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HIGH FREQUENCY RESOLVENT ESTIMATES AND
ENERGY DECAY OF SOLUTIONS TO THE WAVE
EQUATION

Fernando Cardoso* Georgi Vodev ®

Let (M, g) be an n-dimensional non-compact, connected Riemannian man-
ifold with a Riemannian metric g of class C°°(M) and a compact C*°-smooth
boundary M (which may be empty), of the form M = X, U X, where X is a
compact, connected Riemannian manifold with a metric gx, of class C*°(X)
with a compact boundary 80X, = M UJX, IM NOX =0, X = [ro, +00) X S,
o > 1, with metric gx := dr? + o(r). Here (S,0(r)) is an n — 1 dimensional
compact Riemannian manifold without boundary equipped with a family of
Riemannian metrics o(r) depending smoothly on r which can be written in any
local coordinates § € S in the form

0'(7") = Zg” (7", G)dé,dej, gij S Coo (X)
4,

Denote X, = [r,+00) x S. Clearly, 9X,. can be identified with the Riemannian
manifold (S, o(r)) with the Laplace-Beltrami operator Asx, written as follows
Nox, = —p "> 0, (pg”0s,),
¥
where (¢g%) is the inverse matrix to (g;;) and p = (det(g;;))"/? = (det(g%))~1/2,

Let A, denote the Laplace-Beltrami operator on (M, g). We have

/
By 1= Byl = =70 (00,) + Box, = =02 = £, + Ao,
where p’ = Op/dr. We have the identity

AL pl2Agp V2 = — R 4 A, + (1, 6), 1)
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where
Z p,(9" By, ),

and q is an effective potential given by

a0) = () (32) + @2 5 0+ 2 ).

We suppose that ¢ = ¢; +¢o, where ¢; and ¢, are real-valued functions satisfying

0
|q1 (h 0)| < Cv %(T, 9) < Cr717607 |QQ(T, 9)| < Cr717607 (2)

with constants C, §y > 0. Denote
h(r,0,¢) = Zg”r&ﬁ@, (0,€) € T*S.

We also suppose that

_%(r 0,6) > Ch(r 0,6), V(0,) € T*S, (3)

with a constant C' > 0. Note that these assumptions are fulfilled for both asymp-
totically Euclidean and asymptotically hyperbolic manifolds. Denote by G the
selfadjoint realization of A, on the Hilbert space H = L*(M, dVol,) with Dirich-
let or Neumann boundary conditions, Bu = 0, on M. Given a real s > 1/2,
choose a real-valued function x, € C*(M), xs =1 on M \ X,11, Xs =7 ° on
X,o42- Also, given a > ry choose a real-valued function 7, € COO(M)> 1. = 0 on

M\ X,, 7a =1 on X,1. The following resolvent estimates are proved in [3].

Theorem 1. Assume (2) and (3) fulfilled. Then, for every s > 1/2 there exist
constants Cy,C,C" > 0 and a > 1o such that for z > Cp, 0 < ¢ < 1, we have

the estimates

Ixs(G = 2 £ i) Xall ey < €757, (4)

1MaXs(G — 2 £ i€) " XoMall ey < C'2 -1/2 (5)
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Note that such estimates have first been proved by Burq [1], [2] for a class
of perturbations of the Euclidean Laplacian. This kind of high-frequency resol-
vent estimates are very important for the study of the local energy decay of the

solutions of the mixed problem for the wave equation

(02 4+ Ay u(t,z) =0 in R x M,
Bu(t,z) =0 on R x JM, (6)
U(O,ZL’) = f1($)78tu(0,$) = fQ(x)a xe M.

Recall that the solutions to (6) can be expressed by the formula

U = cos (t@) fi+ Sin(t\/ga)fz- (7)

It is not hard to deduce from (5) the following

Corollary 2. Assume (2) and (3) fulfilled, and let the functions xs and 1, be
as i Theorem 1. Then, Vf € H, the following inequality holds:

/0
with a constant C' > 0 independent of f, where ¢ € C*(R), ¢(c) = 0 for
0 < Co+eo, p(o) =1 foro > Cy+2g, 0 < gy < 1, Cy being as in Theorem 1.

| at < clfi, (8)

Maxs 08 (1VG) $(G)xmaf

Remark 1. If the metric g is non-trapping (i.e. every generalized geodesics
leaves any compact in a finite time), then the estimate (5) holds with n, =1
(see Theorem 1.1 in [7]). Therefore, in this case (8) holds with 7, = 1.

Denote by G, the Dirichlet selfadjoint realization of Ay on Hy = L*(X, dVol,).
Suppose that there exist constants s > 1/2, C' >0, > —1land 0 < 4 <1 so
that the following estimate holds, V0 < e < 1,

HT_S(GO — 2zt < CRPe i, (9)

L(Ho) —
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This assumption allows to improve Theorem 1 above showing that the weitghed

resolvent is a Holder function. We first have the following
Proposition 3. Assume (2) and (3) fulfilled. Then, for every s > 1/2, there
exist constants C,Cy > 0 so that for z > Cy, 0 < e <1, we have

HT_S(GO —zdie)lre € O 2, (10)

L(Ho)

Assume additionally (9) fulfilled. Then, for every s > 1/2, z > C, the limit
ijo(z) = Elirgl+ r7(Go — 2 £ie)7'r™* : Hy — Hy
exists and satisfies the estimate, for Co < z1 < z, Cy < 25 < 2,
| RE(22) — RE(21)l| i) < C'lza — 2| 27 (11)
with a constant C' > 0, where 0 < p' < 1 depends on s and u, while 5’ > 0

depends on s and (3.

