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Abstract

In this work we are concerned with the existence and uniqueness
of weak solutions for an initial-boundary value problem associated
with equations of Navier-Stokes type in a domain CAQ with moving
boundary. The technique, to show the existence and uniqueness
of solutions, consists in transforming @ into a cylinder @ by using
a suitable diffeomorphism and to apply in @ the Faedo-Galerkin
method and basic result of the theory of monotone operators in the

transformed initial-boundary value problem.

1 Introduction

In this article we study evolution equations of Navier-Stokes type, in
a domain of R?” x R; whose boundary is moving with respect to ¢, for

t € [0,7] and T > 0. More precisely, we consider an open bounded
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domain @ of R? x R; which is the union of open bounded sets 2; C R?
and €2 are deformations of a fixed set €2 of R? by a diffeomorphism 7; to be
defined as follows. Henceforth, we will write R™ instead of RY, for n € N.
Thus, let 2 fixed, non-empty, open bounded set of R™, whose points are
represented by y = (y1, 92, ..., yn) With y; real numbers for i = 1,2,...,n.
Let ©; be the diffeomorphic images of {2 by the matrix valued function
0,7 — R
t — K(1).
The vectors of €, are represented by = = (x1,x2,...,x,) where z; is a

real number for each ¢ = 1,2, ...,n. Thus we have
x=K(t)y, for i=1,2,...n.
The non cylindrical domain @ of R? x Ry is defined by

Q = U {Q x {t}}.

0<t<T
If the boundary of €2, is I'y, then the lateral boundary of @ is
S= | {fex {t}}.
0<t<T

We represent by @ the cylinder @ = Q x [0, T'[, with lateral boundary ¥
given by ¥ = I' x [0, T'[, where T" is the boundary of Q. In these conditions,

we have the natural diffeomorphism between () and @ given by
(y,t) €Q — (x,t) € Q with z=K(t)y and 0 <t <T.

Finally we propose the non cylindrical initial boundary value problem

for a differential equation of Navier-Stokes type:

ou "9 ou " ou
== _ P27 ) _ oA ,
ot ”1; o, <W“’ aa:i) Yo “+;“zaxi

(

=f-Vp in Q

JoVE @ (11)
divu =01in Q

u=0 on %
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In (1.1), u = (ui)1<i<n is a vector velocity of the fluid , f is the den-
sity of forces acting on it, p = p(x,t) is the pressure at point (z,t) € @,

Au = (Auy, Aug, ..., Auy,), v, v1 are positive constants.

If we have v; = 0, then the problem (1.1) reduces to the classical Navier-
Stokes equation in non cylindrical domain. Global existence and unique-
ness results for such nonhomogeneous, incompressible Navier-Stokes type
equation (1.1) were first obtained by J. L. Lions [3], under standard hy-
potheses on f and wug in the dimension n > 2, in context of cylindrical
domains. Here we are considering the same equations as in [3] however in

more general non cylindrical domains.

From a physical point of view, a real fluid is evolutional, so the region
filled with a moving fluid usually move along the trajectories of the incom-
pressible fluid motion. Thus, the space-time domain is not a cylindrical
one as often treated. So we treat with the case of a non cylindrical space-
time domains in this paper. To investigate the existence and uniqueness
of solutions for the initial and moving boundary value problem (1.1) we

assume the following hypotheses:
(H1) K(t)=k(t)M

where k = k(t) is a real function for 0 < ¢t < T continuously derivable
with k(t) > ko > 0, ko a positive constant, and M is an invertible n x n

matrix whose entries are real constants.

