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PERIODIC PROBLEM FOR THE EQUATION OF
QUASILINEAR WAVES WITH SMALL
INTERFERENCES

Tomas Daniel Menéndez Rodriguez ®

Abstract
We consider the problem
Uty —Ugg = €f (,x,u), (1)
u(0,z) = u(2m x)
u (0,2) = w27, z) DE B S (2)
u(t,0) = u(t,m) = 0, 0<t. (3)

The case with prescribed initial conditions has been studied by M.S. Krol,
W.T. van Horssen, A.L. Shtaras, J. Ginibre and other authors, but the
periodic problem is generally open, even when f is a linear function of «
with varying coefficients.

We propose a method to analyze the problem (1)—(3), leading to suffi-
cient conditions for the existence of a solution, and a constructive method
to obtain approximate solutions that converge to the exact solution in a
specified norm.

1 The Initial Problem

Consider the partial differential equation with small parameter
Ut — Uge = ef(t,:v,u), (1)

satisfying the following conditions:

u (0, ) u (27, z)
u (0,2) = w (2w, 2)

} O<z<m, (2)

u(t,0) =u(t,7) =0, 0<t. (3)
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The problem studied here is the existence of a solution to Egs. (1)-(3). Notice
that for the linear operator L such that Lu = u;; — ug, , defined on a class
D of functions u that satisfy the conditions (2) and (3), the system (1)—(3) is

equivalent to the equation:
Lu = f(t,z,u), u€ D.

In the case presented here, the operator L is not invertible and its kernel is
countable, characterizing a resonance problem. Consequently, the operator L is

not even a Fredholm operator, so classical solution techniques may not be used.

2 Transforming the initial problem

We assume that the function f(t, z, u) is 2m-periodic with respect to the variable
t. We will find the solution of the problem defined by Egs. (1)- (3) on the class

of functions u(t, z), that may be expanded using the Fourier series:

u(t,z) =Y Zi(t) sin(kz), (4)
k=1
where Y { k2 | Z (8)] + }Zk (t)}} < oo for any t € [0,2]. We define this class
k=1
as B.
Substituting Eq. (4) into Eq. (1), considering conditions (2), (3), and the

following restriction with respect to f(t,x, u):

y f &, z, Zy (¢) sin (kz))cos (mz)dex =0 forall m=1,2,...., (5)
0
we obtain:
Zk"“kQZkJ :efk (tv Z)7 (6)
Zy (2m) = 21 (0) = 2y (2m) — Z (0) =0, (7)

where Zy, = (21 ,2Z>...), k=1,2,... and

27

folt Z):% [ 12, 20 0) sin (ko)) s ()
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is a 2m-periodic function at t.

The problem defined by Egs. (6), (7) is a resonance problem, since for e = 0
we have that Zj, (¢t) = clsin (kt) + ¢2 cos (kt) is a solution of the homogeneous
problem (c} and ¢} are arbitrary constants, and k = 1,2,...).

We assume that Zj (t) = Wy (t) + & sin (kt) + ny cos (kt).

Notice then that if Wi(t), & and 7 satisfy conditions
(1) ki {2 W) + 'Wk (t)|} < o0 for each ¢ € [0,2], and

(2) & 06l + e} < oo

the corresponding function u(t,z) will belong to a class B. We say that
a sequence {Wy(t)} belongs to class B; if it satisfies the condition
i{kQ |Wy (t)|+)Wk(t)’} < oo for each t € [0,2]. We say that

k=1
the sequence {&,nmr} belongs to class B, if it satisfies the condition

o0
ki_ll {K2 (16| + Ime)} < o0
Rewriting the system (6)— (7), now with respect to the unknown functions

Wi (t) of class B; and to the countable vectors {&g, i} of class By, we have:

27

Wi(t) = %/Gk(t, ) f (55, Win (8) + &m sin(ms) + 1, cos(ms), ... )ds, (8)

/o ’ fi (85, Win(8) + &m sin(ms) + 1 cos(ms), ... ) sin(ks)ds = 0, 9)

/27r I (s, e s Win(8) + & sin(ms) + 1y, cos(ms), .. ) cos(ks)ds = 0, (10)
0

where m =1,2,... and
2
— sin(k(t—9)), 0<s<t<2m
Gk(t75)= S 1 in (k 0<t <9
— —1)sin(k(t—s)), O0<t<s<or

is a generalized Green’s function [2, pp. 308, 309].
It is easy to verify that

27
G (t,8)|ds <. 11
tg&gﬁ]sgpfo |G (t,8)|ds <7 (11)
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Settting ¢ = a1, 1 = g, (o =03, My = ..., = Qop—1, M = Oz,

Egs. (8), (9), (10) may be rewritten as:

Wi(t) = %/Gk t, s) [ ﬁ“éizsl((j)) +a; sin (s) + ] ds, (12)

T fu(s, Wi () + agsin (s) + ag cos(s), | .. B
/0 [ Wa (s) + agsin (2s) + oy cos (2s),...) } sin(ks)ds =0, (13)

2n f (57 Wl (S) —+ aq in (S) + Qo (s) ] B
/0 [ WI; (s) + azsin (22) + ay cos (QC;))S, 25 ] cos(ks) ds = 0. (14)

Using complex notation, Egs. (12), (13) take the following form:

ar | Ji(s, Wi (s) + apsin (s) +
Ty (s) = / +ay cos (s), Wo (s) + eé**ds = 0. (15)
0 +assin (2s) + aqcos (2s),...)

In the next Section, we present auxiliary results from [3] that will be used
to study the system (12)—(15), regarding sufficient conditions for the existence

of a solution and an iterative method for its construction.

3 Auxiliary results
Counsider the system

u=¢eF(u,aq), (16)
<Dk (u,a),i/)k):() k:1,2,..., (17)
with respect to u € F; and to o € E where
F:E xE— FEyand Dy: By xE — Ey (k=1,2,...) are boundary operators,

E,, E; are Banach spaces with norms ||| 5, , |||| 5, respectively, E isa countable

Banach space with the following base:
{ek}cl’o, €1=(1,0,0,...), 622(0,1,0,...), 632(0,0,1,...),...

o0
and norm ||-||p = supy | ax|, where o= age .
k=1
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We denote (. ,vy) the values of the functional ¥y . They are uniformly
bounded for £ =1,2,....
Let us denote Tx(a) = (Di (0,0),%), T(2) = (Ti(e), Ty(),...).

Then we have the following theorem:

Theorem 1 Consider the operators F and D; (where i = 1,2,...) that are
continuously Fréchet-differentiable with respect to u and « at each point (u, @)
of their domain of definition. Assume that the equation T(a) =0 has a solution

*

o, and that the following conditions are valid in a certain neighborhood ||o. —
of||lg < R, where R > 0:
The Jacobian matriz T(a) is continuously invertible, where the norm of

the “countable matriz” A with elements a;; is defined by |||Al|| = sup _; |ai;].
i

Moreover, the estimate ||| [T()]™||| < M is valid.
For each a,m at the indicated neighborhood, for each u, v in a certain neigh-
borhood of finite ratio r : ||u|| < 7, and for all i = 1,2,3,..., the following

conditions are valid:
a) |[[Fu(u, @) — Fu(v,n)[|| < M(|Ju— || + |la = nl]),
11Dz, (u, @) = Di, (v, )ll| < N([Jw = vl| + [l = nl]),
b) | Falu, @) = Falv, )|l < I(||u = v]| + [la = 7ll),
[1Dsa, (u, @) = D, (v, 1] < Tig(llu = vl| + [l = nl]),
D[l < N1, N1 < oo,
¥l < Tzes.
j=1

Then, the problem defined by system (16)—(17) has a solution for ¢ suffi-

ciently small, and the following system formed by a sequence of equations with

sup
i

respect to vector o, k=1,2,...:

<Dz (ukvak) 7w1> = Oa
ul =0, uwl=¢F(u*,ak), (18)
where 1=1,2,3,...,
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has a solution for each k, such that the sequence (¥ ,a%) = (u*(a*),a*) con-
verges under the previously defined norm, to the exact solution (U, @) of system

(16), (17), and ||@* — @||g, — O, [|ak — &g — 0 where k — oco.

The proof of this theorem uses functional analysis techniques and results

obtained by the author in [3].

4 The Solution

Evidently the system (12)—(15) can be rewritten in the form (16)—(17), where

w = (wy, wa,...), and

Fw,a) = (Fi(w,), Fy(w,),...),
o fr(s, W1 () + g sin (s) + ] i

Fy(w, o) :% ; Gi (¢, 9) [ +ap cos(s),...)

(D (u, ), dp) = /0277 [ fk(s’_t[s(z(iz):(si sm)(s)+ ] d® g =10,

Then Theorem 1 offers sufficient conditions for the existence of the solution
of the problem (12)—(15), and an iterative convergent method for the construc-

tion of the solution.

