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Abstract

In this paper we prove the upper semicontinuity of attrac-
tors for the discretization of damped hyperbolic problems of
the form
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with D(A) = {u € H%(0,1) : uz(0) = u,(1) = 0}, A : D(A) C
X = X, AMu = —ugy +90u, 6 > 0, a > 0,7 >0 as the

discretization step goes to zero.

1 Introduction

For each n > 0, we consider the strongly damped wave equation

g 4 20 AV 20y + 20w, = —Au+ f(u), 0<z<1,t>0

(1.1)
uz(0) = u, (1) =0, t >0,
and its discretization given by
U+ 20 AY2U +2aU = —A,U + f(U) (1.2)
where a > 0, Au = —uy, + gu, A, is an x n matrix, A,, = A, + g],

0 > 0 and A, is the discretization of the Laplacian with Neumann

boundary conditions given by

1 -1 0 0
-1 2 -1 0
0o -1 2 0O 0 O
A, =n?|: : : . : s (1.3)
o o o --- 2 =1 0
o o o - -1 2 -1
0 0 0 -~ 0 -1 1]

f:IR — IR is a C? function satisfying the dissipative condition

lim sup J{w) < -0, (1.4)

lu|m400 U

(U) = (f(ur), -+, flun)) " and U = (uy, -+ un) '
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In this paper we study how the dynamics of the continuous equa-
tion (1.1)can be approximated by the dynamics of the discretization
(1.2). More precisely, we prove that the family of global attractors
of the discretization (1.2) is upper semicontinuous to the global at-
tractor of the continuous problem (1.1), as n goes to oco.

We study the problem (1.1) in an abstract form (in the sense of
Henry [8]). Let’s denote by A, the operator A : D(A) ¢ X° —
X0 given by Au = —uy, + Su, X = L? = X% and D(A) = {u €
H?(0,1);4/(0) = 4/(1) = 0} = X*. So we can write (1.1) as

d u
at |,

where D(A4,) = X' x Xz =Y!

u u

. ) (1.5)

and h( [Z]) = [fe(()u)] .

For n > 0, —A, is a sectorial operator and generates an analytic

= A, + h(

?

0 I

A =
—A —2(nAY? 4 a)

n

semigroup of contractions (see [6, 7]). For n > 0, the equation (1.5)
generates a C''-semigroup 7, on Y = H' x L% T,(¢),t > 0, is a
gradient system asymptotically smooth. Furthermore, as proved in
[5] to a more general case, T, (t) admits a global attractor A,. By
using regularity results we have A, C Y.

In order to keep the similarity, we rewrite (1.2) in a matrix form

d |U U U
— =A,, H 1.6
dt |V "y +H( \% ) (16)
where
0 I, U 0
Ay = 1/2 and  H( ) =
A, —2nA)" +a) 1% f(U)




42 S. M. Bruschi and A. N. Carvalho

For (1.6), we have a global attractor A,,,.

Considering
dy (A, B) = sup inf dy(x,y) (1.7)

r€AYEB
we can define the continuity of a family of sets B,, C Y in the following
form: a family B, is continuous in 7 if it is upper semicontinuous at
no, that is, oy (B, By,) — 0 as n — no; and it is lower semicontinuous
at 1o, that is, oy (B,,, B,) — 0 as n — no.

In most problems, the ideal situation is having the asymptotic dy-
namics of one equation the same of the asymptotic dynamics of its
discretization. Nevertheless, studying the linear wave equation, we
noted that the spectrum of the discretization and the spectrum of its
continuous counterpart are far away from each other, no matter how
fine the discretization is. That also happens to some parabolic equa-
tions but in this set of problems the nonconvergent part is controlled
by the fact that the real part of the eigenvalues is negative and very
large in absolute values (the corresponding modes do not interfere in
the asymptotics). The spectrum of A, with n = 0 do not have this
property. That is restrictive to the hyperbolic equation, i.e. n = 0.

In order to overcome this problem we propose to approach the
semilinear damped wave equation with 7 = 0 (hyperbolic case) by a
“parabolic equation” strongly damped (1 > 0) and then to make the
approximation of this equation by its discretization.

