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Abstract

In this work we study the existence of weak solutions to Navier-Stokes
type equations defined in a noncylindrical domain Q, where Q is the
image of a cylinder Q of R™*! and Q is not necessarily increasing or
decreasing in time.

1 Introduction

In this work we will prove results concerning the existence of weak solutions of a
system of partial differential equations corresponding to a generalization of the
classical Navier-Stokes equations on a noncylindrical domain. The equations

are the following:

u LA
puy + pu -V (5) — pAu+nVp+pF (n)u=pnf in@,
divu=0 inQ, (PNC)
u(x,0) = us(z) , Vo € Qy,
u(z,t)=0 , Vt€ (0,T) ,Vz € X.
Let T > 0 be a real number and {Q;},0 < ¢ < T a family of bounded open
sets of IR™ with boundary 0€2;. Let us consider the noncylindrical domain of
an—i—l

Q= 0<LtJ<T O x {t} with lateral boundary X = 0<L£J<T o x {t}.

The unknowns in the problem are u(z,t) € IR" and p(z,t) € IR, which
denote, respectively, the fluid velocity and the hydrostatic pressure at a point
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x € Q, at time ¢ € [0,7]. We assume that the fluid viscosity, u, is a posi-
tive constant. The density, p, without loss of generality, will be assumed to
be normalized to be one. The porosity n(z,t) at a point z € 2, at a time
t € [0,T], is defined in rough terms as the void volume divided by the total
volume of small regions in the neighborhood of x at a time ¢. Thus, n(z,t)
assumes real values between zero and one. We observe that the porosity is
one in cavities, where, therefore, the flow is free. At points (z,t) such that
the porosity is zero, the material medium is purely solid and can be excluded
from the flow region. Throughout this work, we will assume that the porosity
satisfies 0 < 7n(z,t) < 1. F is a force term due to the friction between the
granular porous medium and the fluid. On physical grounds, F' is a continuous
function satisfying lim,_,; F\(z) = 0 and lim,_,, F(2) = oo (see Prieur du Plessis
and Masliyah in [8] for an expression for F'.) We remark that our results will
not depend on that particular expression for F'. A known external force field,
such as gravity, is denoted g(z,t) and may be acting on the flow. In cartesian

coordinates, we have

n

Ou;
Au = (Auy,...,Au,) and (u-Vu); = Zu] o

Observe that the classical Navier-Stokes equations are a particular case of
these equations when i = 1. There exist several works for Navier-Stokes equa-
tions in noncylindrical domains, among them the works of J.L. Lions [6], R.
Salvi [9] and, recently, M. Milla Miranda and J. Limaco Ferrel [7].

This work is organized as follows: for the next section (Preliminaries) we will
present the notation, introduce the many functions that will be used through
the text. In the third section we establish the transformation between the
cylindrical and the noncylindrical problems. In the fourth section we define
weak solution and finally in the fifth section we prove our fundamental result
of existence of weak solution.

2 Preliminaries

Let  : [0,7] — IR™ be a function such that x(t) is a n x n matrix. Let Q be an
bounded open set of IR™ with a smooth boundary I'. We can suppose without
loss of generality that 0 € 2. Consider the sets

U ={e=rt)y, yeQ},
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where £ (¢) = (cij (), 0> ¥ = (¥s,..,9) € 2 C R" and
z=k(t)y= (Z aij (t) yj,...,Zoznj (t) yj) € Q. (1)

n
We use the notation o3 = Y i 3;,
=

k(t)= (o (t)) and k7" (t) = (By (1)), (2)

where «;;(t) are C' functions defined on [0,7] such that det x(¢f) > 0. To
transform a noncylindrical problem in one defined in a cylindrical domain, we

introduce the functions:

wlzty=u (g™ Buwi), fat =gl o, (3)
p (J?, t) =4q (H71 (t) :E,t) ) Uo (‘T) = Yo (571 (O) .’L‘) ) (4)
n(z,t) =N (k" () =,t), F(n(z,t)=G (N ("' (t)z1t). ()

We introduce the following spaces to obtain the main results:
v ={p€(D@)" ;dive=0} and

Vs (€4) the closure of vy with the norm of (H*®())", s € IRy.