We adopt the notation K(t) = (a;;(t)) and K—1(t) = (B(t)). The
method we employ to obtain the existence of solutions for the problem
(1.1) consists in transforming it in another equivalent problem proposed
in the cylinder @ by means of the diffeomorphism (z,t) = (K(t)y,t) for
re U, yeQand0<t<T, e, for (z,t) € @ and (y,t) € Q. In fact we
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set
u(z,t) = v(K~ )z, 1), f(z,t) = g(K ' (t)z,1)
p(a,t) = (K~ (D)z,1), uo(w) = vo(K 1 (0)a).
Then we transform the system (1.1) to the following problem defined in
the cylinder @ :

(1.2)

2

o G, 81}1 - o
— - t
8t Vl 8yr Zkzl ; ﬁsk ZZ::l a’l”"( )83/

-~ 0“v - ov
2103 azr(t) + Y Butyvin—

Ir=1 il=1
81} _ . 1.3
£ B 2 =g~ (K0 i Q 43
7lr=1 b

div(M~*vT) =01in Q
v=0o0on X
v(y,0) = vo(y) in Q

where v”' is the transposed of the row vector v = (vy, ..., v,) and
a(t) = B (t)Bri(t). (1.4)
j=1

The obtention of (1.3) is given in Appendix 4, and the equivalence of
problems (1.1) and (1.3) is proved in Theorem 2.3.

Remark 1.1. We note that the particular form of the function K(t)
given by hypothesis (Hy) is considered in order to have the equivalence
between the conditions divu =0 in @ and div (M_IUT) =0 1in Q.

In order to formulate problems (1.1) and (1.3) we need some notations
about Sobolev spaces. In fact, let us consider the following spaces

V(@) = VWO and H(Q) = VOO
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The norm of the space V(£) and the inner product and norm of the

1
space H () are denoted, respectively, by [lully(q,) = </ |Vul? d:):) p,

(u, 2) () Z/Q ui(z)zi(x dmand]u\HQt)f /]uZ )2 da.

By analogy, we define the spaces
V={ye (D))", div(M‘lw )=0}, V= V(W PQ)" ’

v PEOT g g = )

The norm of the space V and the inner product and norm of the space

1
H are represented, respectively, by |v] = (/ |Vol|P dy)p, (v,w) =
Q

Y () w; and |[v|? = " v ()12 dy.
;/Qv,(m () dy and [v] ;/ﬂ| ()2 dy

Finally, in the case of non cylindrical domains @, the spaces
L/(0, T3 V(). L(0.T5 V()), LP(0,T5 H(Q)) and L0, H(S)
are defined like in Lions [3]. By (,) we will represent the duality pairing
between X and X’, X’ being the topological dual of the space X, and by

C (sometimes C1, Cy,...) we denote various positive constants.

Next, to state the variational formulation of problems (1.1) and (1.3),

we introduce some bilinear and trilinear forms and some operators.

Concerning the non cylindrical problem, we introduce the notations

auz 8zz
altw, 2) Z/ 5z; ;M) 4=t 2lviay (1Y)

t u,z,&) = Z/ ui(x) 5= ()€ () dz, (1.6)

A(t) : V() — VI(Q), A(t)u=—Au (1.7)
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o~

Al) : V() — V'), Alt) Za ( Ma;fi)

n

B(t): V() — V'(), B(t U—Zuzau'

and for the cylindrical problem,

- 81)1‘ 8wz~
atiow) = Y [ a5 )G Wy, vweV

ilr=1"% Oyr

B(t):V — V', Blthv=>»_ Bh(t)vig;l
i,l=1

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)
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Remark 1.2. The mapping A takes objects of V into V', and bounded
sets of V into bounded sets of V'. In fact

Z /Bsk: avl

J,r=1 i,k=1|s=1
"L Ov,, 0w, (1.17)
X — d
g:lﬁlj u (v) i (y)|dy
81}1 *1 v, Hawu ’
— dy.
m;s 1/ 3ys Ay yr )| &

1 2
On the other hand, using Holder inequality wzth + -+ Pz _ 1, we
p P p
obtain |(A(t)v,w)| < cllolP"Hwl|  or [lAv]yr < cfofPT.

The proof that these operators are well defined is given in Section 3.