In [3], they proved that the family of global attractors A,, n > 0
is continuous (lower and upper) in 7 = 0 . Note that n = 0 in (1.5)
give us the damped wave equation.

In order to compare the problems (1.5) and (1.2) it was necessary
to consider the space R™ x R" embedded in the phase space of the

continuous problem. We also consider two norms in R” x R™ which



UPPER SEMICONTINUITY OF ATTRACTORS FOR THE 43

are the discretization of norms in the continuous space (Y and Y!).
Studying the problem, we realize it was not possible to reduce the
phase space dimension using a finite dimensional invariant manifold.
The reduction to a finite invariant manifold was used to prove the
topological equivalence between the dynamics of the discretization
and the continuous heat equation, see [4]. The spectrum of A, do
not satisfy the existence of a large gap, since limy_,o Re(As(py1)) —
Re(Axr) = n, where ), is the k™ eigenvalue of 4, therefore we could
not use this technic.

We workout this problem for a fix n > 0 as follows. First, we
analyze the closeness of the linear semigroups in the norm Y°. In
order to do that, we decompose the semigroups in two parts. One of
them, is defined on an infinite space dimension, such that Re(Ay;) —
—00, where kK — oco. It means that the semigroup norm can be set
arbitrarily small. So our problem becomes to compare the semigroups
in a finite dimension space. We did that using the convergence of the
eigenvalues and eigenvectors of the discrete problem to the continuous
problem. Then, we compare the nonlinear semigroups and, finally,
we prove the upper semicontinuity of the global attractors A,,,. This
procedure was used in [1]

The main result of this paper is

Theorem 1.1. The family of global attractors A, is upper semi-

continuous at n = oo, for any n > 0.

Theorem 1.1, and the fact that the family 4, is upper continuous

(see [3]), leads to the following important result

Theorem 1.2. Let A be the attractor of (1.1) forn = 0. Then, there
exists a sequence (n,ny) such that 6(A,,,, A) converges to zero when

n— 0.
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These results can be summarized in the following diagram

n—0
A A,
A
N
N
N
N\ N n—o00, n fixed
N
N
N

where the arrows denotes upper semicontinuity when it points to the
limit problem and lower semicontinuity when it points to the family

problems.

This paper is organized as follows. Section 2 recalls some spectral
properties of A, and A,,. We also define the norms and some rela-
tions between R” x R™ and Y° and Y!. In Section 3 we make the
comparison of the linear semigroups. The comparison of the nonlin-
ear semigroups is done in Section 4. Finally, the last section proves

the upper semicontinuity of attractors A,,,.

2 Spectral properties of A, and A,,.

In this section, we recall from [6, 7] some important spectral prop-
erties of A, and A,,,. We also define the norms and some relations
between R” x R™® and Y, Y'!.

Let v, = (km)? + £ be the eigenvalues of A for k = 0,1, --. The

eigenvalues, Ay, of A, are the solutions of
1
N+ (2002 + 2av)A + v = 0

and they are given by:

Aiw = —(y* +a) \/(77’/;1/2 +a)® — v



UPPER SEMICONTINUITY OF ATTRACTORS FOR THE 45

For each n > 0, there exist an ky = ko(n) > 0 such that Ay is a
real number for k < kg and A4 is a complex number for k > k.

The correspondents eigenfunctions are given by:

bk = [ o ] (2.1)

Asker

where e = cos(kmx) is a eigenfunction of A with respect the eigen-
value v;. If Ai; is a double eigenvalue then v, = eO is a gener-
k
alized eigenfunction associated with Ay ;. If A\i; is a complex eigen-
value then we consider the following vectors 1., = Re(¢+x) and
Y_r = Im(¢4y), in the real eigenspace associated with Aiy.
We have the following properties:

1) the family (¢4)F,, (V4k)72y, 1s orthogonal in Y

2) the family (¢_ )llz ° 0 (V)7 is orthogonal in Yo,

3) (P—is P4j)yvo = 0, (Vs i j)yo = 0, (D—is ij)yo = 0, (Yis P1j)yo =
0if i # 5.

