(t) = min{1,t}.

Case 2: (T = 400) Let f € L®(0,00; H (Q)) and f, € L>(0, 00; LS/>(Q2)).

Then, the unique strong solution (u, p) of Problem (1) in (0,00) given in

Theorem 4, verifies

H(u<t)7p(t)vut(t)apt(t))HH2><H3><L2><H1 < Cv vt > 0, (25)

t
V'Y >0, e'Yt/O ei'ys”(u’(‘s)vp(5)7ut(S)vpt(s))H%I3><H4><H1><H2 <C.
(26)
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Moreover, if py € Ha ()

12 (@)(t), p(t), M *ae(), () | o praxerime < G, VE2 0, (27)

t
—t s 1/2 1/2 1/2 2
V"}’ > 07 e’ / e’ ||(U / u,p,0 / U, pt, 0 / uttaptt)||H4><H5><H2><H3><L2><H1
0

< C,Vt > 0.
(28)

Proof: Firstly, we are going to improve the a priori estimates obtained
in the previous Theorem for (u, p;). As a consequence, we will improve
the estimates obtained for (u, p) in D(A) and H3(£) norms respectively.

By differentiating the density equation (4) with respect to ¢ and taking
the inner product of L?(Q) with the term Ap; and integrating by parts

1d
§£‘W0t\\2 +AAp? < [(Vue - Vo, V)| + [(ue - V20, Vi)

+ |(Vu Vo, Vou)| + [(w - V201, Vo).

In virtue of the bounds for ||Vu|| and ||Ap|| obtained in Theorem 4, the
terms on the right-hand side can be estimated using the interpolation in-
equalities [[V2plls < C | Ap|[1/2[VAp| /2 and [[Vplls < C | Api| V4|V oyl
the Sobolev imbedding H'(Q2) «— L5() and Young’s inequality, getting

1d

3\
- Y 2
5 9a + =2

[Ape|* < AIVel* + CI Vel (29)

for any v > 0 (with C' depending on =).
Now, computing the derivative of system (3) with respect to ¢, taking
as test function v = u; and take into account equation (4), one gets
1d
2dt
= —(p(u - V)u,u) — (p(ur - V)u,we) + (pof, ue) + (pF s ue)

M ((Vpe - V)u, w) + ((we - V)Vp,we) b+ A((uw - V)V, w)

1/2

o 2ae® + gl Ve |®

1 1
+22 <§;Vp ® Vp, Vut) —\? (prt ® Vp, Vut> —\? <pr ® Vi, Vut> .
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We observe that the terms (pt(u - V)u,us) and (p(ut - V)u,u;) can be
bounded as in the Navier-Stokes case ([11]) and the bounds for the terms
A(Vpr - V)u,uy) and A((ug - V)Vp,uy) are similar. The other terms are

estimated as follows

(el - V), ue)| < |(u- Vo (u- V), + M(Ap(u - Vyu,u| (using eq. (4))
< el Wl olleel ol Vul el o + | Apllul o Vel o s o
< Ol Aul]? + 4] V|

(o f )] < 1Fpelzslluelle < CUFIPIV oAl + 7] Ve

C
(iij® v, wt) < I nll IRV < CIT ol + 4Tl

IN

1 1 C
(prt & Vp, Vut> + (pr & th, Vut> EvatHL:svaHLﬁ HV’lLtH

IN

ClIVpill* + el Ape|?
+ [V
Thus, we obtain the differential inequality (choosing 7 sufficiently small)
L0 2 4 2wl < CUFIRIVAIR + 1420 0)
2 dt 4 L
+ Cllw? + ClIVpel” + el Ape|>.

Adding this inequality with (29), choosing suitable v and e, and taking
the notation @3 = ||p"/2u||? + ||V pe||? and 13 = || Vae||? + \||Ape||?, one
has

@ + 3 < CllFIPes + Ol Fill 2oy + Coos. (30)

Case 1: Using Gronwall’s Lemma in (30), since ¢3(0) < C (in fact

[ (0)]] < C(lluoll () [P0l () [1FO)) and [[Vp: (0)]] < C(lluoll 2 [looll 3, o

T*
we obtain ¢3(t) < C for all ¢ € [0,7%] and Y3(s)ds < C, hence (21)

0
and (22) for (u, py) hold.

