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AN EXTENSION OF THE METHOD OF RAPIDLY
OSCILLATING SOLUTIONS

Anténio L. Pereira* Marcone C. Pereira |

Abstract

In this work we extend a method devised by D. Henry ([1]) to ob-
tain explicit conditions for some psendo-differential to be of finite rank.
These operators arise as solutions operators for boundary value problems
involving the Bilaplacian.

1 Introduction

In his monograph ([1]) dedicated to the study of perturbation of the domain
for boundary values problems, D. Henry developed many new tools, including
a generalized version of the Transversality Theorem. His version is specially
well-suited to the study of ‘generic properties’ for solutions of boundary value
problems, as it allows the consideration of semi-Fredholm operators with in-
dex —oo which often arise in these problems. However, a crucial hypothesis in
Henry's version of the Transversality Theorem usually boils down to the veri-
fication that a certain (pseudo-differential) operator is not of finite rank. As it
is well-known, a pseudo-differential of finite rank must have null symbols of all
orders. It would be very convenient to obtain these symbols from the abstract
theory of pseudo-differential operators, but such detailed computations do not
seem to be available in the literature. To overcome this problem, Henry devel-
oped in [1] an alternative method for a class of operators, given by solutions

of second order elliptic equations. His method is based on the computation of
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approximate solutions for a special class of boundary data - the ‘rapidly oscil-
lating functions’. It is tempting to conjecture that the conditions obtained are
exactly the nullity of the symbols but his argument does not depend on this
(unproved) fact. The essential point is that the conditions obtained are often in
contradiction with other hypotheses present in the problem, thus establishing
the needed infinite rank property. Some applications of the method to the proof
of generic properties for second order elliptic boundary value problems can be
found in [1], [3] and [4].

Our aim here is to extend Henry's method to some elliptic equations with
the Bilaplacian as its principal part. In a forthcoming paper, we shall use this

extension to prove the solutions of the semilinear problem

A%+ f(-,u, Vu,Au) =0 in Q
{ i=g=0 on 9 1)
are generically simple, thus extending similar results obtained in [5] and [1] for
second order elliptic equations.

Since our results involve rather lenghty computations, we try to give here a
general idea of the contents of this paper.

Suppose a : R* — C. b: R" — C" and ¢ : R" — C are smooth functions and
consider the differential operator L = A? + a(x)A +b(x) -V +¢lz) = € R".
Let R(L) and A(L) denote the range and the kernel of L, considered as an
operator from W4 N W2P(Q, C) to LP(Q, C).

Let now {wy,...,w,} be a basis for a complement of R(L) and {¢1, ..., &}

a basis for N'(L) with associated dual basis {7, ..., 7, }. Define

Ayp : IP(Q,C) — W* N W} *(Q,C) and (2)
Cr : W3 P(8Q) — W 0 Wh*(Q,C) (3)
b}.r
v=A(f) +Cilg) € W N Wy*(2,C) (4)
where

Ly — f € [wi, ..., W), (5)
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v
W =gon 8Q (6)
and
/-m",— =0foralll <i<m. (7)
Ja

The operators of interest in our applications are given in terms of A4, and
C;. For instance, in the proof of simplicity for solutions of (1) we encounter the

operator
T(h) = {h -\Ti(A-uAU) — AvA(Cruy(h - -VAu)) (8)
TON e i

+AuA [ Ap (%{u) 0)Coiwy (- NAW)) ) = Cpouy (- NAv)] |

[#

where L{u) is the linearisation around a solution u of (1), L*(u) its adjoint, v

is a solution of

L (u)v=0 in®
{ v=45=0 ondQ ©)
and Aulwv|gn = 0. We then compute the approximate value of T at special

points, the rapidly oscillating functions’. More precisely, we show that

d
T(c:os(wﬂ)) = cos(mﬁ)m(&u&v) @ Ow™) as w — +o0

where @ is a smooth real function on JQ with |Vaaf| = 1. If T is assumed to
have finite rank, then using lemma (1) below ( see [1] for a proof), it follows that
%(&uﬁ?-‘) Lm = 0 implying that u or v must be identically null by uniqueness
in the Cauchy problem.

Lemma 1 Suppose S is a C' manifold; A, B € L*(S) with compact support;
8 is C* on S and real valued with V6 # 0 in suppAlsuppB; E is a finite
dimensional subspace of L*(S) and u(w) € E for all large w € R satisfying

u(w) = Acos(wh) 4+ Bsin(wh) + o(1) in L*(S)

asw — oo, Then A=0, B=0.
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To compute approximate values of T we need to compute A; and Cj, and,

therefore, we look for approximate solutions of the boundary value problem

Lu = fin®Q
2 = gondf (10)
uw = 0ondf)

for ‘rapidly oscillating’ functions f and g.