Using the same arguments of [3] in section 2, we have that there

are K > 1 and v > 0, independent of 7, such that ||e?|| < Ke™7,
for n > 0.

Similarly, the eigenvalues of A, are given by v = 4n?sin? S—Z + g
and the associated elgenvectors are ek (coskmxy,- -+, cos kmx,) for
k=0,---,n—1landz;, = % o
solutions of the equation A2 4+ (2n(v1)2 + 2av")A + v = 0 and are

N, of Ay, are the

given by:

L=~ 4 a) £ /()2 + a) -

The correspondents eigenvectors are given by:

n ex
+k = | \n _n (2-2)
[)‘ikek]
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where e} is the eigenvector of A,, associated with the eigenvalue v/} If

0
A}, is a double eigenvalue then 9} = [ n] is a generalized eigenvector

€k
associated with A7},

If N}, is a complex eigenvalue then we consider the following vec-
tors ¢, = Re(¢71,) and ¥", = Im(¢%,), in the real eigenspace asso-
ciated with A\yj.

We also get that for each n > 0 and n > 0 exist a kg = ko(n, n) >0
such that A}, is a real number for k < ko and A}, is a complex

number for ko < k < n.

In order to compare the problems (1.5) and (1.6), it is necessary
to consider in R” x R™ a compatible norm with the norm in Y.

Therefore, we define in R™ x R" the following inner product:

U
V

w

< Z

Yo = (AU W)gn + (V, Z)gn (2.3)

)

where (U, W)gn = > | fu; w; is the inner product L? discretized.
We denote for Y0 the space R" x R" with the inner product given
above.

About the eigenvectors of A,, in the space Y,? we have:
1) the family (¢7,)5%, (¥7,)7_, i orthogonal in Y%;
2) the family (¢, )1, (V™)) 7=, is orthogonal in Y};
3) < 2o ij)YTE) =0, Wﬁiﬂbiﬁw =0, <¢T—Lia¢1j>Y£ =0, <¢Ei, ¢j>Y,9 =
0if i #j.

We also need to consider another inner product in R” x R"™ com-

patible with the inner product in Y'!, that means,

U

'y

Y

Z] 1= (MU AW )ge + (ALY, Z)gn (2.4)
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We denote by Y,! the space R™ x R™ with the inner product given
above. We make the distinction in the inner products by the index
0 or 1.

With a simple evaluation we get that

n—1 n
1

0
<AnU, W>Rn = Zn(uiﬂ — ui)(wiﬂ — wl) + 5 Z Eulwl

i=1 i=1
We use the notation Y,? or ;! to indicate the inner product and the
norm considered in R™ x R"™. Furthermore, we use in R", three differ-
ents norms given by [|U|[ 2 = (U,U >]§/n2 which we call L?-discretized,
Ul = (AT UYy.? which we call H! discretized and Uz =
(AU, N U );{f which we call H? discretized. In order to avoid mis-
takes, we denote by [[U'[|z2 = (AU, U)z the L2 norm discretized of

the discretized derivative.

We also decompose the spaces R” x R™ and H' x L?.

We write H! x L? = @ E), where E}, is the generalized real eigenspace
2-dimensional associated with the eigenvalues Ai;. If Ay are real
then Ey = [¢yk, d_k]. If Ayy are complex, we consider the vectors
Yir = Regyr and ¥_p = Imeg,;, the base of Ey. We observe that the
family Fj is orthogonal.

We denote by 41,’: the angle between 1, and 1_,. We observe
that cos(<;F) < 1 — &, for some & > 0 and for any k. In fact,

+k
considering ||ex||z2 = 1 we get

_ lexll7 + Re(App)Im(Ayy)
\/HekH}l{ﬁ (Re? (A Im?(Ai)) [lex | + (Re(Ar) Im(A )2

remembering that Re(Ax) = O(—n]lex||g) and Im(Ax) = O((1 —
n%)2|lex]|r) then,

cos(<;y)

Y

(1+n(1—1n?)32)?
2+ (1 —n?)3

<1-¢
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for some ¢ > 0. With this fact, we obtain the equivalence between
the sum norm, the max norm and inner product norm in each FEj,
with equivalence constants independent of k.