In the special cases s = 0 and s = 1, we use V (€) = V4 () and H () =

Vo (€2). The inner product of V () , H (Q:) and (H*® (£;))"are defined by:
Ou; (z) 0z; (z)

(u, Z)H(Qt) = /Uz (z) zi (z) dz, ((Uvz))v(nt) = B—:I:JB—Q:de

ﬂt Qt

and ((u, 2)), = (ui,zi)Hs(Qt).
Remark: V, (€,) is continuously imbedded in (Hg (€;))" for s > n/2, since
s>, VoV H=H <V <V .

In a similar way, we have the spaces over {2
v={ye (D))" ;div(s'(t)y") =0} and

V () the closure of v with the norm of (H*®(2))",
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and, for s = 0 and s = 1, we also define V =V, (Q) and H = V; (), provided
with the following inner products

(v, w)gy = /Ui (z) w; (z) d, (v, w))y, = 81;;;6) 812;(;:) dz,

and with the norms ||v]|, = (v,v)}” and |jv]|,, = ((v,v))}/>. We introduce now
the bilinear and trilinear forms corresponding to the variational formulation to
the cylindrical and noncylindrical problems.

In the noncylindrical case we define

4w, 2) =/%ag"—;j"’)ag—gda¢, (©)

By (i, ) = algx(j‘”)z ) ai] (l)da: )
b = [HED (5) 6 @)as, ®)
iGuw) = [Payu@ e, ©
6ty ) = / sig i) 22111 (o) s (10)

and in the cylindrical case

1 Ov; dw;
o (t0,) = [ 80 08y () 5y (1)
Q
0v; ON w;
@ (59, v) / Biy (1) 85 () 5o 5y, (12)
v o O
b (t50,w,9) = [ i (0) 5 2usdy (13)
Q
ON
by (tQ vavw) = = Blz ( ) ijjdya (14)
Q

c(ts,0) = [ @ any (03, 2 20y, (19
Q
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aow) = [ 6w Elay,

!

e (t0,w) = [ i) 71 () dy

Q

Lemma 1 If k(t) satisfies the hypotheses as stated before, then

(det x(2))’ ~1())
T —tr((&7 (1)) k(2)).

3 The Equation in Q

If x € O and y € Q satisfy (1), using (2) we have

Ty = Qj (t) Yi € Y= /Blr (t) Ty

0

% = B, (£) 27 = Bl (t) 0y (2) s,
0y, _
%j —ﬂlj (t) -

From (3), u; (z,t) = v; (y,1), we get
811”5 (xv t) av’t (y7 ) ayl

0z oy 0z
and using (20) we obtain
aui (.’L’, t) avz (y) t)
axj ﬁl] (t) yl ’

For j fixed, we also have

0%u; (z,)

i \MH ) 9 . dv; (y7 t) v, (ya t)
o (0 25) -0 5 (M5

Puy(z,1)
0?2

g

0%, 0*v; (y,t) Oy,
oy 0y, Oxj’

0%v; (y,t)
0y 0y,

rBlJ()

Au; (z,t) = Bi; () Brj (1)

75

(16)

(17)
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On the other hand,

) a% (%) (D= @gz (@) aii (%) W) —
_ Ui (z,t) Ou u; (z,t) On 1)

el i o

Then

0 (u _u;(2,t) Ouy u; (z,t) On

for j =1,2,...,n and using (22)

u; (2,1) Bimz (%) (z,t) = Mﬁzz( 1) Ov; (v,8) _ v (y, )511( ?) jyvvj (y,1).

N Ay
(24)
0w (1) _ Ovi (Y1) Oy | Ovi(y,t) .
Since % - oy o + 5 Using (19) we get
auz (‘T t) avi (ya t) 8?}1‘ (ya t)
G = B a4 2D, (25)

Op(z,t) _ 9q(y,t) Oy _
From (4) we have Br O Om Bii (1)

8136(:15) _ (8(]8(;/1, t)7 ’aqa(yv )) (ﬁ ( );---7ﬁni (t) ) — (vq.ﬁ—l (t))iv

, hence and by (20),

9q (y1)
oy

that is Vp(z,t) = Vq(y,t) .6 (). (26)
For each i fixed, from (22), the following relations hold:

Buz z,t Bv, Y, ) Bul (z,t)
di
E Bui (t) and div u (z,1) E ~or,

61),- (y7 t)

Therefore div u (x,t) = By; (t) 5
Yi

(27)

So
diU u (.’L‘, t) = [% (ﬂli’l}i (y, t)) + ...+ % (ﬁm’l}z (y, t)):| y
div u (z,t) = [(aiyl’ s ;E) (k7 (t)0" (y,t))] =V. (k1) (y,1)),

therefore
div u (z,t) = div (k7 (t).0" (3, 1)) - (28)
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aN ayl

— 2 > h
Bz] = By 83, by (20), we have

From (5)

on ON
B Bij (t) o0 (29)

on ONOy, ON

the other hand —_—
On the other an’@t 8y18t+8

, using (19) we get

/ ON ON
=B g + - (30)

ot
Replacing (23) to (30) in (PNC), we conclude for i = 1,...,n

! 81 7t az 7t 82i 7t
B O (09,2500 o 250D 05, ﬁ ’

UJ (y7 )[3 (t) avz (Z/, t) UJ (y7 )6 (t)

/s

vZ (y,t)+

LN () W%(Mw)m (y,w:N(y,t)gi(y,t) n Q.
So
(- nl (Bu(t)ﬂm()avgi’t)) ¢ ulblg ) 209

v](y,t) o (y,t)

B (t) o v (y,t) + B, (t) o (t) Y By, e
N (y, )V(J(% t) .67 () + uG (N (y,1) v (y,1) = N (1) g (1) in Q
div [k (t).v" (y,8)] =0 in Q

v=0in X
v (y,0) =vo (y) with y € Q.

\

(PC)

4 Definition of Weak Solution
Definition 1 Notion of weak solution to the problem (PNC).

To define the weak solution of (PNC) we will eliminate the pressure as in clas-
sical Navier-Stokes equations. For that, we make the inner product in L? (Q)
of the equation (divided by n) by a function of V' and observing that

d(u_u _ug
dt\n) n 7
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we can rewrite (PNC) in the following way:
For f,n and ug given, with f € L? (O, TV (Qt)') and uy € H () we have
to find u satisfying u € L? (0,7, V (€;)) and:

~(5) (9 (59 ()9 (09 (5)¢)
+u(v(u),V(§)%)+u(@u,g — (1,6 veevmpr OV
u(0) = uy € H.

Integrating in [0, T, and making use of (6) and (10), we obtain

we L2 0,7,V () N L= (0,7, H (%))

—fo(uf/N Qtdt+pf0a(tu§)dt+ﬂf0altu§)dt+
[eb(tu,u,&)dt+ [t d(tu,€)dt+ [3 e (t;u,€)dt = [ (&) H@w) 4
VE€ L2(0,T;V () NL™()"), & € L2(0,T; H (%))

£(0)=0,¢(T) =
u (0) = up.
(PNC1)

Definition 2 Notion of weak solution to the problem (PC).

In this case we divide (PC) by N, then multiply by a suitable function 1
and integrate in {2, obtaining

t) v (y, t)

' )
fﬂvﬁwdy—fnﬂ— (85018000 50 ) vy + 230 v

511 (t)
- fo a0 () wdy+fﬂfv 81 (1) s (1) vy +
+ /o Va y,t).l{ 1(t)1/)dy+f9

]\(f )vwch :fng Pdy.

1

Making use of (11) to (17), we have

’
v

o Sy = IQ((N NQ)M N’w)dy:—(%,w’)w(t;v,w)

oo (950050 0 5 ) oy = o 00y () 52 (30 =

1 ,a ; 9 18 i
fQ Nﬁl] (t ﬂr; (t) o w dy fﬂ 6l] (t BT] (t) - yl %dy =
= a; (t;v 1/))+az(t v 1/1)
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Ja Nﬂh(t)u, ?J ( )%ﬁdy_fgﬁzz(t)vzgvj ;\ﬁéd -

; ON
fﬂﬁh ;\)[38 vidy = by (B0, v,9) + ba (0,0, 9)

1 0 i Vi
Fa 5y B (000 (O 15y = [ 1 (8) oy (0 vy iy = (60, 9)

[ Vas=(t)pdy = [, q.div (s~ (t)¥") dy = 0.