2 Solution concept and main results

The solution concept and the main results for the equivalent problems
(1.1) and (1.3) are given by

Definition 2.1. A weak solution for (1.1) is a function u : @ — R in
the class uw € L*>(0,T; H(S)) N LP(0,T;V()) for T > 0, satisfying the
integral identity

T T
- /0 (ult), €0 sy dt + vo /0 alts ult), £(t)) dt
T
i / ORI (2.1)
TOA T
+ [ Besute a0 de = [ 00 vrmovian
0 0

for all € € LP(0,T;V()), & € LY(0,T; H(SY)), with £(0) = &(T) =

Moreover, u verifies the initial condition u(x,0) = ug(x) in Q.
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2 /
Theorem 2.1. If n > 2, p > 1 + % fe LY (0, T; V() uo €
n
H(Q), and (Hy) hold, then the initial boundary value problem (1.1) has a
2
weak solution in the sense of Definition 2.1. Moreover, if p > % then

the initial boundary value problem (1.1) has only one weak solution in the
sense of Definition 2.1.

Definition 2.2. A weak solution for (1.3) is a function v : Q@ — R in
the class v € L*°(0,T; H) N LP(0,T; V) for T > 0, satisfying the integral
identity

T T
- / (0(t), ¥/(t)) dt + w0 / alto(t), $(t)) dt
0 T 0 T
+V1/0 <A(t)v(t),1/1(t)>dt+/ b(t;v(t),v(t),¥(t))dt (2.2)

0
r T
+A C(t;U(t)u¢(t)) dt:/o <g(t),1/1(t)> dt,

forally € LP(0,T;V), ' € LY (0,T; H), with(0) = (T) = 0. Besides,
v satisfies the initial condition v(y,0) = vo(y) in Q.

/ 2
Theorem 2.2. Ifvg € H, g € LP (0,T;V'), n>2,p>1+ f2

n
hypothesis (Hy) hold, then the initial boundary value problem (1.3) has a

and

2
weak solution in the sense of Definition 2.2. Moreover, if p > % then
the initial boundary value problem (1.3) has only one weak solution in the
sense of Definition 2.2

Theorem 2.3. The problems (2.1) and (2.2) are equivalents.

Remark 2.1. Applying Lemma 3.1 and Lemma 3.6 , we obtain that the

weak solution u of the problem (1.1) satisfies

U + voAu+ vy Au+ Bu = f in LP (0, T; V' (%))
(2.3)
u(z,0) = up(z)
and the weak solution v of the problem (1.3) satisfies
v + vgAv + v1.Av + Bu + Cv =g in LV (0,T; V") (2.4)
v(y,0) = vo(y). '
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Remark 2.2. Following the ideas of Lions [3] or Temam [6], we deduce

from the equation
W + voAu+ 1 Au+ Bu = f in I¥ (0, T; V' (%)),
given in (2.3), that there exists p € LY (0,T; L*(Q;)) such that

U+ voAu+ i Au+Bu=f —Vpin 70,75 (H™1(Q0)™).

3 Proof of the results

We begin by stating some lemmas that will be used in the proof of the

results.

Lemma 3.1. Concerning to the bilinear form a(t;v,w) and the operator

A(t) defined, respectively, by (1.10) and (1.13), we have:
i) (A(t)v,w) = a(t;v,w), Yo,w € V.
1%,

it) a(t;v,v) > aol||lv||*, Yo € V' (ag positive constant).

iii) |a(t;v,w)| < ar||v|| ||w||, Yv,w € V' (a1 positive constant).

Lemma 3.2. If s > 1 +g and n > 2, then b(t;v,w, ), c(t;v,w), B(t)
and C(t) satisfies

i) b(t;v,v,w) = =b(t;v,w,v), Yv € V,w € Vj.

i1) For allt € [0,T], v € V and w € Vg, the linear form w — b(t; v, v, w)

s continuous on Vs and verifies
b(t;v,v,w) = (B(t)v,w), ||Bt)v|v; <callvf?, YveV.
1) |e(t;v,w)| < eoflv]| |w|, Vv € V and w € H.

iv) For all t € [0,T] and v € V, the linear form w — c(t;v,w) is

continuous on H and verifies

c(t;v,w) = (C(t)v,w),  [C(t)v] < esf|v]].
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The positive constants ¢;, i = 1,2, 3, are independents of v and w.