Therefore, for (u,v) € H' x L? we write

Z )E bk + (u,v) Z

k=1 k=1

1
p:

Using the orthogonal properties of Ej, we have ||(u, v)||yo = (3o [[(u, v)i]|?):
where (u,v) is a projection of (u,v) in the space F.

Similarly, we write R” x R" = @E} where E} is a two dimen-
sional space associated with the eigenvalues \7},. If A}, are real
eigenvalues then £ = [¢%,, ¢",], where ¢}, is the normalized eigen-
vector associated with \'t,. If A}, is complex we consider the vectors
Y, = Regll, and ¥, = Img", a base de E}.

Thus, (U,V) € R" x R" is

n

(U.V) =) (U V)6 + (U V)i é")
k=1
and [[(U, V) |lyo = (3 p_, (U, V)i||*)*/?, where (U, V)y is a projection
of (U,V) in the E}' which are orthogonal.

In order to make the comparison proposed, we use a technique
of Numerical Analysis which is denominated Internal Approzimation
of a Normed Space, see [9]. We define a family {R™ x R™, Psy,, i2,},
n € N where Py, : Y? — R" x R" and iy, : R* x R* — Y? are
denominated projection and inclusion respectively.

Let (U, V) = (u1,ug, -+ ,Up, V1,09, ,v,) € R" x R" the inclu-
sion application, is,, is defined by is,(U, V) = (u(x),v(x)) where
u(z) and v(x) are given by
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ni

() = uiXjo, Ly + Y (it (wipr —wi)n(w —w:) X2z 2ier) Xz
=1
(2.5)

and
n

v(z) = ZUiXIi (2.6)
i=1
where I; is the interval [+, ).

We also defined a projection of Y? in R™ x R" in the following
way. For each e, we define P,(ex) = U = (ug,ug, - ,u,) € R”
where u; = e (z;), hence, P,(ey) = €. We define P, : [* — R"
by P30y aew) = >4y awef, P« HY — R™ by PY(3007, aker) =
Soreagel, and Py, : H'x L? — R"XR" by Py, (u,v) = (P! (u), P.(v)).

For the inclusion and projection applications we have

Theorem 2.1. The inclusion application, isy, : R® x R® — H' x L?

18 continuous. Furthermore, the continuity is uniform in n.

Proof: In fact, let u(z) given by (2.5), then

2 _
lu(@)2 = +Z/ dx+%
=Y L =|U|>
R

A
+

'M
E
|:

and,
n—1
lu(@)lIF =Y nlujen —u)* = U5
j=1
and let v(z) given by (2.6), then [lv(x)[7. = >77_; ;v; ||VH
Thus,

iU, V)llyo = (lu(@)]7 + gIIU(w)Iliz + [[o(@)]132)2 < 1T V)llvg
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Theorem 2.2. The projection application, Ps,, is continuous. Fur-

thermore, the continuity is uniform in n.

Proof: In fact, let U = P,(cos(kmx)) = (cos(kmxy), ..., cos(kmzy))
then we have

"1 "1
1U17; = > Eu? => - cos?(kra;) < 1 = 2| cos(kmz)||2,  (2.7)
1 1

and
n—1 n—1

||UH§{; = Z (wip1 — Zn cos(kmzi1) — cos(kma;))?
1 1
n—1 1

= Zn(lm)z Senz(kszi)ﬁ < (km)? < 2||kmsen(kmr)||72

1

Thus,

[P (dxi)llyve = [[(Paler), AewPn (61«:))I|Hle2

1
= (I1Puler)lfp + §||Pn(€k)||L3 + [l | Pa(er) 172)

) 1
< Cllexllz + §2||€k||L2 + [Ask|2]|exl72)>
= V2||¢sr]|yo

By using Theorems 2.1 and 2.2 we have that these applications are
stable (see [9]).
Another result is

Theorem 2.3. i) Let Ay, be the eigenvalues of A, and N}, the eigen-
values of A,,, then for each k fized we have that X, — Ay when
n — 0.
ii) Let o1y, be the eigenvectors of A, and @'y, the eigenvectors of Ay,
then for each k fized we have that i(¢l,) — ¢+ when n — oo, and
P,(e) = €.