)
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Case 2: Multiplying by €7 in (30) (for any v > 0) and integrating from
0 to t, we get
t

t
w3<t>+e—”/0 O s(r) dr < ¢3<o>+06—“/0 e F () 2ss g I

t
+ C’e‘”t/ e Tps(T)dr.
0
(31)
t t
Applying 6_7'5/ e Tps(T)T < C’e—%/ e xa(T)T < C, we get (25)
0 0
and (26) for (u, pt).
Now, we improve the regularity in time for D(A) and H3,(£2) norms for
the velocity and density respectively. Multiplying (4) by A2p, integrating

over ) and integrating by parts,
A 2 2 2 2 3 2
IV < CIVpil2 + C (I Vul? + | 8p]2)” + dllAul?  (32)

for any § > 0. Adding (16) and (32), and taking suitable v and J, one
obtains the inequality

3
ull Aul? + N[V Ap|2 < Cllwl|? + ClIV ol + C (I Tull? + [ Apl?) " (33)

From this last expression and the above estimates is easy to deduce (21)
in Case 1 or (25) in Case 2, for (p, u).

Now, we want to obtain better estimates in space for the velocity. By
taking A%u as test function in (3), one has

WA 2ul < AV (pun)| + [|AY2((pu — AVp) - V)|
+ A2 (of)] + AAY2(u - V)V )|

)

hence, estimating on the right-hand side one has

+ A2

| A% 2u| < C||Vu| + C, (34)

hence (22) in Case 1 or (26) in Case 2, for u, holds.



76 Damazio, G.-Gonzélez, G.-Santacreu and R.-Medar

Analogously for the density. Applying the operator A to (4) and taking
the inner product by —AZ2p, one gets

A
SUAZR = Mg+ AVt u- AV

IN

CIApl? + 1Au][Voll%, + [ulZ [V Ap|?) (35)
Clll A + 1 Aulllpll ) < CUIApP +1)-

IN

Therefore, we conclude (22) in Case 1 or (26) in Case 2, for p.
In what follow, we suppose that py € Hx (). By differentiating the

approximate momentum system (3) with respect to ¢ and considering v =

u¢ as test function, we have

pod 2 _ _ .
LoVudl? = =([((ru = AVp) - Vyu] )

+A ([(u . V)VpL,utt)

-\ <[V ' <1kka ® Vpk)] ,Utt> + (pkf,utt>.
p t

Thus, bounding on the right-hand side, one obtains the following dif-
ferential inequality ([9])

1/2

1" up||® +

d
0" 2wl + V> < CIVal? + ClAp|® + ClIF 13,

(36)
+ Clfl* +C.
Analogously, for the approximate density, we get
d
IV e + A%HAPtHQ < Ol Vu|® + CllApe? (37)

Case 1: Multiplying (36) by o(t), where o(¢) = min{¢,1}, we have

d :
A ) + g (T = e IVl
< Cols)([Vuwil* + | Apil> + 113 + 1.1 + 1)
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Integrating (38) from € to ¢, with 0 < € < ¢ and using that o(¢) < 1 and
o' (t) <1 ae. in [0,t], we have

o ()l Va(t |!2+m/ $)luee(s)|* ds < po(e) [ Var(e) |

+c/ 1F) 20+ 1) + [l + [ Apel? + 1) ds.

Since Vu; € L?(0,t), we can choose a sequence (g,) such that 0 < &, < 1
for all n > 1 and o(e,)||Vue(en)||?> — 0 as g, — 0. Then, taking &, — 0,

we have

o (8) Ve P+m/ () lee(s) | ds

<c/ 1) 3 + 1) + [Vl + | Al + 1) ds.

On the other hand, working for the density as for the velocity, we shall

obtain

MAp (b2 + /an>Hw
<A1+ [ (1Tl + 3] + 1)

It is easy to bound [|Ap:(0)[| < C([luoll g2, llpollm4)-

Then, we can conclude using the a priori estimates (ug, pr) € L?(0,T%; V x
H?(Q)) that o¢'?u; € L®(0,T7%V), o' ?uy € L*(0,T*H), p; €
L®(0,T*; H%(2)) and py € L*(0,T* HY(Q)). As well, from (34) and
(35) and previous estimates, we infer (u, p) € L>(0,T*; H3(Q) x H*(Q)).

Now, we want to obtain the following estimate

/OT* (U(S)HAUt(S)”2 - HVApt(S)H2>d8 <.

Indeed, this bound can be obtained by taking v = Awu; as test function in
the time derivative of the momentum system and applying the gradient
operator V in the time derivative of the density equation multiplied by
VAp; and then bounding the right-hand side of both equalities having in

consideration the previous estimates.