Lemma 3.3. If s > 1+ g, n > 2, /b\(t;u,z,g“) and E(t) are defined,
respectively, by (1.6) and (1.9), then for each t € [0,T] and u € V (), z €
Vs(x), the linear form z — ?)\(t; u,u, z) is continuous on Vs() and
g(t;u, u,z) = <§(t)u, z).

Lemma 3.4. For each fized t € [0,T], the operator A(t) : V +— V'
defined by

where ay,.(t) = Zﬂlj (t)Brj(t), is monotone and hemicontinuous.

Lemma 3.5. For the operator A, defined in Lemma 3.4, we have

(Av,v) > ¢c|lv||P, for all v e V.

Proof. Indeed, we observe that

p—2
2\ 2
3 i
<.AU,U> :/ Z Zﬁsk Ui
@ \ik=1ls=1
av ov
X Zﬁr] Bl] N( )au(y”dy,
Jlpr Yr .
6 2\ 7
Z (Z Bsk Uz > > C|VU|p_2,
i,k=1

where ¢ > 0 is a constant independent of v. For & = (&1, &a,...,&,) € R,
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we have

2

g =

[Z Bar (t)sr > Bsnos)gs]

® (3.1)

Again, by using Cauchy-Schwarz inequality and ¢K~1(t) = 5 in (3.1)
yields ||nK (t)||3. < c||n||Zn, for all t € [0, T]. It follows from above results
that

n n 2
Z(Zﬁsk ) — 6K ()= [In]3

k=1
> cllnK ()| F=clé =) (&)
s=1

, we obtain

Taking & = gzz
S

p—2

2 2
> (Zﬁsk e ) > c| Vo2,

i,k=1

Using similar argument, we prove that

av ov
Z Br] Bl] N( )a “( ) > C|VU|2‘
Yr
Jmlp=1

2
Lemma 3.6. Assumingp > 1—|—n
then b(u(t),u(t),v(t)) € L'(0,T).

"2, if w,ve LP(0,T;V)NL=(0,T; H)

The proof of Lemma 3.6 can be found in Lions [3], p. 212 to 213.
Lemma 3.1 to Lemma 3.3 can be obtained with slight modifications from

Lions, loc. cit., and Miranda-Limaco [5]. Lemma 3.4 follow directly.

Proof of Theorem 2.2. We employ Faedo-Galerkin approximate method
with a hilbertian basis (w,),en of Sobolev space V;, cf. Brezis [1], defined
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as solution of the eigenvalue problem
((wy,v))v, = AMwy,v) forall veV, and v e N. (3.2)

Identifying H with its dual and assuming that s > 1 + g, we have
the continuous embedding Vs < V < H — V' — V!  with immersion
of Vs into H compact. It follows that the spectral problem (3.2) has a
solution (wy)yen and (A,)yen. If Vi, is the subspace spanned by the m
first vectors of {wj,ws,ws, ...}, the approximate problem will consist of

m
determining one function v, (y,t) = Zhjm(t)wj in V;, solution of the

j=1
following system of ordinary differential equations

(vl wj) + voa(t; vm, wi) + v (AE)vm, wj) + b(t; U, Um, w;)
+c(t;vm, wj) = (g(t), w;), 7 =1,2,....,m (3.3)
vm(y,0) = vy, %o, —> voin H.

System (3.3) has local solution v, in 0 < t < t,,, see for instance,
Coddington-Levinson [2]. The main point is to obtain the necessary a pri-
ori estimates in order to extend the local solutions to the whole interval
[0,T]. They are also needed in the convergence analysis of the approxi-

mate solutions to a solution of (1.3) in the sense of Definition 2.2.