We now proceed as follows: in the next section we compute formal asymp-
totic solutions of (10) for ‘rapidly oscillating functions’ f and g. In section (3)
we show these solutions are close to real solutions and finally, in section (4), we

apply these results to the operator T.

2 Formal asymptotic solutions
We seek a formal asymptotic solution u(z) = e“3@ 37, %;;}le of

Lu = (2w)?e*SFin Q

g—: = ¥ on 00 (11)
w = 0ondQd

when w — +oc, where U, is a complex-valued smooth function, 2 C R" is an

open, bounded, connected regular region and N is its exterior normal;

Fi(x) Gi(x)

Fz)=)Y ="=, Ga)=) —

= (2w) = (2w)
Fy and Gy smooth complex valued; S|pq = if, Re(23) > 0 with 6 : 02 — R
smooth and [Vsaf| = 1 in the region of interest. Note that there exists a
neighborhood V' of 9Q such that Re(S) < 0 in V' N Q and, therefore, u and
(2w)?e“" F tend very fast to 0 in the interior of 2 as w — +oc (except possibly

at points in or close to 882). Since u|gq = 0, we have Uplsn = 0 for all k > 0
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and. therefore

;‘_:, oo 8?\-' (Eus Z %) |em

('S‘U,g

= “‘"“"Z ”]\ in J0.

k>U

We also have

Ay = ¢ { [ﬁ(vs -VS)? + 2 ((vs .VS)AS + VS - V(VS- VS))
+4} (VS - VS)VS - V + %w? ( (VS-VS)+ VS VSA + %A(VS ; vs_})]u

+3 [{:zw)ﬂ—*' [(E(AS)Z 2 5\75 . V(AS) + ASVS - v) Ui+ VS -V(VS- vvk)}

k=0
+(2w)* (%AZS +ASA+V(AS) -V +VS- VA) U
+(2w)'FA(VS - VU) + (2w)""A2[,-Tk] }

ahu = ae” [Z 2w) AU + Y () (VS - VU, + ASU,)
k=0

k=0

[y

+3 Z )2+ (VS - vsm]
[

o6 Ui By b- VU
b-Vu = ef(25 T ety (2@');)'

k=0 k=0
Substitution in (11) then gives
Bl

Uk == U, W — Gg
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on 0 for all k > 0 and
0 = Lu—(2w)%“’F
= e {[w(vs VS +
+4w3(%(VS . VS)AS + %vs . V(VS - VS) + (VS - VS)VS - v)
+2w2(V(VS .V8)-V+VS-VSA + %A(VS -V8) + %vs - vs)]

Z Uf);‘- + Z(Qw}g"k [AU;\. + Iy + LUp_2 — Fk} }

i} (2“' k=0

in 2, where U_, =U_5 =0,
Ap = %(AS)”@& + %VS -V(AS)¢ + ASVS - Vo + VS -V(VS- Vo)
and

Té = %A?SMASAMV(AS)-vmvs-vm@)

+A(VS - V) + a(vs Ve + %ASQ&) + %{b . VS)é.
Choosing a (complex-valued) S satisfying
(VS =VS-VS=0 (12)
in a neighborhood of J in R we obtain, for all £ >0
l\U}L + 1V + LUy =
Lo = Gy (13)
U{;k;}ﬂ = 0

with U_, =U_, =0.

The computations above are merely formal, but we may find approximate
solutions of (11) in a neighborhood of J€2, where Q is a C™, m = 2 region, using
the ‘normal coordinates’ given by x = y+tN(y), where y € 9Q and f € (—r,7),
with r = 0 small.

Writing @(y, t) = u(y +1{N(y)), we have for u sufficiently smooth in a neigh-
horhood of 99 that

Vu(y +tN(y)) = (1 +tK(y)) i, (y,t) + du(y, t)N(y)
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and

Au(y +tN(y)) = duly. 1))+ Nelt, y)i(y. 1)
H1+ K (y) A (8 ) - Gy (Y 1)
+divan[(1 + K (y)) i, (y. t)]- (14)

where I = DN is the (degenerate) curvature matrix, and divyg is the divergent
operator in 9 (see [1] for details). We don’t always distinguish @ from u and
sometimes erLe w for @y and Vaqu for .
Writing S(t, a;) = S(x(y,t)) = S(y +tN(y)) = Xis0 S‘*iﬂ”k we have, in a
neighborhood of 9 S(t,0) = S(z(y,0)) = So(y) = if(y) with Re( 380, y))
(aN(T' U, ﬂ)))

Observe that some condition must be imposed on S in order to determine

the coefficients Sp(y). The condition (12) chosen above has the advantage of
simplifying the computations.