Is G](VN)vwdy = [, G (N) vz%dy =d(t;v,v) and [, g.0dy = [ g idy = (9,%)

SO

( veLQ(OT V)N L*® (0,T; H)
[ G

c(t;v,9)dt + p

a (t; v, 1/1)dt+/b1 (t;v,v, 1/))dt+/bg(tu v, 1) dt
T

d(t;v,¢)dt+/etv¢ 7
0

Vi € L2 (0, T; VN L™ (Q)"), ¢'eL2(8,T;H)
W(O)ZUW(T):Q U(O):UO

_|_

O\Ho
O\HO\H

\

(PC1)
Theorem 1 Problems (PNC1) and (PC1) are equivalent.

Proof. Recalling from (1),(2) and (3) we have

z=k(t)y, p=r"{0)®, ==y Y = Butr

we have established that u (z,t) = v (k™ (t) z, t).
Let & (z,t) = |det 571 (¢)| 9 (7! (£) z,¢). Then

06 (z,1) - 0 (y,t) Oy | O (y,¢)
— _|dem1(t)|( o S

) + |det 571 (8)|" s (v, 1),

0&; (:1: t)
ot

= ldevs™ O] (G s + 57 ) + v O v 32
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Now we compute each integral in € of problem (PNC1) and making use of
(32) we have

€) L[y O @) Y
(U’ n)H(Qg) _é(]\/’ ayl ﬁlra’l‘]yj-l_N ot N detK(t) rl/}z dy’detn (t)|

(33)
On the other hand Bjar; = ¢, (k7 (t))' & (t)) then, by lemma 1
;o (det k()
Biraurt = det k(t) ’ (B4)

where t, (A) denotes the trace of the n x n matrix A.
Let F be the following vector field (0, ..., it ﬂlTa”J],[), ...,0) where the

non null component ocupies the [—position , then

divF = a—yl (Uﬂ/h [ﬁ” r]y]]) ay (Uﬂpz) [5”%]?;]] T Uz’(/}z (ﬁlrarjyj)

1 a’l), wz Z¢Z
= =N Em %ﬂﬁ rilYi T Vig— I ( ) /Blr ri¥i + ﬁlra ( rﬂ/])
but
L XN K )
6?/1 'r]y] - ayl r1Y1 rnYn) = Qprl,
then

1 Ov;
N oy,
and making use of (34)

divF = — =i 0nsy; + vig— By, (1/%) Birourjy; + il ﬁlrarh

1 Ov; Ui L (det s(2))" =
N@ Vi B Oy + Uzayl ( ) B oy — NW%U%-

From Green’s Theorem, fQ div Fdy = [ F.ij ds = 0, then

1 O, Ui 1 (det &(t))’ B
/ (N e wzﬁlramy] + Vim— I ( ) /Blrarjyj NW“Z'I/}Z dy =0,

and

divF =

[ (- S )

Q
1 ﬂl',a,j ov;
/ (Uz"/h B ( ) ﬂlrarjy] + N Yj e s | dy,

Q

(35)
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combining (35) and (33), we get

§I V; 81/), ﬁ’rOlr 87]1 8 1 f -
(U, _) = - ] j % zl/”za_yl N ﬁl'ra’ijjdy|detﬁ 1(t)|7

n H(Qt)_QNat N J@y
— (u, é—) = [— (v,ﬂ) +c(t;v,%) + ¢ (t;v,w)] |det ™ ()|, (36)
N/ vH) N

where

0 (1 .
/Usz@ (N) ,Bl',aijjdy |det/§; 1 (t)l =C (t, ’U,w) .
Q

From (6) and making use of (22) we have

a(tu, €)= %g—zg—z:dy] |det k7 (¢)| = a1 (v, ¥) [det ™1 ()], (37)
but )
a1 (0, ) = /8“2 (@) )a_x]G) =
/ 5 08 0 S ) dy et (9] = aa 10,0) dee™ (0]
) (38)
From (8), b(t; u, u, &) =
%ﬂu() Jwg (y)d /N?ﬁzg t)vga b y)dy} |det k™" (2)|
then by ?13) and (14), we have
b (t;u,u, &) = (by (t0,v,%) + by (50, v,9)) |det 72 (2)] . (39)
From (9)
ditze, ) /G ( (@) = d(t;0;9) [det s~ (5)] . (40)

We also have from (10)

v; (y) 0

N
N2 w, (y)dy| |det k71 (2)]

é(tu,&) = [IQUZ(y ﬂlr()a"‘]y]a ¥ (y) dy "‘fn

= s (59,9) + e 555, 8)] et i~ ()]
(41)
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Finally, integrating both sides of expressions (36) to (41) and adding term by
term we conclude that problems (PNC1) and (PC1) are equivalent.

