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THE WEDDERBURN PRINCIPAL THEOREM,
NILPOTENCY AND SOLVABILITY FOR
FREUDENTHAL-KANTOR TRIPLE SYSTEMS

N. Kamiya

Abstract

In this paper we deal with the Wedderburn principal theorem for
Freudenthal-Kantor triple systems and investigate the relationship be-
tween nilpotency and solvability.

Introduction

The history of subject in this article started from Wedderburn for an associative
algebra and from Levi for a Lie algebra. Since that time, several mathematicians
have studied this subject for classes of nonassociative algebras.

We are interested to know how the Wedderburn principal theorem behaves
in a Freudenthal-Kantor triple system U(e). Thus our purpose is to consider
that theorem.

Using the result, we can show that the following are equivalent;

(i) U(e) is semisimple (that is, the radical of U(e) is zero)

(i) U(e) is the direct sum of its simple ideals.

The second purpose of this paper is to establish the definition of nilpotency
and solvability for triple systems and to discuss their relationships.

We shall be concerned with algebras and triple systems which are finite di-
mensional over a field ® of characteristic 0. We shall mainly employ the notation

and terminology in ([1],[2]).
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1. Preliminaries

For ¢ = £1, a triple system U(e) with triple product < —, —, — > is called a
Freudenthal-Kantor triple system if

< ab < cde >>=<< abc > de > +e < c < bad > ¢ > + < ed < abe >>

K(< abe >,d) + K(¢,< abd >) + K(a, K(¢,d)b) =0

where K(a,b)c =< achb > — < bca > .
Let U(e) be a Freudenthal-Kantor triple system. Then we can define a Lie
triple system

Te)=U(s)a Ule)

(U(e) is a copy of U(e)) with respect to the triple product defined by

() (3) (7)b-
(s s don ) (5)

where, L(a,b)c =< abc > .

Then we can obtain the standard embedding Lie algebra associated with

T(g). We denote it by L(¢), that is,
L(e) = D(T(e), T(e)) © T(e),

where D(T'(¢),T(e)) is the inner derivation algebra of T'(¢), (for details, to see

[11:[2])-

Remark. All simple Lie algebras over the complex numbers are obtained by
this construction. That is, from simple Freudenthal-Kantor triple systems, we
can obtain simple Lie triple systems(symmetric space) and so Lie algebras (for

example, to see [3],[4]).
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Proposition 1 ([1]). For a Freudenthal-Kantor triple system U(e), the Lie
triple system T'(e) associated with U(e), and the standard embedding Lie alge-
bra L(e), we have

(a) R(T(&)) = T(R(U())
(b) R(T()) = R(L(<)) N
(¢) R(L(#)) = D(T(e), R(T(2)) ® R(T(2)),

where R(T(¢)) is the radical of T'(€), R(L(¢)) is the radical of L(e) and T(R(U(¢))
is the Lie triple system associated with R(U(¢)). These radicals are solvable rad-

icals.

Definition. A pair (u,v) of elements of a Freudenthal-Kantor lriple system
Ule) is called left neutral if
L(u,v) = Id.

Lemma 2. Let U(e) be a Freudenthal-IKantor triple system with a left neutral
pair (u,v) and let L(e) be the standard embedding Lie algebra. If A is any ideal
of L(¢), then A is decomposed into

A N LQ(&') D Aﬁ L1<€) ) A N L0(€) D A N Ll((’;‘) D 440 Lz(&).

Furthermore, A N Ly(¢) is an ideal of U(e), where L;(¢) is the eigen space
for
—Id

H = 0 ]Od ) corresponding to the eigenvalue i in L(e)(—2 < i < 2).

In fact, we get

L_,(¢) =the linear span of all <
Li(e) = U(e) ®(0),

L() €

(e) =
Li(e) = (0) ® U(e),

0 K(ed)
0 0 ’

the linear span of all
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Ly(e)=the linear span of all < " (0 0 ) ,
and [H, L] = iLi(~2 < i < 2).

2. Wedderburn principal theorem

Theorem 3 ([6]). Let U(e) be a Freudenthal-Kantor triple system with a left
neutral pair (u,v) and R(U(¢)) be the radical of U(e). Then there exists a triple
subsystem S of U(e) such that U(e) =5 @ R(U(e)) and S = U(e)/R(U(e)).

Remark. If ¢ = —1 and K(z,y) = 0 (identically zero), U(e) is said to be a
Jordan triple system. Thus, the Jordan triple system is a special case of our

triple systems.

Corollary. Let U be a Jordan triple system with a left neutral pair. Then we

have U =S & R(U).

Theorem 4 ([1]). Let U(e) be a Freudenthal-Kantor triple system with a left
neutral pair. Then the following are equivalent;

(1) Ule) is semisimple, (that is, R(U(g)) =0

(2) Ule) is the direct sum of ils simple ideals.

3. Nilpotent, Solvable ideals for triple systems

Now we shall define the nil radical for Freudenthal-Kantor triple system.

Let A, Ay be ideals of U(e). We put Az = U(e) and define

Ar* Az =) < Ay)As)As(z) >
PESs

where S5 is a symmetric group of degree 3.

Lemma 5. [fU(¢) is a Freudenthal-Kantor triple system, and A1, Ay are ideals
of U(e), then Ay * Ay is an idal of U(e).
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For every ideal A of U(e), we can define the subtriple systems A™(n >
0), A<">(n > 0) by
A% = A<9> = 4,

A" = A" x A A" = A(n > 1),

MR e JERLE g FEBI g 2 1)

That is,
A' = A” =< AUA > + < AAU > + < UAA >
A = < AUA' > 4+ < AAWU > + < A'AU > + < AlUA > + <UAA' >
< UA'A >,

A =g APPA 5 4 < APAY > 4 < UADA >

Remark. In any triple system, it seems that the definition of nilpotency and
solvability of triple systems may be defined by the above. These are a slight

modification in [5],[7].

Proposition 6. Let A be any ideal of U(e). Then the subtriple system A", A<">

are ideals of U(¢) for every integer n.

An ideal A of U(e) is called nilpotent if there exists a positive integer n such
that A™ = (0). Similarly, A is called solvable if A<*> = 0.

From [1] and [5], we recall the definitions of nilpotent radical and solvable
radical. Since a Freudenthal-Kantor triple system is a finite dimensional vector
space in this article, this implies that there is a unique maximal nilpotent ideal
(resp.solvable idal), called the nil radical (resp.the solvable radical) which con-
tains all other nilpotent ideals (resp.solvable ideals) of U(e). We denote it by
Ng(U(¢)) (vesp.R(U(e))).

Theorem 7 ([5],[7]). For a Freudenthal-Kantor triple system U(e) and the
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Lie triple system T(e) associated with U(e), we have

Nr(T(U(e))) = T(Nr(U(e))),

where Ng(T(U(¢))) is the nil radical of T'(¢), T(Nr(U(¢))) is the Lie triple sys-
tem T'(e), and T(R(U(e))) is the Lie triple system associated with Nr(U(¢)),
R(T(e)) is the solvable radical of the Lie triple system associated with the solv-
able radical R(U(¢)).

Theorem 8. ([5]) For a Freudenthal-Kantor triple system U(e), we have

R(U(e))' € Na(U(e))-
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