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ESTIMATES OF THE FIRST EIGENVALUE OF
MINIMAL HYPERSURFACES OF S™t!

Abdénago Barros*® G. Pacelli Bessa'®

Abstract

We consider a solution f of a certain Dirichlet Problem on a domain in
S™*! whose boundary is a minimal hypersurface and we prove a Poincaré-
type inequality for f. Moreover we have an estimate for the first non zero
eingenvalue for the closed eigenvalue problem on the boundary.

Sumario

Consideramos a solu¢do f de um certo problema de Dirichlet em um
dominio de S™*! cuja fronteira ¢ uma hipersuperficie minima e provamos
uma desigualdade do tipo Poincaré para f. Também mostramos uma
estimativa para o primeiro auto-valor nao nulo do Laplaciano (problema
fechado) na fronteira.

1. Introduction

In this note we will let M™ be an embedded compact orientable minimal hyper-
surface in S”*!. Yau conjectured that the first nonzero eigenvalue A (M) for
the closed eigenvalue problem Apu+ Au = 0 on M with the induced metric was
equal to n. Observe that such M divides S"*! into two connected components
Q; and , such that 0, = 09y, = M. Choi-Wang [CW] with a clever idea,
applied Relly formula to the solution of the following Dirichilet problem,

Af =0 on (1

f = ¢ on M, )
where ¢ is the first eigenfunction for the closed eigenvalue problem on M to

prove that A\; (M) > n/2. We improve (conceptually) Choi-Wang’s estimate in
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terms of the solution f of the problem (1) (see Corollary 1.2, inequality 3) with
possibility to set up Yau’s conjecture provided that one proves equality in (5).
The symbols A and V will be respectively the laplacian and the gradient of the
metric of S"*! on Q; while A and V will be the laplacian and gradient of the

induced metric on M.

Theorem 1.1. Let f be the solution of the Dirichlet Problem (1) then

pt) = @M(M) —=n) [V I3 2+ 20 (M) ||f]5 ¢
+:250f113 > 0 VieR,

where || ||z denotes the 12 norm on Q.

Corollary 1.2. Let M™ be an orientable embedded minimal hypersurface of
S™ and M (M) its first non-zero eigenvalue of the laplacian for the closed
eigenvalue problem on M. Consider the problem (1) and [ its solution. Then

M(M) 2 S+ S, 3)

where

p = rUIA1IZ, IVAZ)

/113

20913 = o+ DI =21 1= (04 1)

(n+ )72

I
—_
o~
Nis’

Observe that 0 < p <1 and p=1& ||V f]|3= (n+1)| ]2
Although the function f does not belong to H(9;) we have the following

Poincaré type inequalities.

Corollary 1.3. Let f be the solution of the Dirichlet Problem (1). Then f

satisfies the following inequalities:

IV A2 = (n+ DI, ()
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n(n+1)

1D 11 > S ), (6)

where ﬁQf is the Hessian of f.

2. Proof of the Results

Let © be a Riemannian manifold of dimension n with smooth boundary 9§ and

let f be a function on © which is smooth up to the boundary 9. We denote

2 3
¢ = f |ag and u = a—i, where 3—1’:

X, Y € T,Q, the Hessian tensor is denoted by (EQf)(X, Y), where X and Y

is the normal outward derivative of f. For

are extended arbitrarily to a vector field near p . Let B(v,w) be the second
fundamental form of 90 relative to . Here v, w are tangent to 0}, H is the
mean curvature of 98, i.e. n H = tr B and Ric is the Ricci curvature of Q. The

following identity is known as the Reilly formula.

Ja(B1)? = Ja D[P + Jo Ric(V £,V 1) + 0 2udg 0
+ Lo B(Ve, Vo) + [rgnHu?.
Now we can show the proof of the main result. If £ = 0 we are done. Now
for ¢ # 0 we consider the following Dirichlet Problem

Ag = f,on &
{g = tp,on M (8)

Applying Green formula we obtain

Juw % — fn, |vf|2
theest = Jo (V1 V) (9)
stog;‘f = fnl ¥ <k fm(vavw

From (9) we get

| 5. Vo) =t [ [©rp (10)
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and by Cauchy-Schawarz inequality we get

T2 > 2 2
J Wtz [ 9] (1)
Since [o (Vf,Vg) =t [q, [Vf|* we have from the third equation in (9) that
ag _ 2 2 = £)2
tf ese=tf r+e [ 19 (12)

Now applying Reilly formula to g, using the fact that |ﬁ2g|2 > nlj(Zg)Q and
the assumption that [,; B(Ve Vi) > 0 we have
n

_ — dg
2> 2 L :
= ), By =n /. Vgl +2 | S atg) (13)

On the other hand taking in account that Ag = f, [o, [Vg|* > [o, [Vf|* and

yrta=sf e o

we have that (13) implies
n

n+1/91 s ZntZ/QI [VFI? = 2X (M) [t/ﬂl f2 +t2/01 |7f[2] (14)

Therefore we have

p(t) = (@M (M) = n) V1126 + 20 (M) || FI2 ¢+ —— || /112 > 0
n+1 (15)

This finishes the proof of Theorem (1.1). Observe that p(t) > 0 therefore, its

discriminant is non-positive. This can be read as follows

s
IVII?
Thus we have from (16) the inequality (3) and the following Poincaré inequality
for f,

@\ (M) —n) > " z Ly

(16)

VAP = (n + DI (17)

In the proof of Theorem (1.1) we did not count an extra term “[,; B(Vtyp,
Vip) > 07 on the right hand side of (13). If we did, we would have that
p(t) > [ B(Ve, V) t2. From that we would conclude that

@M (M) = n)[FIE - | B(Ve, V) > MM+

n
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On the other hand, Reilly Formula also gives (2A,(M) —n)||Vf||2 = ||ﬁ2f||% +
[ B(Vp, V). Therefore we obtain

(M )(n+ 1)

—2 A n—l—l
ID"f1I5 > ||f||27

I£115 > (18)

since Ay (M) > o
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