For the inclusion application we use only ¢ and the dimension of

the space is omitted.
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3 Comparison of Linear Semigroups

Let be ed' and e’ the semigroups generated by A, and A,

respectively. We have the following result comparing the semigroups

Theorem 3.1. For each € > 0, there is a n,(€) such that ¥n > ny

||€Ant(u07 UO)_i(eAnntPZH(ul)?UO))HYO < MEt_ﬁH(uoaUO)||CI+‘1><CQ’t >0
(3.1)
for all (ug,vp) € C** x C* and

e43(U, Vo) — i(e (Uo, Vo))llyo < Met~2 (U, Vo)llygat > 0
(3.2)
for all (Uy, Vo) € U,, Ay

Proof: We make the proof for the first inequality and when it is
necessary we note the changes for the second one.

Let € > 0 be a real parameter. We consider two cases
i) for 0 < ¢t < e. In this case, when ¢ is small, we use that e " is
bounded by Ke’t=? for 3 > v > 0. Hence,

e (g, v0) — (e Py (g, vo))lyo < K'e™ (g, v0) o

< MEVtiﬁn(UO, ’Uo) Hyo.

ii) for ¢ > €, we need estimate
le" (uo, vo) — (™ Pay (g, vo)) || yo.

In this case, we decompose Y in two subspaces. In the subspace
of finite dimension, we have the uniform convergence of eigenvalues
and inclusion of eigenvectors for the eigenvalues and eigenfunctions
of the continuous problem. In the subspace of infinite dimension, we

have that the real part of eigenvalues goes to —oo.
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By using that A}, — Aix when n — oo and Re(Ay;) — —o0,
when & — oo and considering 5 € (0,1) a fixed number then there
are K (€) and N(e) such that

eleQit < =B oReQan)t < =B for all n > N(e) and k > K (e).

(3.3)

Using K = K (€) given in (3.3), we consider the following subspaces

®Er, 1<k < K, ®E), K+1 < k < n of R" x R" and ®E,
1<k<K,®E, K+1<k<ooof Y Then,

e u, v9) — i(€4 Pon (119, v0)) o

K K
< e " (ug, vo)k — i€ (Pan(uo, v0))i) |y
k=1 k=1
o n
+ e Y (uo, vo)xllyo + [lie™™ > (Pan(uo, v0))i) v
k=K+1 k=K+1

By the continuity, uniform in n, of the applications inclusion and

projection, we have:

i Z (Pan(uo,v0))k)[yo < M (e Z (Pan(uo, v0) )k |lve
k=K +1 k=K+1
= M( Y [le*m (Pan(uo, vo))ell§0) "/
k=K+1

n

<MY (€| (Pon (o, vo) illye)*) 2
k=K+1

< Met™P( Z 1(Pan (110, v0) kll3:0)"? < Met™|| Poy (110, vo) [l o
k=K+1

< M'et™"||(uo, vo) ||y
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In the similar way, we have

o0

et 3 (uo, vo)illye < Met™ || (o, vo)ellyo
k=K+1

We consider another operator B,,, which possess the same eigen-

values of A,,, but, associated with the eigenvectors of A,. Thus, we

have
K K
||€A”t2(uo,vo)k - ””tz Py, (ug,v0))k)|lyo
k=1 k=1
K K
< Jle™t > " (ug, vo)e — €Y (ug, vo)ilyo
k=1 k=1
K K
+ €% (uo, vo)k — (e (Pan(uo, v0))i) llyo
k=1 k=1

If each \7,, for 1 <k < K, is real then

K K
I Ze (uo, o)k ZeB"t Ug, Vo) || yo
k=1 k=1
K
< (O I = €5 (g, v9) o + (4 — ) (ug, vg) i [30) /2
k=1
K
< Aprt t Kt Xj t Z 2\1/2
2Mlg§§{!e et e SO (o, vo)ell)

< Mt mase e[\ — Nl X5 = A Hi (o, v0) e
< et™7||(uo, vo)||yo

for n > ny > ng, where \" is between A_; and \",; and S\ﬁk is

between Ay and A7,
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In the case Ay complex, we denote by (ug, vg)xr the component of
(up,v9) in Ey and (ug, vo)r = 2a(cosd, —send) in the base ¢y, .