78 Damazio, G.-Gonzélez, G.-Santacreu and R.-Medar

On the other hand, taking v = A3u; as test function in (3) and bounding
the right-hand side using the estimates obtained up to the moment, we

get

[A%ul* < C(| Aue|? +1).
As a consequence, o2y € L2(0,T*; H*(Q)). Analogously for the density,
we can obtain p € L?(0,T%; H%(Q)).
Case 2: Working as in Case 1 changing the weight o(t) for o(t) =
e"o(t) and using that &(t) < e and &' (t) < Cet, one has

pe (1) Ve (1) +/ 5 (s)lluee(s)]* ds < 7 (e)||Vuur ()

t
4 [ (I + 15 P + [Tl + [ 8p1]P + 1)
€

Choosing a special sequence (g,,) — 0 such that &(g,)||Vu(en)||? — 0 as

n — oo and taking limit, one obtains
t
pr OOl + [ o)llun()] ds
t
< e /0 O (I1£) 21 + 1 ()P + [Vl + | e[ + 1) ds.
from which one deduces o/?u; € L>°(0, 00; H') and o'/?uy; € L*(0, 00; L2(Q)),
t
thanks to the estimate e”t/ eTPs(r)dr < C.
0
Multiplying (37) by €7, we can get
¢
MIApe(t)II* + ewt/ [V pr(s)]|* ds
0

t
§Ae‘7t||Apt(0)||2+C’e_7t/ 675<||Vut||2+||Apt|]2+1)ds.
0

¢
Using e_"ﬂ/ eP3(T)dr < C, we deduce that p, € L>®(0,00; H?(2))

0
and py € L?(0,00; HY(Q)).
In the similar manner as in Case 1, we deduce (o'/?u, p) € L2 (0, 00; H*(Q2)x
H5(Q2)) and

T
¥y > 0, e—vt/ e (U(S)||A2u(s)||2 + ||VA2p(s)H2>ds <0, V>0
0
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3.2 The 2D case

Secchi needed to introduce in [18] the condition A\/p sufficiently small
in order to obtain weak estimates. Now, we impose that condition in the
following theorem in the case of 2D domains, obtaining regularity of weak

solutions without constraints on data or on the final time .

Theorem 6. Let Q C R%. Assume ug € V, py € H%(Q) verifying (2)
and A/ is small enough.

Case 1: (T < +o0) Let f € L*(0,T;L*(2)). Then, there exists a
unique strong solution (w, p) of Problem (1) in (0,T), verifying

[(w(®), pO) |1 xmz < €, VE € [0, 7], (39)

T
[ 1) 61 N i <€ (40

Case 2: (T = +o00) Let f € L*>(0,00; L?(Q)). Then, there exists a
unique strong solution (w, p) of Problem (1) in (0,00) such that

[(w(®), o)1 sz < €, VE 20, (41)

¥y >0, e [T e (u(s), p(s), we(s), pe ()1 22 s 2 ern < C

vt > 0.

(42)

Proof: Again there will be no ambiguity in setting w = u* and p = p*.
From Theorem 3 (notice that we can choose f € L?(0,T; LP(Q) if T < oo
or f € L>(0,00; LP(2)) if T' = oo with p > 1, since we are considering

) C R?), we can deduce the following estimates:
0<m<p(e,t) < Min Q, (43)

I(u(®), W)l L2xmr < C VE€[0,T7], (44)
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t
Wy > 0, e—vt/ Nl(w(s), p(s)) |21y e ds < C, WEZ 0. (45)
0

In the finite time case (T' < 00), one can take v = 0 in (45).

On the other hand, by working as in Theorem 4 and taking into account
the Gagliardo-Nirenberg inequality |[w||psq) < C w2 ||w]|| 2 and (44),
we get

Ph(t) + xa(t) + ¥a(t) < CR3(1) + CF (1)) (46)
where ¢a(t) = £IVa(®)[? + [Ap@IP x2(t) = T lwil* + Vel and

2 2
_ mp 2 N 2
Ua(t) = Sl Aul? + S [V A

Case 1: Using Gronwall’s Lemma in (46) jointly with (45) for v = 0,

we obtain ga(t) < C for all t € [0,T] and / (Xg(t) + ¢2(t)) dt < C,
0
hence (39) and (40) hold.

Case 2: We obtain from (46)
Ph(t) < Cpi(t) + Cr.