5 Example

In the system (1)—(3) we consider the function

f(t,z,u) = (ycosz + 1)u + h(t,x), where

- 1
h(t,xz) = th(t) sin(kx), |hi(t)] < T (v > 3),t €10,2], for v = const.,y < 2.
k=1

In this case, Egs. (12) and (15) may be written as:

%’Y(wk_1 + wk+1) + Qiof_1 Sin (k‘ — 1) s
+agg—ocos (k— 1) s+
+Qokt1 sin (k + 1) S + Wi+
k Jo +agpyacos (k+1)s)+
+Qok_1 sin (k‘) S+
+aog cos (k) s+ h (s)

ds, (19)
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3V (We—1 + agp_1sin (k — 1) s
am “+Qgi_2 COS (k‘ —_ ].) s+ wk+1) + wy
o +aggrrsin (K + 1) s + aggia cos (k+ 1) s)
+agk_15in (k) s + agg cos (k) s + h (s)

e*ds =0, (20)

where we will assume that «_, =, :==0,k=1,2,..., Wy :=0.
: or . ks . 0,m#k
Since [’ sin(ms)e*sds = { Bt , and
2m 1ks — O’ m —# k
[ cos(ms)e*ds = { il
equation (20) may be rewritten as:
27 1
37 (We-1 +wer1) + | g : _
/0 [ Twg + hk (S) eds+m (O!Qk + ’Lazk,l) 0. (21)

The auxiliary operator T () for W = 0 is
- 2w .
T (o) = / hy, (s) €*5ds + 7 (quap, + f0igp_1) -
0

It is easy to verify that the system 7' () = 0 has a solution o* = (o, a3, ...),

where
27 1 27
Qo = —— hi (s) cos (ks)ds, agr—1=—— h (s) sin (ks) ds,
™ Jo ™ Jo
k=1,2,.... (22)
& * 2 2 *

Moreover, since |oj| < W forv>3,k=1,2,..., we have that > k? || <

< 2

3 o) < 00; therefore, the solution a* belongs to class By .
k=1

The integral operator corresponding to equation (19) maps the elements of
the class B = {(VV, a):WeB,ae Bg} into elements of the class B; .

Thus, for a complete demonstration of the theorem we only need to verify
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conditions (@) and (b) of Theorem 1:

(47 7 0 0 O
o | 00 d8 7 0 s
T@=190 00 i .. :
[ —5= 0 0 © ]
43 0 0 0
Fl=1 49 1 ¢ o ’
27
0 +3 0 0
p -1 1

From (19) and (21), we have that

%’y(wk_l + W41 + Qog—1 sin (k = 1) S
+agg_acos (k—1) s+

1 [ w + Qg1 8in (b + 1) s+
Fy (w,0) = A Gy (,9) iz cos (k + 1) s)+ i
+ag_1 sin (k) s+
+agi cos (k) s + h (s)
27 1
B 3Y(Wk—1 + Wiy1) + Wit
Botisoe) = /0 [ hi () + a1 8in (ks) + aoy cos (ks) =

where k =1,2,..., Wy =0,0_, =, =0.

Notice that the operators F' and Dy, (k =1,2,3,...) transform Clozn,p) X E
into Cyjo.2x),m) X £ and C(jo 2, ) respectively, considering in C((o 27,y the norm
l[wllg, = tén[oz’a%r]sip lwy, ()| and in Cjo2x), ry the norm ||g[o, = tg[loz};] lg ()]-
The values of functional ¥; of C(jo,2x), ) have been defined for the expression
(Dy, (w, @) , U,y = f027r Dy, (w, o) e*3ds, and for all k (k=1,2,...) :
1%elll < 2.

In this case we also have:

I1Fs (w, 0l = @+ )7 < 4, [IIF (w, @)l = (1+3)7 <.
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For Dy (w,e) (k=1,2,...), we have

?

1
Dlw (w,a) = (1, 5’7,0, O7 O,

11
D2w (w7 a) . <§77 1! 577 O! 07 "') 2

1 1
D =10 ,=71L,—7:0,u
3w (w7a) ( 72’77 7277 ’

Moreover,

sinks, j=2k-—1,
Dkaj (w,a) = § cosks, j=2k,
0, j#(2k—1,2k).
For W in a certain neighborhood ||w||,, < r and for [la —o*||; < R,
(r, R > 0), where a* is a solution of the system T (&) = 0, it is obvious that the
operators F, Dy, are continuously Fréchet-differentiable, for each point (W, )
of the previously defined set, and the conditions of Theorem 1 for the problem
(19)—(21) are satisfied. Then, we obtain the existence of the exact solution
(@, @) in the class B previously indicated for values of € sufficiently small.
Moreover, the following system formed by a sequence of equations with
respect to a vector o (n=1,2,3,...):

27
/o [57(“)1?—1 + wi ) + wi + by (5) e*sds + (agk + iar_?k_l) =0,

wt=wt(t) = (wi(@t),wl®),ws),...)=(0,0,0,...),
e _%3(“%—1 + ?k%—_lls)mgf = 1))3
w;‘*l(t) Tk o G (t,8) +Zzzj g)r?(k +1) §+ g;:z cos(k+1)s) ds,
+wg + agg_1sin (k) s + g cos (k) s + h (s)
for each step n has a solution &" such that the sequence (@", a") = (W™ (¢, a™), &™)

satisfies:

[1&" — @, — 0 and [|[&" — &l[|; — O for n — oo,
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Notice that the functions

u(t,x,€) = Z[@k (t,€) + & sin kt + 7 cos k] sin kz and
=

=

(@2 (t, €) + EF sin kt + 7 cos kt]sin kz, for n=1,2,3,...,

NgE

u (t,x,€) =

bl

=1
belong to a class B and that they are exact and approximate classical solutions,

respectively, of the problem (1)—(3) when the right hand side of Eq. (1) has the
form f(¢,z,u) = (ycosz + 1)u + h(t, z), as in the example presented here.

6 Final considerations

The techniques and theorems presented in this article can also be applied to

more general problems, for example Eq. (1) with the following conditions:

U,2) =U(T,x),
ou ou

E(va) = E(Tvx)v

Ut0)=U (L),

L
whenever T isa rational number. The irrational case is not a resonance prob-
lem.

Other conditions can be:

U:L‘ (0’ 37) = UCL‘ (T7 .CC) = 07
or the periodic type:
Ut,0)=U(L), Up(t0)=U,(tL).

Another very interesting case occurs when the right hand side of equation
(1) is f(t,z,u) = h(t,x) + uw®, where h(t,z) can be represented by h(t,z) =
io: h (t) sin (kz). This problem is still open (see [2], [5], [6]).
= The method can be applied to a countable system of differential equations

and to a certain type of integro-differential equations.
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Appendix

We consider the nonlinear operator T : E; — E,, Ey E, - Banach spaces with
norms ||-||, and | |||, respectively. Denote by T : E; — Ej a certain auxiliary op-
erator, by T'(y) and T'(y) the corresponding Fréchet-differential operators and
by |||-||| the norm in £ (E;, E2) problem of the resolution of equation T (y) = 0.

Theorem (of Comparison). Suppose that an equation 7' (y) = 0 has solu-
tion y* and that there is a real number R > 0 such that for each y : ||y — y*||; <

R the following conditions are valid:

(a) T (y),T (y) are continuous, operator T' (y) is continuously invertible and

® ||| @) <e >0

© [[Te-Tw|, <o

@ ||Fe-Tw||<s

(e) wBd<L1

For each z,y in the indicated neighborhood the following inequality holds:
T @) —T@||| <tlly -zl

where [ is constant.

Moreover, if

£ LZlcv<1 r 4 ai *-1 R
B\1-w ¢ 1—w % ’

kO

then the equation T (y) =0 has a solution § in the neighborhood
ly —y*lly <.

Proof: From conditions (a), (c), (d) we obtain, for each y : ||y — v*||; < R,
&, - -1

7w -Tw][Tw)

pp.141]) the existence of the inverse operator [1'(y)] ! satisfying the inequal-

ity m [T(y)}fl

the estimate < w < 1 and consequently (][I,

' < % From condition (b), we obtain that ||T (y*)||, < c.
—w
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From condition (e) we have that T'(y) satisfies a Liptchitz condition with con-
stant [. Then, from the Generalized Newton’s Method for Banach Spaces [4],
[2] results the existence of the solution ¢ of the equation T'(y) = 0 in the neigh-
borhood ||y — y*||; < 7.

Corollary. Consider E; = E, = F, and the nonlinear operator T : E — F,
E— Countable Banach - Space with base {e;};7, e1(1,0,0,...), e2(0,1,0,...),
e3(0,0,1,...), ... and norm ||y|[gsup |yi|, i = 1,2,3,..., ¥y = yie1 + yaer + ...
Suppose that an equation i (v) =l 0 has solution y* and that there is a real
number R > 0 such that for each y : ||y — y*||; < R the following conditions

are valid:

(a) T(y),T (y) are continuous, operator T’ (y) is continuously invertible and

(
(

=

M['f'(y)]—lm <6, §>0;

o

)
) [Tw -7, <o

@ ||Tw-Twl|]|<s
() wBd<1
For each z,y in the indicated neighborhood the following inequality holds:
)| <l |ly—z|lz, for j=1,2,..,
|5 - 5 )| < b o=l

o0
where the terms [;; satisfy the inequality sup ) <[, for constant [.
i 1

Moreover, if

5 o0
— w) anQk_l < R,
k0

equation T (y) = 0 has a solution § in the neighborhood ||y — y*||z < 7.

Proof: The proof is obtained directly from the Comparison Theorem consid-
ering that supz{ (1) - 2 (o) < supzzw ly—zlly < Ully—all, , that

is to say, the operator 7' (y) satisfies a Llpschltz condition with constant /.
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