We then have

Vi5(x(y,t))

(VS)(y+tN(y))
Sy, )N (y) + (1 +tK(y)) S, (y, t)

and
(1+tK ()™ = 1~ tK(y) + LK) — LK (y) + -

from which we obtain
2
0 = ((VS)w+ING)

VoaSo(y))® + (S1(y))*
+ (251( )S2(y) +2VaaSo(y) - VaaSi(y) +2VaaSa(y) - K(y)VmSn(y)) i

Choosing |Vaaf(y)| = 1, in the region of interest, we obtain recursively

Sa(y) = —Vaab(y) - K(y)Voab(y),



232 A. L. PEREIRA M. C. PEREIRA

and we can compute as many terms as needed. In this way, we obtain

12 T
S(y+tN(z)) = #(y) +1—Sa(y) + 35() + 34(9 (15)
VS(y+tN(y)) = N+iVgad —1 (-ucvme = qN)
t2
+5 (S‘-;N — Voaq+2i fc2vmﬁ) (16)
3
; (q4 N+ anSq, + 3K qu Gl ‘iv;jqﬁ) + ()(t4)

o, o
VS(y +tN®) -V = iVond- Voo + — (—2-;'.Kvme-vm—q5)

ot
—I—i—(ﬁﬁ Vaad - Voq — Vaaq - Voq + S a) (17)
21 1 a0 a0 ang - Van + 3&(
+§ (V(m.su Va4 6K Vonq - Voo — 266K Ven
' a
Van + S4 a;)
+0(t4

2 3
AS(y+IN(y) = aly) + 1) + 50) + 5olw) +OG)  (19)

A*S(y+tN(y)) = ply)+ Hi(y)8(y) + Asaaly)
+i (o(y) + Hy(y)p(y) — Ha(y)B(y) + VaaHi(y) - Voaa(y)
+AoaBy) — 2 (livgg(K(;.',r)VaQ(.r(y)}) +0(t) (19)
where
o q(y) = Vaal(y) - K(y)Voal(y);

g% = Vaoaf(y) - Vaa;

Ss(y) = 3Vanb(y) - K2(y)Vaab(y) — ¢*(y) +i55(y):

Si(y) = 3q(y)Ss(y) — iZ2(y) — 12Veab(y) - K>(y)Vaald(y) — 6iVaaq(y) -
K(y)Vaal(y);
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e H,(y)= trace K™(y);
e a(y) = Hi(y) — qy) +iDaab(y);
o 3(y) = Ss(y) — Hi(y)a(y) + i (y) — 2i divaa (K (y)Veef(y)) — Ha(y);

e o(y) = Saly) + Hi(y)Ss(y) + 2Ha(y)q(y) — 4K (y)Voab(y) - Voo Hi(y) —
P8 (y) + 31 divao (K2 (y) Vaob(y)) — $800q(y) + 2Hs(y):

e At y) = In[det(1 + tK(y))] = 3.0 (-:%r"—_it”"H?,}(y} for ¢ sufficiently

m=1

small;

o a(y) = Ss(y)—6Hu(y)—6Hs(y)q(y)—3Ha(y)Ss(y)+Hi(y)Ssly)—3Van Hi(y)-
Vaaq(y) + 18iK*(y)VaaHy (y) - Vaaf + AaaSs(y) + 6 divaa(K(y)Vaaq)
—24i di\fag(ff:i(y)Vas}ﬁ'(y)) + 2iVaaHs(y) - Vaal(y) + 61K (y)VanHa(y) -

Vaal(y).
Writing now
aly +ING) = aoly) + ()t +anl)s +

2

bly +tN(y)) = boly) +bi(y)t + bz(y)% +

' 2 .
Uy +tN(y)) = H—fﬁ(yJ+5D§(y)+§b:f(y)+---

[l

t2
Fily +tN(y)) = Fy) +tFi) + 3R y) + .
and using that

(14+tK)™?