O
Define the forms concerning to the cylindrical problem:
ovi 0 w;
aftivw) = @ o)+ abow) = 608055 (). @)
Q
. b (. : _ 0 (w;\ ¥
b(tv, w,9) = by (tv,w,9) + by (G0, w,9) = /511‘ (t) i (W) Wdy .
Q

(43)

Definition 3 Let A(t): (H; ()" — (H1(Q))" be the operator defined by

10 v (y,t)

AOv =55 (8305 0 2520) for ve@@)", @)

Lemma 2 The linear form a(t;v,w) defined in (42) and the operator A (t)
defined in (44) satisfy

i. (A@)v, wy=a(t;v,w), Yw,wevV

it. |a (v, w)| < C|v|| Jw|| , Yv,weV.

Lemma 3 The linear form ay (t;v,w) as defined in (11) is coercive and con-
tinuous, that is,
i. ay (t;0,0) > ao |||, Yo € V, where ag > 0
ii. ay (t;v,w) < C|l| |Jw||, Yvo,w € V.
Lemma 4 Let b(t;v,w,v) , c¢(t;v,w), d(t;v,w) and e (t;v, w) the multilinear
forms defined by (43), (15), (16) and (17) respectively. Then
i b (v, w, 9) < Clloll lwll [Ellyagn@y:  Yo,w €V and ¢ € VN (L™ (Q))".
ii. b(t;v,v,w) = =b(t;v,w,v) Yv €V and w € Vs (), where s = g
iii. Forv € V| the linear form w — b (t; v, v, w) is continuous on V5 (Q) (s = %)
and b(t;v,v,w) = (B (t)v, w)vyy,, where B (t)v € V] (Q) and
18 @) vlly < C ol the=5— (15)
V|ly V|71 with — = = — —.
V= (ZP()) p 2 2n
w. lc(t;v,w)| < Clo|||lw]| Yv,w € H.
v. Forv € V, the linear form w — c (t;v, w) is continuous on H and

c(t;v,w)= (C@)v,w)ygy = (C (t)v,w),
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where C (t)v e H' = H and |C (t)v| < C ||
vi. Forv €V, the linear form w > d (t;v,w) is continuous on H,

d(t;v,w) = <D (t) U7w>H’H = (D (t)U,w) 2

and |D (t)v| < C|lv]].
vii. For v € V, the linear form w — e (t;v,w) is continuous on H,

e(t;v,w) = (E(@)v,wypy = (E(t)v,w)

and |E (t) v] < ClJv]|.
viei. L2(0,T; V)N L>(0,T; H) C L0, T; (LP(Q))"), where p is given by (45).

The three last lemmas can be found in MIRANDA [7], pg 253-254.

5 Existence of Solution
In this section we will prove the following result
Theorem 2 (existence of weak solutions)

Let 2 C IR™,with n = 2,3, be an open bounded set with regular boundary
and T > 0. Also, let be given, uo € H (Qr) , g € L*(0,7,V!(Qr)) and a
continuous function F' : (0,1] — IR*. Suppose that the porosity n : Q — (0,1]

satisfies R
0<ny<n(z,t) <1 VY(z,t) € Q

n' e 12 (0.7, L% (9r)) N L' (0,7, L® (@)
Vn € L?(0,T,L*® (7)) N L*® (0, T, L? (Q7))
Then, there exists a solution u € L2(0,7,V (7)) N L*® (0,7, H (1)) of
(PNC1).
Proof. For s = n/2 the injection V; — H is compact, since V, C Vi =V — H
and H; (Q) is compactly imbedded in L? () (see Lions[6], pg 66).
This result guarantees the existence of solution to the spectral problem

(0, v)) o) = A (w,v) Vv €V, (Q). (46)