In this case, we have
e (ug, vo)k = 2ae™* (cos(Bit + 8)Yyr — sen(Bit + 0)v_p),
ePrt(ug, vo)p = 2ae " (cos(Bit + 84y — sen (Bt + 0)y_y),

where Ay, = oy, £ B and A\, = o} £ 3}, then

lle* (uo, vo)i — P (g, vo)k | yo
< [|2ae**[(cos(Byt + 8) — cos(Bjit + 8))¢ix— (sen(Bxt + ) — sen(Bt + 6))y—]|
+|2a[cos(BRt + 6)thy i — sen(Bit 4 8)p_g]|||eX+Ht — el
< ™8y, — Bl — 2asen(BR + 8)4y — 2acos(BRt + 6)_i|
+e® | ay — afl|||2a cos(Bt + 8)byy — 2asen(Bit + 8)v_y||
< L(e®++t|By, — By | + e t|ag — o |)l (w0, vo)x |

If (Poy(ug,v0))r = a’} by, +a™ ™) and (uo, vo0)k = aqkPik + a_pih_p
then

K K
le”* > " (uo, v0)i — i€ > " (Pan(uo, vo))i)llyo

k=1 k=1
K K
<Y ePrt(ug, vo)e — Y eP (@i + agtbi)llyo
k=1 k=1
K K
IS Pt @k + agmg) — D i€ (Pag (uo, v0))i)llyo

i

1

i

1

K
< S (Jagy — a9l + lay — a® gl [-])
k=1

i(etmmtal bty + a ™) lyo

M=

+ Z Pt (alt ik + alybg) —
k=1

>
Il
—_

Hence, we need to estimate |ayy — a’},| and |a_j — a”,|. In order to
7

n __ b+k
+k — cik

1k = (Pan(uo, UO)ywikHWEkHQ — (Pan(uo,v0), ¢zk><¢ik7¢ik>’

b
and ay = f’; where

calculate this, we write a c
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e = R IP I 1P = (e ™)
and

bik = ((u0,v0), Vi) [V—l> = (w0, v0), Y1) Yk, Vi),
ek = [kl Pkl = (Wihs ¥i)?

|C+k||b+k - b+k| +lepr — C+k|‘b+k‘

|enllcy]

latr — a1k| <

Thus, it is sufficient estimate |byy — b7, | and ¢y, — T}, [. We consider two
cases:

I)(uo, vo) = i(Uy, Vo) and Poy,(ug,vo) = (U, Vo) for (U, Vo) € Ay n;

1) (ug,vp) in CHHe x O,

Since that

D) [gkllyo = 9% llve +OG),

i) (o h_p)yo = (@7, "o + O(%)

iii) (i (P (up) ), cos(kmx)) g = S0 f;;”l n(u;p1 — u;)kmsen(kmrx)dz,
iv)(Pa(uo), Pa(cos(kma)) gy = 055 [ nuirs — )k sen(kmi;)dz.
then

n—1

1
[(i(Pa(uo0)), cos(kmz)) g1 —(Pu(uo), Pu(cos(kma)) | < K*a® ) - (i1 —wi).
i=1
If (ug,vo0) = (U, Vo) for some (U, Vp) € A,p then, by [2], we have
U,, Ayn is bounded in H? x H} and n|u;11 —u;| < ||U||Hc1l + ||U||H3 <2K
for 1 <i<n-—1, thus

k272

[(i(Pn(u0)), cos(km)) g1 —(Pn(uo), Po(cos(kmz)) 1| < (IT0ll 3 +11Toll172)-

n
We also have _

V) (i(Pp(vo)), cos(kmx))rz = >y [y v cos(kma)de,

iv) (P (v0), Pa(cos(kma)) s = S0y 72, i cos(kme;)do.