Il

(1+tK) (1 4tK)!
(1-tK+ K - )1 —tK+ K- ..)
= 1-2K+ 32K —48PK®* + O(tY)

we obtain
1
Uglon = Gk

d
AU, = ((1—(4’—1—25 %

; L,rl( 24 1% 135 4 jaZ — 6iKVaab - Vg — 2iqL o)
+t +O(t
+85+q* —ag— zi—fgg) (a—i—Zrm—Sq)Uﬁ—i—b‘k

)U; + U2
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. aH1+ 3 — Ha + 2030 +2‘{H1% rl
Ty = 3 : OH, ¢ Ui
+83 —4iKVanl - Von +i55- — Hig+ ao
.0 ;
+(0: +2H, + 2‘!% = 20‘){}.&—1 + 201,
([ 3p+32H18+ 3Apa — aHy +alog + Vaga - Vg

+igEDoq + 2Haq — 1282 — 2iHy % + 3VanHy - Vg + 2Hs + Sy
+H S5 N 6 divpn (K Van()) — 21K Vant - VaaH,
+'f-¢ang% — 5Vaqaq - Van — Dang — 2¢Asn
H18IK*Vaal - Vag — 6iH KV pafl - Van
+ﬂ.u(%{}. —- g+ ?%) + a1 + %f)u -N + %b(: - Vaaf
+(2ﬂ +aH; +2iH £ + %8 — 3H,

+9A0 — 3gH; — 8iKVanl - Vo + 353 + aU)Uf_l
| +(a—dq+2if +28,) U, +2UL,
+0(#?)

+t

F 2H3 + ApoHy — 4 diven(KVaa(:)) — HiHs !
“UE=2 7\ 42H 1 Aon + 4VoqHy - Vog + aoHy +by- N ) VK2

+(2Am —2H;+HE+ au) U 5+ 2HUE_, + UL,

H% — 12K VsaHy - Voo + 18 divaa(K*Vaa(-)) — 2HaAsn
+2H 1 Hy — 4H,y divaa(KVaq()) + Voo Hi - VaoHi
—5VaaHs - Van — ApaHa + A%g — 6H,y — 2 divaa(KVaa Hy(+))
l =2 divan (K VanH1) +3H 1 VagH: - Van

+bg - Vag +by - N —apHs + agApg +a1Hy + ¢

( 6VonHy - Van +6Hs — 8 divon (K Vaqa(:)) + aoH) ) 12

day + by - N —3HH, + 2H1 Apa + DNpa H k-2

(28000 — 4H + H} + a9)UR_, + 2H0UL, + UL,

+0(i%).

+t

vl

|
Uiy

The coefficients of Uy for & = 0 can now be obtained by substituting the above

expressions in (13) and comparing coeflicients. For k& = 0, we have

AUy =F
ALy =
oN ‘as'z =L
o| =~ =0

a0
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and we obtain

Uy = Go
. i)
P FL‘,’—( q+2180) (20)
0§ = R —(a—3¢+ 2489)0'5
B —u +5%+ ;3+.40;m+3‘;+rr o
—6iKVanfl - Van — 2”1’% aq — z,ﬂ- 8 0
For k=1 _
AW+ TUy =F
ally -
N o &
Ul‘ . =0
a0

from which it follows that
v = &
- Yiise i r
aly + 3 — Ha + 2880 -+-2;H1,3 ol
+83 — 4iKVagh - Voo + 28 — Hig ) "
U3 = F}—(“” + 49242 8+mdﬂ+85+q )Ull

52

6i KV aal - Voo — 2iqh — aq — '@1 - %7

(n 3q+2189)bl 2{)’51—( 4q+2f‘%+2H1)US
( 2;3 +aly —3qgH| — 8iKVaal - Van Ug
T\ 2 G+ i%‘%’- — 3Hj + 2Asq + 353 ) "
,,p + SHIS +iA500 —aHy+ alag + Vano - Vag
+idrAao + 2Haq — i %2 — 2iHydr + 3VaaHy - Vag + 2Hs + Sy
—| +H155 -6 divgn(K vcm(v)) — 2iKVaqf - Voo H U3
+idoads — 5Voaq - Voo — Asaq — 20060
+18iK"Vanl - Vang — 6iH1 KV ant - Vao

In this way, one can compute as many coefficients as wished of the formal solution
u of (11).

3 Exact solutions

We now show that the approximate solutions obtained in the previous sections are
close to real solutions.