First estimate Lemma 3.6 and Remark 1.2 implies that

(A vm(t), vm(t)) = c1llom ()| (3.4)
and
JA@®)vm (8)]lv < eallum )P, (3.5)

where ¢; and ¢y are constants independents of m and ¢t € [0,7]. Substi-
tuting w; by v/,(t) in (3.3), integrating this result from 0 to ¢ and using
Lemma 3.1, Lemma 3.2 and inequality (3.4), we get

t t t
fom ()% + / o (s) [2ds + / lom(s)[Pds < 3+ 4 / [om (3) 2ds,
0 0 0
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where c3 and ¢4 are constants independents of m and ¢. Then Gronwall’s

inequality implies

(V) is bounded in L*°(0,T; H) (3.6)
(vm) is bounded in LP(0,T;V) (3.7)
() is bounded in L?(0,T;V) (3.8)

Second estimate. Let P, be the orthogonal projection of H on V,,,
m

that is, Ppp = Z(g@, wj)wj, ¢ € H. Since (w,) are the solutions of the
j=1
spectral problem (3.2), we have

1Pl vy <1 and || Pyl e vy < 1 (3.9)

Note that Pyv], = v!,. Multiplying both sides of the approximate equa-
tion (3.2)1 by hjm(t) and adding from j =1 to j = m, we obtain

vl (1) = —vo Pl A(t) v, (t) — 1 P A(E) v, (t)

m

— P B(t)um(t) — PoC(H)om(t) + Prg(t).

(3.10)
Taking into account (3.6) to (3.9) into (3.10), using Lemma 3.1 to

Lemma 3.6 and estimates (3.4) and (3.5), we obtain

(v/,) is bounded in L (0, T; V). (3.11)

Estimates (3.6), (3.7), (3.11) and Aubin-Lion’s Compacteness Theorem
applied to (3.7) and (3.11), imply that there exists a subsequence from
(um,), still denoted by (vp,), such that

Uy — v weak star in L>°(0,T; H) (3.12)
U, — v weak in LP(0,7T;V) (3.13)
v/ — o' weak in L¥ (0,T; V) (3.14)

Um — v strong in L?(0,T; H) and a.e in Q (3.15)
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Avp, — x weak in LP (0, T; V7).
Convergence results obtained above allow us to pass to the limit in the
approximate equation (3.2); to obtain
(W', w) + voa(t; v, w) + vi{x,v) + b(t; v, v, w) + c(t; v, w)
(3.17)
= (g,w) for all we Vj.
It remains to show x = Aw. This is proved by a standard monotonicity
argument for the operator A(t), coupled with some technical ideas, cf.
Lions [3].

Indeed, for sg,s €]0,T[, with s > s¢, we define 1, : [0,7] — R by

. 2 2

1 if sp+—<t<s——

m m

¢m(t):

. 1 1
0 if t>s—— or t<syg+—.
m m

We introduce a regularizing sequence p, € D(R), such that

too 11
pn(t) = pn(=1), / pn(t) dt =1, pp with support in [—, ] :
—oo nn

By using w = w(t) = ((Ym(t)v(t)) * pn(t) * pn(£))m(t), n > 2m, in (3.17),
we obtain (see Lions [3], p. 214)

T T
/ (W iw)ydt = / (!, (Ymv) * pp * pp) dt
0 OT

= ; (Ymv) * p, (Ymv) * pn) dt
T
- / ( s (Ymv) * pp * pn) dt
OT
/ s (Ymv) * pr * p) dt,
0

Here, we have used above that w(t) € Vs and the following result cf.
Brezis [1], p. 128:

(3.18)

T
/0 () + prs (tomt) * ) dt = 0.
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Since 1, (t)v(t) € H and (¢ (t)v(t) * pr) — Ym(t)v(t) in H, as n —
o0, we obtain

T T
o', v)dt — Ut |02dt as n — co. (3.19)
0 0 "