Hence,

|{(i(Ppn(vg)), cos(kmx))r2 — (Ppn(vo), Pn(cos(lmrx)}L3| < ]{27'('2 %vi.
i=1
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We are in the case of (ug,vo) = i(Up, Vo) for some (U, Vy) € Ay, then,
using that | J,, A, » is bounded in H3 x H} and |v;| < WVllgz+ Vg < 2K
for 1 < i < n then,

) k22
[(i(Pn(v0)), cos(km)) 2 —(Pn(vo), Pr(cos(kmz)) 2| < " (IVollzz+Voll z2)-
Therefore,
. . K
[(i(P2n (10, v0)), Yak)yo — (Pan(u0, v0), irdvel < —Il(Uo, Vo)llyz-

If (ug,vo) # i(Uo, Vo) and (ug,vp) € C1T* x C® then we have |u;1 —
wi| < n 7 luollgite, [vi] < |Jv)lca. Thus

|{(ug, cos(kmz)) g1 — (Py(uo), Pn(cos(kﬂx))Hé]
< [(uo, cos(km)) g1 — (i(Pn(uo)), cos(kmz)) g1

+|(i( Py (up)), cos(kmx)) g1 — (Pn(uo),Pn(cos(kwx»HéL
However,
. 1
[ (w0, v0) — i(Pan(uo, v0))[lyo < ﬁ”(uovvo)“CHaxCa-

Hence,

[((w0, v0), k) yo — (Pon(uo, v0), V) yol < — (o, vo)llcr+axca-

kel

Therefore, for case I)
bk — b1i| < Mn|(Uo, Vo)llyz,

for case II),

bk — 07t ge| < Mn™%||(uo, vo) | c1+exce

and in analogous form, for k, 1 < k < K we get
ek =yl < Mn™h

Analogously, we obtain |a_j — a”,|.
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We came back to estimate e 31| (|aip—a™ |||k ]|+ la—r—a™ | |[Y_k|))-
In the case I)

=

1S (lasn — aliplllssll + la-k — aelllv—sl)
k=1

K

< e Mn (U0, Vo)llva Y (Il + &)
k=1
< et*BH(Uo,Vo)HY,g

and in the case II)

K
NS (agk — alglllall + lak — agll1Y—]l)

k=1
. K
< e Mn=%|(uo, v0) llorvaxca > (1grll + -kl
k=1
< et || (uo, vo) [l cr+axce
Now we go to estimate
K K
| Z ePrt (@l per + a k) — Z it 'ty + a1 ) yo
k=1 k=1

In order to do this, we consider a complex inclusion, that means the
inclusion of real part and the inclusion of imaginary part. In this case, we
are considering complex solutions.

Since that a’l ¥ p+a” b = d7f p pp+d" o and a} Y +a” YTy =
dl @t +dl ot where d gy, = 1/2(a’}, —ia™ ) and d_j, = 1/2(a’}, +ia"})
then

et ythin + alppog) = AL by + A Ly,

and

i(eA""t(a?rde_’ﬁk +a ) = e +’“tdnk¢+k + e MR o)
= d’}rkz(e T foly) + d" (e K¢y
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Therefore

lePH (@t pon + aZptooy) — il (@ ty + aZy )|
< |dy et oy — (@) + a2l dog — (M)
= [l [| M g — QL) |+ ([N fog — TG0 )|
<A™ [ par — i@ || + [d2 gl (o — i)
< |y et K /| dopl| 4 |d2 | K o

< e K /nl|(uo, vo)kll < et~ 7| (uo, vo)ll

Hence,

K
1S eBrt(al bpptal omi)— > i(edmtal i+ ) lyo < et (ug, vo) llyo
k=1 k=1

Finally, in the case I),

K

K
e8> " (uo, vo)w — (e Y " (Pan(uo, v0))i)llyo < et~7||(uo, vo)llyo,
k=1 k=1

and in the case II)

K K
%>~ (o, vo)k—i(e™™ >~ (Pan (0, v0))k) [lyo < et ?[|(uo, vo)l|cr+exco-
k=1 k=1