Let L, Ay, and Cy, be the operators defined in (2) (3) (4)(5) (6) and (7). We first
show that Az and Cp. are well defined. Using the same notations of the introduction,
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we observe that L, as a compact perturbation of the Bilaplacian, is a Fredholm
operator of index 0, when considered as an operator from W*¥ 0 Wg (Q,C) into
LP(9.C). Thus, we have LP(Q2,C) = R(L)® w1, ..., wy). Given f = fi+ fo € LP(. C)
with f; € R(L) and fy € [wy,...,wy] there exists a unique v € W n W, (€.C)
such that Lv = fi, g‘.{r =gondand [,v7 =0 forall 1 <i<m. ( The existence
of v follows from results in [2] and the uniqueness follows from the conditions [, v7; =
0 para todo 1 < i < m).

Suppose now that € is a CtV=F regular region, N > 0 is an integer

s Fy Fy m P G Gy
P = (B £t ), 0= (00 B E0)
with Fj, C2*N=F in Q and Gy, C**N-F on 99, for k= 1,2,--- , N. Suppose also @ is
C5N in 86 and the coefficients a. b and ¢ of L are V2 ¢N+1 and ¢V respectively
in Q.
We can choose S(y + tN(y)) of class C5"N such that

(¥8)*=0), (21)

and Uy, of class C*V—F 0 < Lk < N in ©, with

I'Un + LUy = 0(t) (22)
Uklan =0, 8 lon = Gy,
uniformly in —§ < t = dist(x, dQ) < 4, for some § > 0, (U_y =U_1 =0).

Finally we choose a compact supported C™ ‘cutoff function’ y of elass €, y =1
for =6 <t = dist(x, 92) < § but y supported near this set and let

Uy(z) UN(ﬁ:))

{ AU+ TV + LU s — F, =0@**N-*) k=0,---,N

2 Tt

u(z) = 5@ (Up(a) + (23)

with S and Uy, as in (21) and (22).

Theorem 2 Suppose u is given by (25), v = Ap(f) + Cr(g). with

N

I1f = x(2w)? ”Z ;umm:ow”)

and

J

llg — MZ ;Hc%am:] Ow™).

Then )
”X'“' - IU||I-1""-Pr1i-V§="'[Q,CJ = O(w_h} as W — +00.
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Proof. From our hypotheses and the computations of the previous section, we have

N

; F.
Lu — (2w)?e®’ E - =
k=1 (2)*
( r 242 o SIZAS 5\
_15(2“)”#3 [(VS} ) -%(2w£)3+‘\‘ (% (Vtsl AS
. +% S\'«_‘\W”s)*] 4 (vs“ﬂvs-v o
o 4 s
= o | +1(2wt)?HN (VI[V{}VIV+ (usps | LAlws 1) [
+ Yo o (2wt) 2N ]'("z‘%i&:r-f— Y ;%‘g‘kr:'r ;z;;é‘:r)
+(2wt) (&_ L = ‘) + LUy
Therefore
N wt Nt
. Fi(x et
Lh{whﬂxn-x(wuzw)EEZ(;f))\ {C»§:i2wﬂ }
k=0

for some C' > 0, since ReS(x) < & in 2 near 9. Thus
Lyu—f =0(w ™) as w — 400, uniformly in Q and § < ¢ < 0. (24)
Since v = Ap(f) +Cr(g) there exist ay, ..., a,, € C such that
Lv =f+3>", oqw; in
% =gondQ (25)
v =0ondN

with [, v7; =0 for any 1 < i < m. We prove the a; are uniquely determined. In fact,
if {o1,...,0., } is a basis of N(L*). we have for each 1 < j < m

[ as@o—1)
fm A9~ /;z %3

m
Tt is then enough to show the matrix [ fﬂ @w;] i g is nonsingular. Suppose ¥, ... Jm
if=

m

E a,[rrjw

Il

m

are scalars such that Y 7", 4 [éw; = 0 for 1 < j < m. Then Y vy €
N(L*) = [o1, .., 0m]F = R(L), from which we obtain v = ... = 4,, = 0 prov-
ing the claim.

Let then
m

s=xu—v—_ Bipi
i=1

with 1, ..., 3, € C chosen in such a way that fr.! zry=0foral 1<j<m,
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m
We can show, proceeding as above, that | [, ¢:7; is nonsingular. Further-
Ja®ilsf,
more, we have

9z _ i( -
N ~ BNt T?
i\.'
: G
_ fefl k _
e gl g(mk g

= O(w™), uniformly in 92 as w — +oc.