Thus applying Lemma 3.1 and Lemma 3.2, we obtain

T
/ b(v,v,w)dt = / Y2 (v, 0,0 % pp * pp) dt
0

(3.20)

—>/ V2 b(v,v,v)dt =0

T

/ a(t;v,w)dt = /T/’m (t;v,v% px*p)dt

0 (3.21)
—>/ Y2 a(t;v,v) dt

T

/c(t;v,w)dt:/ V2 c(t;v,v % px p)dt

0 0 (3.22)

T
— 2 o(t;v,v)dt
/(]zz)m( )
T T T
| tcwnde= [ iticosprpa— [Cubteod (323)
0 0 0

T T T
[ o= [ etgospepi— [ g G20
0 0 0
From (3.19) to (3.24) we obtain

T T
/ (—wm¢;n)|v|2dt+l/o/ 1#%1@(75;11,11) dt

(3.25)
+1/1/w X,V dt—l—/w (t;v,v)dt = /@Zﬂg, dt.
Since a(@b O)o(D)?) = 2¢m ()5, ()0 (B)]? + 7, ()d\v()\Q,
1 [ d
— U ()9, ()] o(t)dt = — — (Ui ()] o(t)[?) dt
/ 2Aﬁ2ﬁ (3.26)

w7 0L

0+



16 G. M. de Araiijo and S. B. de Menezes

T 1 1
Thus, [ < (000, (OOt — o) = (o)
Consequently for almost every s and sg

1 S S
§|v(3)|2 + 1/0/ a(t;v,v)dt—i—ul/ (x,v) dt+

3% LT s (3.27)
+ / c(t;v,v)dt:2\v(so)|2+/ (g,v)dt

S0 S0
Since v € L*>(0,T; H), we can to find a sequence so, — 0 with v(sop,)
bounded in H and thus, v(sp,) — ¢ in H weak. From (3.6) and (3.11)
we conclude that v € C°([0,T]; V/). This implies that v(sg,) — v(0) =

vg in V. Therefore v(sg,) — vg weak in H, which implies that
lvg|? < liminf |v(son)|?. (3.28)

Let us consider sg = sp, and s fixed. Taking liminf in (3.27) and using
(3.28), we obtain

1 S S
§|v(s)|2 + 1/0/ a(t;v,v) dt—l—m/ {x,v) dt+
0 0 (3.29)

S

$ 1
4—/cquﬁsz+/@wMt
0 2 0

We denote by

Vi = n [ (u - Apu— )+ gluo)P+
0. . (3.30)
+ o [ a0 @) d+ [ et ).0,0)

for all ¢ € LP(0,7; V). From estimate (3.6), we can see that there exists
a subsequence (v,),en such that v,(s) — v(s) weak in H and this imply
that

lv(s)|? < liminf |v,(s)|?. (3.31)

On the other hand, it follows from Lemma 3.1 that

ao/o Hw(t)||2dt§/ a(t;w(t),w(t))dtgal/o |w(t)||dt,

s
0
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2

for all w € L2(0,T;V). Therefore (/ a(t;v(t),v(t)) dt) is a norm
0

equivalent to the norm [|w|| 120 7,y in L*(0,T; V).

Since v, — v weakly in L?(0,T; V), we obtain

/ a(t;v(t),v(t))dt < lim inf/ a(t;v,(t), v,(t))dt. (3.32)
0 0
vy, ov; . 1o 9
Moreover, we have by (3.7) that 0 - o weakly in L*(0,T; L*(Q2)),
! !

i,l =1,2...,n, and by (3.15) we conclude, v,,, — v; strongly in L(0, T; L*(9)).