Consider an orthonormal basis of V; () generated by a countable set of eigen-
vectors (wy) corresponding to the set of positive eigenvalues (A,). We will use
(wy) in Galerkin’s methods. For each m we define an approximate solution vy,
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to the problem (PC1). Let V, be the subspaces generated by the first vectors
W1, «eoy Wy, that is, if vy, () € Vi, then

U (£,9) = D hjm (8) w5 () ,

=1

where hj,, are scalar functions defined in [0,7]. Consider the approximate
problem

Vi (1)
N
+ud (8 v, () ,wy) = (9, w;) j=1,...,m and vy, (0) = vom, Vom — vo in H.
(47)
Observe that (47) is a system of nonlinear differential equations where hj, are

7wj) + 1 (t0m (8) , w5) + b (& vm (), vm (8) s w05) + ¢ (& vm (2) 5 w;)

the unknowns. In fact, we have

(\/—’N , \/_]N) bl () + (pa (8w, wi) + pd (& wi, w;) + ¢ (& w;, w;)) Rim (£)

+b (t; wi, Wi, W5) R (8) hum (8) = (g, w;) 7 =1,...,m and hj, (0) w; = vom

Since w; are linearly independent, the matrix with the entries given by

w; W, . . ’ ; :
( = —]) is nonsingular. Then we can use the inverse of this matrix
VN VN/cijj<n

to obtain the nonlinear system

{ B () = 05i () — (i (8) + Bji () + 05i (2)) him () — Vit (£) Pirm (£) hikm, (£)
hjm (0) = ith component vo, j=1,...m

where ;i (t), Bji (t), 05 (t), Yk (t) € IR . From Caratheodory’s theorem (see
Hale [4] pg 28), this system has a maximal solution defined in some interval
[0,¢y). If ¢, < T, then |hjy,| diverge to oo as t — i, but this cannot
happen due to the first estimates that will be proved further. So t,, = T'. Since
the applications ¢ — (g(t), w;) belong to L? (0, T; H), the same result holds to
the functions Aj.,, hence

Vm € L?(0,T;V) and v}, € L* (0, T;V), (48)

for any m. Now we will show the first estimates, that not depend on m, to the
functions v,,. After that we will make the limit.

First Estimates
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If we multiply (47) by hjn (¢) and sum for j = 1,...,m, we have
!
( Uﬁm,vm) + 1@ (5 Vmy Um) + b (& Vi, Uiy Um) + € (8 Vmy V) + pd (& Vrmy V)
= (gv Um) 3
From part (ii) of Lemma 4, b (t; vy, Um, vm) = 0 and, by (48)

2

vl 1d vy, (¢ 1
(%) =3 230 + e tomom),
50
1d v @) 1
55 :;(N) + 56(75; VU, Um) + p01 (t; Vs V) + 102 (8 Vs V) +
¢ (t; Uy Vm) + 1 (& Vmy Vm) = (g, Um) ,
hence
1d |vm ()]
. s d (t: — _
thl N + pay (& Vi, Vm) + 1d (8 Vi, V) = (g, Um) g
— [56 (t; Uy Um) + pa2 (t; Um, Um) + € (6 Vm, Um) | -

Now observe that, from part (ii) of lemma 3,

a0 ||vml* < a1 (£ Vm, V) ,

from part (iv) of lemma 4 and Young’s inequality,

2
Um

VN

< & |lvml* + C-

?

Urm
c(t;Vm, vm)| L C||lvml|| |—=
ot ) < ol | 2

2 2
(9 vm) < N9l g1 llvmll < Cellgllg-1 + € llvmll”,
avmi a_N Umi
Oyr || Oy | I N?

|Vmi| dy using VN € L2 (0,T; L™ (Q2))

dy

|ag (t; Vm, vm)| < [ 1B (B)]1Brs (2)]
8Umi a_N

Oy || Ou
S ClIVN|lpeoiy J

<CJq

OV
Tm [vmil @y < C | VN poo(qy lvmll [vm] <

2

(%
< el + Co [V N e | 2
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!