Using this proposition together with Theorem 1, one can prove the following

theorem (see[4]).
Theorem 4. Assume (2), (3) and (9) fulfilled. Then, for every s > 1/2, there
exist constants a > ro and Co, C,C" > 0 so that for z > Cy, the limit
Br(g) = lim x,(G— 2+ ie) 'xo: H— H
exists and satisfies the estimates, for Co < 2y <z, Co < 29 < 2,
1B (22) — BE(2)ll e < C'lza — 26", (12)

/

e RE(22)10 — naRE (21 )all ey < C'lz2 — 211€7*" + C'lon — 2%, (13)

where ' and 3’ are as in Proposition 3.
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The estimate (9) can be easily proved in the case of asymptotically Euclidean
manifolds. More precisely, instead of the assumptions (2) and (3), we make the

following more restrictive assumptions:

SO, k=01, (14)

with constants C' >0, 0 < § < 1. Set g/ := r?¢” and denote
W (r,6,¢) = ZQUT‘9§§J‘7 (6,€) € T*S.

We suppose that

on’

G 0.0 SCrITR 0.6, V(6.6 e TS, (15)

with constants C' > 0, 0 < § < 1. The following proposition is proved in [4].

Proposition 5. Assume (14) and (15) fulfilled. Then (9) holds with 3 = 0,
s=14+6/2¥ 0<p <, and Cy being as in Proposition 3.

Remark 2. One can improve the above result if the assumption (15) is replaced

by a little bit stronger one (see Proposition 1.4 of [7]). To describe it, denote

AL =171, <aagb 39)

)

Let G5 be the self-adjoint Dirichlet realization of the operator Ag( (defined in
(1)) on the Hilbert space Hj = L2(X, drdf). Instead of (15), suppose that

AL (G —9)~ e L(H]). (16)

Then, Proposition 5 holds with g = —

Note that the proof of Proposition 5 is based on the estimate (10) and the
fact that, because of (14) and (15), the operator 2A% + [rd,, A%] is O(r~°) for
r> 1
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One can use Theorem 4 to extend a result by Burq [1] on the behaviour of

the local energy of the solutions of (6). The following theorem is proved in [4].

Theorem 6. Under the assumptions of Theorem 4, for every s > 1/2, and
Ym > 0, the following estimate holds fort > 1:

Ixs cos ((VG) $(G)(G + 1) Xol ey < Crms(log t) ™™, (17)

with a constant C,, s > 0, where 1 denotes the characteristic function of the

interval [Co + €9, +00), 0 < g9 < 1.

Remark 3. It follows easily by an interpolation argument that we have ana-
logues of (17) for 0 < s < 1/2 as well, but with O, ((log t)*m(25)2+€>, V0 <e<k 1,
in place of (logt)™™.

Remark 4. Clearly, the above results still hold true for the selfadjoint realiza-
tion of A, 4+ V(z), where V is a real-valued potential, V'(x) > 0, provided the
assumptions (2) and (14) are satisfied with ¢ replaced by ¢ + V|x.

Remark 5. When the metric ¢ is nontrapping it is shown in [7] that (17) holds
with m = 0 and O(¢™*) in the RHS, provided the function 1 is taken smooth.

Remark 6. We can take ¢ = 1 in Theorem 6 if the resolvent satisfies the
following estimates:
INRE (M)l < C,

MR (A3) = MBE (WD)l < ClAe — Ml

for all 0 < A\, A, Ao < +/Ch, with some constants C, > 0, where Cj is as in
Theorem 4.

It is easy to see that a long-range perturbation of the Euclidean metric
on R™ n > 2, provides an example of an asymptotically Euclidean manifold

satisfying the assumptions (14) and (15), and hence the above results apply to.



HIGH FREQUENCY RESOLVENT ESTIMATES AND ENERGY ... 21

More precisely, let © C R™ be a bounded domain with a C'"*°-smooth boundary
and a connected complement 2 = R™\ O. Let g be a Riemannian metric in

of the form

g= 3 gi(r)dzdz;, gi;(x) € C*(Q),

ij=1

satisfying the estimates
185 (91 (2) — 85)| < Calzry™™ 1, (18)

for every multi-index «, with constants C,, 7, > 0, where (x) = (1 4 |z|?)"/?
and d,; denotes the Kronecker symbol. It is easy to see that (€2, g) is isometric
to a Riemannian manifold of the form described above satisfying assumptions
(14) (with § = 2) and (15) (with § = o) because of (18) and the fact that they

are satisfied for the Euclidean metric on R™.
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