We observe that
Cp3 + C1 < 2C¥3

for all oo > (01/0)1/2. Then, either we have 0 < p9(t) < L for all t > 0
[

or there exist some interval [t1,to] with to > ¢; for which |[pa(t1)
L and for all t € [t1,t2] one has |[pa(t)||> > L, where we take L =
max {(C1/C)'/2, 1, ||¢2(0)||}. Then, if we consider the second case, thanks

d
to the choice of L, the differential inequality P2 < C'3 holds in the in-

terval [t1, to], or equivalently,

d .
alngp < Cy¢ in [t1,t2].

Then, multiplying this differential inequality by €7! this gives

%(e;’t In goz) < Celoy + 77 Inwy  in [ty,ta). (47)
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Taking into account the inequality In ps < k + ko, for all g9 > 0 for a
certain k > 0 and integrating (47) between ¢ and ¢; for any time ¢ € [t1, 2],

one gets

t ¢
' Ind(t) — e Ind(t) < (C + ”yk)/ eTI(T) dr + ’yk/ T dr
i1

t1
hence, thanks to (45),

t t
md(t) —e W InL < (C+rk)e ™ | 7O(r)dr + ’yk:e_wt/ e’ dr

to to

< C(C+qk):=D

pa(t)
L

Since e 7~ In L < InL (here, L > 1 is used), we have that In
D, which implies,

<

©o(t) < LeP, Vit € [t1,ta].

Consequently ¢g(t) < LeP, for all t > 0, hence one has (41).
Multiplying by ¢! in (46) and considering (41) we get the estimate (42).

Remark 7. In the 2D case is possible to obtain the same reqularity results

given in Corollary 5 but without smallness constraints on the data.

4 Global existence as the external force decay

exponentially

Theorem 8. Let Q C R3. Assume ug € V, pg € H%(Q) verifying (2)
and Stglgewﬂfﬂizm) < oo. If |Vuol, [[Apoll and [|e7/2 £ 100 (0,00:12(02)) are

small_enough, then there exists a unique strong solution (u, p) of Problem

(1) in (0,00) and a positive constant v* <~ such that
(), )l < C, VE20, (48)

t
/(;698“<u(3)7p<3>7ut(s)vpt(s))H%{QxHi'*xL?ledsSC? Vi > 0. (49)

for any 0: 0 <0 <~* and 6 <~ (indeed, if v* <~ then 6 = ~* is valid).
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Proof: Multiplying (20) by " with v* > 0 (to be chosen), we have

* / * * * *
(€7 2(0) +67 (xa(®+va(t)) < C& pa(t)+Ce I fIP 477 o 1),
Now, by choosing adequate v* such that y*pa(t) < 19(t), we get
o) + Xa(t) + (1) < O™ Gy(1)’ + O £

being Ga(t) = €7 tpa(t), X2(t) = € txa(t) and @Zg(t) = C1e” o (t) where
C7 > 0 a constant depending on the data. Proceeding with similar ar-
guments as in Theorem 4 we prove (48) whenever |Vuo||, ||Apo| and

sup || f|| r2() are small enough. Then, multiplying (20) by e and in-
>0

tegrating in (0,t), we can arrive at (49). O

Corollary 9. Assume hypotheses of Theorem 8, ug € V.0 H%(Q), po €
H} (), sup || fll i) < oo and igg@”t!\ftllie/s(m < oo (v is given in
Theorem 8). Then, the unique strong solution (u,p) of Problem (1) in

(0,00) given in Theorem 8 verifies

le” (w(t), p(t), we(t), pe(t) | 2 s xrosems < C, W20, (50)

/0 || (u(s), p(s), we(s), pr()) 3 a2 < C- (51)

for any 0 as in Theorem 8. Moreover, if pg € Hn ()

N (o 2 (t)u(t), p(t), oV Pu(t), pe(t) | mrosc s e < C,

vt >0,

(53)
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Proof: Multiplying (30) by e’ and taking into account (49) and fo QTHftHLG/Q <
C, we get (50) and (51) for (w, p¢). Now, multiplying (33), (34) and (35)
by €%, it is easy to deduce (50) and (51) for (u,p). The rest of estimates

can be obtained as in the proof of Theorem 4. ]

Remark 10. The above result also is valid in the 2D case without con-

straints on the data.

Remark 11. By using the results of the above sections together with the
arqguments used by Heywwod [8], it is possible to prove, when I" is of class

C®, the following regularity for the solution
u € C™((0,00) x Q), peC®((0,0) x Q).

Remark 12. In this work we have used technics which are similar to
those ones used in [14], in the case of 2-dimensional viscous compressible

flows.
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