N
Nz |vmi| dy <

& vm,wn)] < [ [omi]
2

1
56
<CJ[q |NI| |om|* dy < C||NI||L°°(Q)

Um

VN

GO o i dy < |

|8 (s s )| € [

G (N)
N

Um

or |d (t;Vm,vm)| =

Replacing the last six inequalities in (49), we get

2
1d Um (t) ¥ 2 G(N) 2 2
- <
23t | o | THaollvmll” +uiyf = om) < Cellgllp-r +ellvml”+
2 2
Um Um 2
+C —| Fellvn|"+C||VN oo + & ||lvm||” +
I [ |+l + CIPN g [ 2] ol
v
+C, |—=
VN
d [vm () e, |
Um
& VN +2 (pao — 3¢) ||vm||2+2u‘ Nvm' < C llgllz-+ +
U | Um |? Um |?
— | +C|IVN|} = +C | 0=
\/N ” ”L () \/N \/N
Take € > 0 such that pag — 3¢ > 0, then
d |vm @] m |?
dt | VN VN
Um
C (IV N2y +1) Wi
or ) )
d Um(t) 2 2,
- w2 < Cllgll%: + @ , 50
i || ol < ol + 2 (50
where ®(t) = +C (||VN||iw(Q) + 1). Using Gronwall and observ-

ing that @ is integrable in [0, 7], we get

2§ (exp]@(s) ds) (

0

U (0)

Um (1)
N (0)

VN

2
) [ Clalias <
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Hence v, € L* (0,T; H) . Integrating expression (50) in [0,%] with ¢t <T we
have vy, (t) € L% (0,T;V), therefore

(v\,,}](_\i)> is uniformly bounded in L™ (O,T; L? (Q)) and (51)

U (t) is uniformly bounded inL? (0,77 V)
dt <

5oJv () =g o 09 ()]

C+C [L|VN[dt then UW € L2 (0, T; HE (Q)).

2 2

Second Estimates

Let P, : H — V,, be the orthogonal projection of H onto V,,, that is,

m

Prp = (p,w;) w;.

g=1
Note that P, € £ (V;,Vs). In fact, since V; is dense in H and V; — V — H,
we can restrict P, to the space V; for our estimates. Consider the orthonormal

basis (w;) and (\1/1};\_ of H and V, respectively. Then, using (46), we get
J

”Pm”f(vs,vs) = | SUP ||Pm€0||vS sup

2 v <1 ||€0||VS§1 Ve
oy
= sup < sup P, —= =1,
llelly, <t ; (( VA J))Vs llelly, <1 ; (( \//\i))vs

therefore

||Pm||.c(Vs,Vs) S 1;
thus, by standard arguments:

1Pl evrn <1
Observe that

v ! m ,UI N’ m m !
N m p m N ! N Ui\,

-5 gzt o ZT = B b = 5 ey = ()
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Hence, if we multiply the equation (47) by w; and sum for j = 1,...,m, we
have

m Ulm (t) m m

DI wj+ﬂza(t3vm(t)ij)wj+ Zb(t;vm(t),vm (t), wy) wit
7j=1

+ Zl ¢ (t; vm (2) , w;) w; +uZ d (t; v (t) , w;) w; _Zl(g, wy) w;

j= =

Since

and using the notation of lemmas 2 and 3
(Wm) + < E (t) vm, wj > wj + Z (v < A@)vm, wj > wj+ < B (1) v, w; > wy)
m
Z(<C()Umij>wJ+N<D(t)Umva>wJ) E(ngj)wﬁ
j=1 j=1

hence, and from (52),
( ) Z<g (WA () + B (t) + C (t) + uD (t) + E (£)) v, w; > wj,

since g — pA (t) Vm — B (t) vm — C (t) v — D (t) v — E (t) v € V], we have
Um\’ ;
(Wm) =P (g — pA ) vm — B () vm — C (£) v — uD (£) Vs — E (£) va) -
(53)
Then taking the norm of (%) in VY, applying the triangular inequality, using
| P ] ey <1 and applying the Young’s inequality repeatedly, it follows that
v 112 )
2 2
()| < 4 (1A @ vallfya + 1B (6 valltyq) + 1€ ¢ valllyq) ) +
N Vi) s s s

2 2
+4 (1D @) vy ) + 1B &) vl + ) -

Now we estimate each term of the right hand side of the last expression:
e from part (iii) of lemma 2,

A @) vmlly, = Sup < A () vm, w >| < Clomlly; [[wlly, < Cllvmlly »

[lwlly, <
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and

T r T
A|mumM@@mSCAu%&@wscAu%%@w<w

since, from (51), v, € L2(0,T;V) and V < V.
o from part (iii) of lemma 4

, 11 1
1B &) vmllvyey < Cllvmllznqyye > where 2= 5 =50

Then
T 5 T 4
| 1B @ wlseds < [ Cllomlimgy ds.