4 Comparison of nonlinear semigroups
About the nonlinear semigroups we have

Theorem 4.1. Let T;,(t) and T, (t) be the nonlinear semigroups generated
by (1.5) and (1.6), respectively, then

HTﬁ(t’ i(UOa VO)) - i(Tnn(ta (U07 VE))))HYO < MﬁKOt_Ba (4'1)

fort e (0,7), (Uo, Vo) € Ayn and for n < n(e)
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Proof: By the variation of constants formula and for (U, Vp) € A, we

have
Ton(t, (Uo, Vo)) = et (U, Vo) + /0 t eAm S [(T, (s, (U, Vo)))ds (4.2)
Tyt iU0, Vo)) = (U0, Vo) + [ e IR iU, Vo) s (43
Then, for t € (0,7)

1T (¢, 3(Uo, Vo)) — i(Tyn(t, (Uo, Vo)) |lyo
< |leMti(Uo, Vo) — (et (Uo, Vo)) llyo

+|/ ATy (s, 8(U0, Vo)) — i) Panh(Ty (s, (Uo, Vo)) ds|lyo

+ / i(emm =2 Py (T (5, i(Un, Vi) — i(e™ =) H (T, (s, (Uo, Vo)) ds] |y
0
< et 7||(Uo, Vo) llyo

t
+/ e DR (T,,(s,i(Us, Vo)) — i(em =) Py, (T, (s, i(Us, Vo)) |lyods
0
t
n / (e =9 Py, (T (5, 8(Un, Vo)) — i(e =9 H(Ty (s, (Uo, Vo)) llyods
0

Since that i(Up, Vo) is bounded in H* x L? we have (T,(s,i(Ug, Vo)))1
is bounded in C%, thus ||h(T;(s,i(Uy, Vb)))||cr+axca is bounded for all
(Uo, Vo) € U, Apn. We also have H(Tyn (s, (Uo, V0))) = Pon(h(i(Tyn(s, (Uo, V0)))))
then

1T (¢, i(Uo, Vo)) — i(Tyn(t, (Uo, Vo)) llyo
t
< et ™[ (Uo, Vo)l +€/ (t = 8) PI(T; (5, i(Uo, Vo))l ci+axcads

/ e ||| P ((T3 (5, (Uo, V) = Pon(h(i(Tyn(s, (Uo, Vo)) lveds

t—BK,
1-—

<t PKy+er' >+ / (T, (5,7(Uo, V&) — i(Tyn (5, (Uo, V0))) yods
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Hence, by Gronwall Inequality, we have that exists a constant M (S, 7, L)
such that

1T (t,i(Uo, Vo)) — i(Tyn (¢, (Uo, Vo))l w2 < MeKot ™, (4.4)

for t € (0,7), (U, Vo) € Ayn and for n < n(e)

5 Upper Semicontinuity of global attrac-
tors A, and i(A,,) in H' x L*

Now we can prove the main result

Theorem 5.1. The family of global attractors A, is upper semicontin-

wous at n = oo, for any n > 0.

Proof: Since that | J,, Ay» is bounded in R” xR™ and also ||i(U, V') || g1« 2
NVl then iU Agn) i1z < 11U, Anllzo e < K.
The global attractor A, attracts bounded of H L% L? thus, V6 > 0,

exists 7 = 7(d) such that

IN

Oy (Ty(7,i(dn)), Ap) < 0/2

for all ¢, € A, and for all n.

The attractors Ay, are invariant, thus if 1, € A, then exists ¢, € Ay,
such that T}, (7, ¢n) = Vn.

Hence, we choose ng(d) = n(e(d)) > 0 such that

1T (7,(6n)) — i(Tyn (7, )|l < Mer ™7 ds]| < 6/2

for n > ng(0).

Therefore,

v, (Z(wn)v “477) < dy, (l(d}n)’ Tn(T’ Z(¢n)) + dy, (TTI(Ta Z(@bn))? "47]) <d

for all ¢, € Ay, and for all n > ng(9).
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