These two last convergence imply

Jettsono.meyde — [ cttsoto. oo (3.3
0 0
Besides, since A is a monotone operator, we obtain

| A — A®p o0 - iz, @30

for all ¢ € LP(0,T;V’). Taking into account (3.31) to (3.34) into (3.30)
yields
1 S
liminf ;> ¢ o(s)|? +u0/ a(t: (), v(t) dt
0

) (3.35)
+/0 c(t;v(t);v(t)) dt.
The approximate equation (3.2); give us
o [ A 0) e = [ a0 0) i
_VOS/O At v (), va(t)) di + %\UN(O)P _ %m(s)ﬁ (3.36)
_ /O o(t; v (t), va(8)) dt.
Observe that
Vi=n [ (AOu@. 00— [ AG0.0) i
o [ AW 0) = (1) + Gl (337

$ [ altiou 0. uu0)dt+ [ eltion 0. n0)at
0 0
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for all ¢ € LP(0,T; V). Combining (3.36) with (3.37) yields

Vi= [ o000 dt+ 510~ [ (A0, 00)

/ (3.38)
[ (A0, ) ol0)) it — 37,
where
S 1 S
Vo= [ (gt),v®) dt + ~luol—1 [ (x,0(t))—
/0 ; 2 /0 (3.39)
= o [ el - o) dt.
0
Hence, by (3.35) and (3.38), we obtain
[ @001 dr+ Gl - [ o)
o [ Aelt),o®) - p(O)dt = Glo(s)P (3.40)
OS S
+y0/0 a(t;v(t),v(t))dt—i—/o c(t: v(t): v(t)) dt.
Finally, combining (3.29) with (3.40) yields
[ = Alt), o) = o(t) de 20, (3.41)
0

a.e. s, for all o € LP(0,T;V). Setting ¢(t) = v(t) — Aw(t), with A > 0
and w € LP(0,T;V) arbitraries, into (3.41) yields

/0 "= A (t) = Aw(®)], w(t)) dt > 0. (3.42)
Now, from hemicontinuity of the operator A(¢), we have
/OS<X = A@®)[v(t) — Aw(t)], w(t)) dt — /OS<X — A(t)v(t), w(t)) dt,
for all w € LP(0,T; V). This convergence and (3.42) give

/S<x —At)v(t),w(t))dt =0, ¥ we LP(0,T;V),
0
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and this implies that A(t)v = x in L? (0,T;V").

Proof of uniqueness of solutions of Theorem 2.2. Analogue to the
proof of Theorem 5.2, p. 217, of the reference [3] for the case of a cylin-

drical domain.

Proof of Theorem 2.3. We recall that K(t) = k(t)M = (ay;(t)),

Kﬁl(ﬂ - kgt)M_l - <5ij(t))7 r = K(t)yv Yy = Kﬁl(t)xa Ty =

> iy v =Y Bir(t)zr. We establish that u(z,t) = v(K~(t)x,t)
j=1 r=1

and ug(z) = vo(K~1(0)x). We shall show that if u is a weak solution of
Problem (1.1) then v is a weak solution of Problem (1.3) and reciprocally.
Let &(x,t) be in the conditions of definition of weak solutions of Problem
(1.3).

Consider v (y,t) defined by &(x,t) = |det K~1(t)] w(K_l(t):L',t). First

we prove that

T T
- / (ult), €(0) syt = — / (ot), v (£))dt
0 0

T (3.43)
+ [ eltio®. (o)
0
In fact, since % = Z /Bl/r(t)arj (t)yj, we deduce that
7,r=1
&; 1 S 0;
- (z,t) = |det K~ (1) Biy ()i (0)y; = —(y, )
ot j,l,zrzl l T oy (3.44)
o; _ ,
# St et K 0 i),
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det M ', we obtain

1
. -1 .
Since det K~ (t) = AOE

B0 | et 1| =

k() (3.45)

n kl((f)) et K(2)].

|det K~1(t)|' = —n

By substituting (3.45) in the second member of (3.44) and integrating

on {2, we find

96
_/Qt ui(x,t)a(x,t) dx

= /Q {Z B (t)arj (t)yjvi(y, t) ng;(y,t)dy]} (3.46)