By (51) , it holds that v, € L? (0,T;V) N L* (0,T; H). Thus, from part (viii)
of lemma 4, v,,, € L* (0, T; (L? (2))"). Hence and from the last inequality,

T
/0 1B () vl s < 0
o from part (iv) of lemma 4
IC (t) ”mHVs’(ﬂ) <ICH)vml £C ||Um||v;(9) )

that implies

T T
| 1C@uliymas < [ Cllunliye ds <o

* gl < l19llme -
Therefore

!

(me) is bounded in L*(0,7; V! (). (54)
Define

_ . Um 2 .7l U_m/ 2 L1
W—{Um, e L2 (0,T; Hy () and (N) €L (O,T,VS(Q))},

with the norm |[vml| z2 (0,70 + 1Vl 220,507 (0y) - Since V = H and Hg () —
L% (Q) < V!(Q) compactly, by Aubim-Lions theorem W s L2 (0,7T; L?())

compactly. From this and by (51) there exists a subsequence of (== ), still

N
denoted by (Uﬁm), and a function v such that :

Uy — v weakly in L* (0,T;V) (55)
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Vm U ,
N — 7y Weakly in L (0,T; Hy () (56)
Uy =" v weakly-star in 1> (0,T; H) (57)
Um .V . o _
~ N weakly-star in L (0,7; L* (2)) (58)
L Y strongly in L? (0, T; L? (2))
LR, 9
( i strongly in L? (0,7; L? (Q2)) ) and a.e. in Q

(”Wm) —~ (%) weakly in L2 (0,T; V! () (60)

Let ¥ (¢) be in C§° (0, T); multiplying the equation (47) by ¥ (¢) and integrating
with respect to ¢, we have

fo ( (_’”) ,\I'wj> dt—l—fOT/La (t; vm,\lle)dt—l—fOTb(t;vm,vm,\Ile) dt+
fo ¢ (t; Um, wy) \I!dt-l-fg ud (t; vm,\lle)dt—f-fgue (t; Um, Qw;) dt = fg (9, Tw;)dt .

Taking the limit for each term, by (58)

/OT( (1;;”) \1le> dt:—/OT( ”Wm,xlz'wj) dt—>/0T<N”,\If'wj) dt
/OT (t; vm, Yw;) dt = / /@]ﬂm (t%m m (%)) dydt — /OTa(t;v,\Ile)dt

by (56), due to lemma 3.2 TEMAN [10], pg 285.

T T
. _ ') o Ovmi (y) wyi (y)
[ (; v, ;) Wt / / B (1) oy (0,25 22 gy
F@)=8, () a;®)y wj;\; v) € Hy () and G, (t) = avgi;l(y) € L*(9) so

/c(t; U, wj) Udt =
0
converges (see pg 248 TEMAN [10]).

/ d (t; v, Tw;) dt — / / G (N)v; (y) 22 (y)\lldydt

o\q

(F©), Gn(®)de= [ (F(2), G 0)
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due to (59)
T T )
N
/ue (t; U, Tw;) dt — //v, (v) 2 Wi (y) Ydydt
0 0

T

!

snce | [ (o (0) = 05 ) 705 0) Welt] 0
0 Q

v

N
due to (57) with the following statement: 2 Wi (y) U e L1(0,T, L? (R)) since

T N’ T
0 0

Therefore, the theorem holds. The initial condition v (0) = vy is achieved from
(55) and (60), that is, v, — v weakly in L? (0,7,V;) and v,, — v weakly-* in
L%(0,T,V,) hence v € W2 (0,T,V,) = u € C(0,T,V,) and V; C H C V,
veVand w e H, <”7w>wvs’ = (v,w)g-

|wji ()| dt < oo from N € L* (0, T, L™ (2)).
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