By the Riemann-Lebesgue lemma

m

Z(l‘;] 5’j'w\: = [ A&jg—fa'jf
k=1 Q SO0 1
N

: &

= Z(Qw} "kf ei“'gAﬁij—Z(Qw)"'k”f e“’SEJ-{)(F;-_}
k=0 a0 k=0 a0

+ OWw™)

— O{L&-’_N-) {26)

and

;ﬁifn@ﬁj - /ﬁ(Xﬂ)"_’j
N U
ol =7 27
.[Q(X'? gj(zw)k)ﬁ (27)

= Ow™)

as w — +oo since Fy, Gy and Uy are C2HN=F O3+N=k and C4+N=F respectively
for 0 < k < N, that is , |a;| = O(w™™) and |3] = O(w™) for any 1 < i < m as
w — +o0. Since Lz = L{xu) — Lv it follows from (24), (25) and (26) that

25 = O0(w) on 00 (28)

is

Lz =0wM)inQ
z =0 on dQ

as w — +oc. Therefore, we obtain, from (27) and (28) that

e

fe -N
Ixt — vllwanoey = Iz — Y Bwillware) = Ow™)

i=1

as w — +0a, (]
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4 An application

Let T be the operator defined in (8). Using the method of the previous sections we
prove the following

Theorem 3 If T is of finite rank then

s

Proof. In view of (1), it is enough to show that

(AuAv) =0 on Q. (29)

T(cos(wﬂ)) = gy 2

] L P — 0o
M(Auaty\mdro(w Yok — 5, (30)

To obtain (30), we show that

{Au.A [AL-(H) ((g(u) . v) C;‘(“)(cos(wG)Au})) — Cpe(uy(cos(wl) Av)
-Aua.(cuu (COb(uJG)&u.))}‘ = O(w™) as w — +o0. (31)

Lot g9 57 (TU?]T be the approximate value of Cp ., (e“"? Au) given by

AU +TU 4 + L(‘M)U& 5 =10
au,|  _ [ Aulaa k=0
i as'.z_{O 0<k<N (32)
Uklon =10
and e~9 Zf:u '{'}%}T the approximate value of
8L" i L i
AL-(u}(( B0 () - u) Criu (e GA-U.})) —Cruyle %Av),  given by

AVi+TVioy + L*@)Vig = (3 () -0 Vs

avi| _ [ “Avlee k=0 (33)

N Jan 0 0<hk<N

Vilaa =0

following the notation of section (2). From theorem (2), we obtain

Al }( ...wéu)‘ m (H&, ki 0“)( & Z ,Zi}}ﬂk ) =0 O(w™)
= vt X Al UA i 'Q
= (HZ ot Z Z )
fe= ” k= [I =0
+O0(w™)

g (Aﬂ.(2w) + [HA'U. + U(?:D

ﬂ+O[m"])

«
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gince
o AU

_f Aufag k=0
) k=0

Similarly, we obtain

A S ) =~ 20 + [ - 20+ 1)) + 00
k>0

since

Vil = vy _ { aﬁi-’hiﬂ k=0

AN lan k= 0.
Therefore, we have
{ B [ Ay (% () - v) oy (€108w)) = Cpquy (e Av)
- ON (ARG
= vt [z’_\ulf},2 - A-UU}?] ‘0{1 +0(w™) (34)

since AuAv =0 on d92. From (20}, it follows that

U2 = - ( q+2z§9) ‘ and

Vi = (aL CROLSIN (“_Q“LQ“'%)A'”LR

(a q+ 21%).&1'

since U_y = () in a neighborhood of 9§2. Therefore, we obtain

{(a — g)(AuAv) + QéAua%A-u

. d
+(o —g)(AvAu) + QﬁAH‘G_GA”}L’Q

(auvE - autd) ‘m

d _
= 2355(1311..5-1,}‘39

= (on dQ

since AuAv = 0 on J). Therefore

{Aualag.q ((%{u) 0)Criuy (€ Au) ) = Cpeuy (€ Av)|

—A-t:A(CL(_u)(e‘“’wAu))} = O(w™) a8 w — +00. (35)

a0
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Since

{AuA [AU[-,_[) ((%[u} . u) Cuu)(cos(wﬂ)ﬂu})) - C;_,,{.uj(cos(wf!)&u}]

—-ApA (Cf.[-u_a (cos (“9)‘5“)) } Lm

= R"-’{{AH.A [-AL‘{u} ((%{:—T(u) : ?-’) CL(u)(ﬁuisA"'}) B (,’L.[u){e”mA'U)]
—AwA ((;L[u) (gwi.‘]Aﬂ-}) } ‘dﬂ}

we obtain (30) from (35) a
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