7lr=1

- [t %t dy+ [ nh .0

‘We observe that

> Biran(t) = tr [(K~(#) K(1)]

l,r=1

N ALIO RN ()
‘”(‘ku)])“”k(tw

where tr denotes the trace of the n x n matrix N. Applying in (3.46) the

Green theorem, we obtain

- [ Aan @m0 G w0

Jilr=1

= /Q Z 5;r(t)arj(t)ngzj(y,t)(y,t)wi(y,t) dy (3.47)

Jbr=1

P ()
— [ e (. )

Combining (3.47) and (3.46) and cancellating similar terms with oppo-
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site sign, we find

0% _ (.1 20
- e G nde = = [ a0y

/ Z /Blr aT]yJa (y7 >wz(ya )

J,lﬂ' 1

By adding both sides of this expression from ¢ = 1 to ¢ = n, integrating
on [0,7] and recalling the definition of ¢(¢; v, w) given in (1.12), we obtain
the required equality (3.43). We have also

" 0 i 81 67, a’t
Z u( )85 t)dx = Z /alr . Y, a;j)r(yat)dy'

o0x;
ij=17¢ O7J ilr=1

Integrating both sides of this expression from 0 to 7" implies

T T
/ a(ts u(t), €(t)) dt = / alts o(t), (1)) dt. (3.48)
0 0

Similarly, we obtain

T T
/U CA)u(t), €6 v ianev i = / (A@o(t), b)) dt (3.49)

and

T _ T
/ bt u(t), u(t), &(t)) dt = / bt o(t) v(t) (1) dt. (3.50)
0 0

By the results of Appendix 4, we deduce that

T

T
/ 0y oy = / (g(0), (1)) dt, (3.51)
0 0

where £ and 1) verify respectively, the conditions of (2.1) and (2.2). Clearly
u(z,0) = up(x) implies v(y, 0) = vo(y) and reciprocally. Results (3.43) and
(3.48) to (3.51) permit us to prove the Theorem 2.3.
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4 Appendix

Obtention of Problem (1.3). We follow the notation of the proof of
n n

Theorem 2.3. In particular z, = Zarj(t)yj and y; = Zﬁlr(t)xr. We

7j=1
oyl Oy
have ET ;lﬂ Ir(t)oy;(t)y;, 9z; = 15(t) and therefore
8uZ ov; ov;
J;lﬁlr o (t yja (y,t) + E(yat)- (4.1)
oy
Since — o, _513()
8ul- _ " 8’()1'
8
Hence, Z B (t)Bri(t) (y,t). Whence
.7 l,r=1
Au;(x,t) , 1), 4.3
Z ayl ayr (y,1) (4.3)

where a;,(t) is defined in (1.4). By (4.2) we deduce that

2
lu(®)1F 0,y = Z/ [Zﬁw avl (y,t ] | det K (t)|dy. (4.4)

i,7=1

From (4.2) it follows that

ul(x,t)g;(x,t)
" ovy - ovy,
- Uz(y7 )Z Bll(t) ) (y,t)> 7vl(y>t)z 6ll(t) ) (y7 )) )
=1 =1
that is,
u;(x t)%(ﬂﬂ t) = anﬁz‘(t)v'(y t)@(y t) (4.5)
T 9 al‘z b ¥ KA 9 ayl b * *
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We have that Z Bii(t) 2= (y,t) = (Vq(y,t)K~*(t)),. Thus

Vp(z,t) = Vq(y,t)Kfl(t). (4.6)

By (4.1), (4.3) to (4.6) we obtain that the first equations of (1.1) and

(1 3) are equivalents. On the other side, expression (4.2) gives div u(z,t) =

1 1
Z Bii(t) 61} y,t . We know that §;;(t) = mnij where M~1 = (n;;).
i,l=1
1
Therefore divu(z,t) = ——div (M*IUT(y,t)). This shows that the sec-

k(1)
ond equations of (1.1) and (1.3) are equivalents. The other two conditions

of there problem are clearly equivalents.
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